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In this book, which is based in part on our Algebra for College Students y 
we have followed the suggestions of a number of our friends in condens- 
ing the earlier portions of the work in order to facilitate a more rapid 
review of the topics from elementary algebra. The time which is thus 
gained may, at the instructor’s discretion, be spent on the advanced 
topics of the last several chapters. 

We have attempted to keep as far as is practicable those features of 
the Algebra for College Students which have been found to be good. The 
explanations have been kept simple and deliberate but full enough to 
meet the needs of the students. We trust that we have also met the 
instructor’s requirements for rigor. 

Despite the fact that there is considerable emphasis on the tech- 
niques of algebra, efficiency in manipulation alone is not the aim of the 
book. The major stress is on the important underlying ideas. 

A number of departures from traditional treatments will be noted. 
Chapter 10 contains more geometrical material than is found in the 
usual algebra text; for example, the concept of similar triangles is ex- 
plained and used to prove the Pythagorean theorem. The practical 
significance of variation as met in the laboratory is employed to impress 
the student with the importance of this topic. 

Chapter XI consists of a discussion of certain aspects of computation 
with approximate numbers, a subject of vital concern to students of 
science and technology. This topic is either omitted or given scant 
treatment in most algebra books. 

Because five-place tables of common logarithms are customarily 
used for practical calculations, the computational work of Chapter 12 
makes use of such a table (found in the appendix). In dealing with the 
topic of change of base for logarithms, we have tried to avoid formulas 
that the student is likely to forget after the first quiz. Instead, we have 
emphasized the fundamental fact that corresponding logarithms to 
different bases are proportional to each other. A short explanation of 
the use of tables of natural logarithms has been included. 
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Preface 


In Chapter 15, we have inserted a brief exposition of vectors and 
have made use of the vector representation in order to give the student 
a more concrete feeling for complex numbers. The idea of “turning and 
stretching” serves to give a visual picture of the operation of multiplica- 
tion of complex numbers. These ideas are introduced without the use 
of the trigonometric form, which is brought in later for those students 
who have the requisite preparation. 

As additional material beyond that covered in the Algebra for 
College Students , we have included the classical solutions of the cubic 
and the quartic equation, the trigonometric solution of the cubic in the 
case of three real roots, a chapter on partial fractions, and one on finite 
differences. 

The chapter on partial fractions will be found to be quite different 
from that in the average college algebra. The idea of splitting off one 
partial fraction at a time has been made the basis for the theory of 
partial fractions. The same idea has also served as a vehicle to intro- 
duce not only the usual device of undetermined coefficients but also 
certain practical short cuts which are quite successful in the classroom 
as well as in actual applications. 

A noteworthy feature of the book consists of the 120 sets of carefully 
graded exercises, ranging from relatively easy drill problems to problems 
that test the abilities of the best students. 

It is a pleasure to acknowledge again the extremely valuable editorial 
aid furnished us by Rinehart and Company and their editor, Doctor 
C. V. Newsom. The results of this editing are reflected throughout the 
book. We are grateful for the many excellent suggestions made by the 
mathematics staff of the University of Michigan; in particular, by 
Professors E. D. Rainville and P. S. Jones. We are especially indebted 
to our colleagues at the University of Colorado for their many important 
contributions to this book. 

J. R. B. 

l. c. s. 

Boulder , Colorado 
January 1958 
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1 . Introduction 

Algebra is a continuation and a generalization of arithmetic. We 
shall therefore consider briefly certain fundamental ideas from arithme- 
tic, and shall restate these ideas in algebraic language. 

We assume that the student is familiar with the mechanics of addi- 
tion , subtraction , multiplication , and division of numbers. The symbols 
+ (plus), — (minus), X (times), -r- (divided by), and = (equals) are 
used in algebra with the meanings that are customary in arithmetic. 

Perhaps the most important characteristic of algebra is its use of 
symbols other than the usual numerals to stand for numbers; the 
symbols commonly employed are letters of the alphabet. Such numbers 
are called general, or literal, numbers, and they may be assigned 
specific values, or they may represent numbers whose values, at first 
unknown, are to be found. 

2 . The Fundamental Laws of Arithmetic 

The operations with numbers obey certain general rules which are 
called the Fundamental Laws of Arithmetic. In elementary mathe- 
matics, these laws are accepted as justified by experience. In more 
advanced work, we find that we can introduce and use systems of 
“numbers” which do not obey all the rules of arithmetic. Hence, the 
laws of arithmetic are taken as fundamental postulates or assumptions 
that characterize the numbers and the operations of ordinary algebra. 
For the present the student may consider the following statements to 
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be concerned with the positive numbers only, that is, with the integers 
and fractions of elementary arithmetic. 

(1) The Commutative Law of Addition: The sum of a given set of num- 

bers is a definite fixed number, regardless of the order in which the separate 
numbers are added . In symbols, we have 

a b = b + a. 

Example. 5 + 7 = 7 + 5 = 12. 

(2) The Associative Law of Addition: In adding a given set of numbers , 

the separate numbers may be grouped in any manner whatsoever. In 
symbols, we write 

(a + b) + c = a + (6 + c). 

Example. (4 + 3) + 5 = 4 + (3 + 5). 

(3) The Commutative Law of Multiplication: The product obtained by 

mxdtiplying two numbers together is independent of the order in which the 
numbers are taken. Thus, 

ab — ba. 

Example. 4X3 = 3X4 = 12. 

(4) The Associative Law of Multiplication : In multiplying three (or 

more) numbers together , the numbers may be arbitrarily grouped. In 
algebraic language this postulate is written 

(i ab)c = a (be). 

Example. (3 X 4) X 5 = 3 X (4 X 5). 

(5) The Distributive Law of Multiplication with Respect to Addition: If 

the sum of several ?uanbers is to be multiplied by another number, the 
product of each of the several numbers and the multiplier may be obtained 
and these products added. Thus 

a(b + c) = ab + ac . 

Example. 3 X (4 + 8) = (3 X 4) + (3 X 8). 

We shall have frequent occasion in the succeeding pages to refer to 
these five laws. 

3. Subtraction, Zero, and the Negative Numbers 

Instead of setting up a separate set of rules for subtraction, it is 
simpler to think of this operation as the inverse of addition. This means 
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that the question 


13 - 7 = ? 


is to be regarded as the equivalent of 

7 + ? = 13. 


More generally, we define the difference of two positive numbers a 
and b, in the stated order, as the number x that satisfies the relation 

a = b + x, 


and we write 


x = a — b. 


If a is greater than b , then x is one of our familiar positive numbers. 
If a is less than b, or if a is equal to b, then there is no positive number x 
that represents the difference a — b. In arithmetic, we drop the matter 
here; but, in algebra, we are not satisfied with such a state of affairs. 
We use this situation as a jumping-off place to define some new numbers. 

(1) In the case where a = 6, we define the difference a — b to be the 
number zero , that is, for any positive number a, 

a — a = 0. 


One of the difficulties many students have is caused by their failure 
to regard zero as a number — that number, in fact, which is obtained by 
subtracting any number from itself. The importance of this remark 
will appear as we proceed. 

It follows from the definition (1) that if the number zero is added to 
or subtracted from any other number a, the result is exactly a: 

a -|- 0 = a, 

and a — 0 = a. 

(2) In the case where a is less than b, we define the difference a — b 
to be a negative number and agree to write it in the form 

-(b - a). 

For example, 

5 - 8 = - (8 - 5) = -3, 



Accordingly, exactly one negative number will correspond to each of the 
ordinary (positive) numbers of arithmetic. Furthermore, each negative 
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number can be represented in many ways in the form — (a — b), where 
a and b are positive numbers and a is greater than b. 

We shall define the operations with negative numbers by insisting 
that the five fundamental laws of arithmetic remain valid. We first 
examine the meaning of the addition of a negative number as in the 
expression 7 + ( — 2). By definition, we may write 

-2 = -(6 - 4) = 4 - 6, 

so that 

7 + ( — 2) = 7+ 4- 6 = 5. 

Thus the result of adding ( — 2) is the same as that of subtracting (+2), 
that is, 

+ (- 2 ) = -(+ 2 ). 

Since the same reasoning can be applied to the addition of any negative 
number, we agree that 

+ (-&) = — (+ 6 ). 

It is customary in algebra to understand the plus sign before a number 
when no other sign is written. Consequently, the preceding equation 
is usually written 

(-6) = -(b). 

This equation says that the addition of any negative number is equivalent 
to the subtraction of the corresponding positive number. 

We now have from the commutative law that 

a — b = ( — b ) + a, 

or, in words, the subtraction of the positive number b is equivalent to the 
addition of the negative number — b. It follows at once that 

- (a — b) = + (-a + b) = -a + 6, 

or verbally, parentheses preceded by a minus sign may be removed if the 
signs of all terms within the parentheses are reversed. 

Let us consider the product (a) ( — 6) where a and b are both positive. 
We have, by the commutative law of multiplication, that 

(a) (-6) = (-&)(a). 

Furthermore, ( — b) = —(6), so that 

(a) (-6) = ( — 6)(a) = -(fc)(a) = - (ba) = -ab, 


( — o)( — 6) = — (a)( — 6) = - (-ab) = ab. 


and 
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Thus, from the fundamental laws follows the ride of signs in multi- 
plication: The product of two nonzero numbers is positive if the numbers 
have like signs, negative if the numbers have unlike signs. 

This rule can easily be extended to the product of more than two 
factors so that we may state : The product of several nonzero factors is 
positive if none or an even number of factors is negative ; the product is 
negative if an odd number of factors is negative. 

Another immediate consequence of the fundamental laws is the 
important rule: The result of multiplying any number by zero is zero. 
This fact may be seen from the following demonstration: 

a X 0 = a(b — b) 

= ab — ab 

= 0. 

The student should make clear to himself that this answer follows even 
if a = 0. It is important to notice that a product cannot be zero unless 
one of its factors is zero. 

4. Division and More about Zero 

It is convenient, as in the case of subtraction, to think of division as 
an inverse process, the inverse of multiplication. Thus, the division 

a -r- b = q, 

or, what is the same thing, 

a 

i = q ’ 

is to be considered as a restatement of the multiplication 

a = bq. 

The quotient of two numbers is a third number, if there is one, which, 
multiplied by the divisor, gives the dividend. 

First, we can see that if there is any quotient, it is generally unique, 
that is, there is not more than one number q such that a = bq. Thus, 
if b is not zero , and x and y are two numbers such that bx = a and 
by = a, then 

bx — by = a — a = 0, 
or 

b(x - y) = 0. 
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But b is not zero; hence 

* - V = o, 

and x = y. 

Next, we consider the exceptional case 6 = 0. With b = 0, we know 
that bq — 0 for every number q. Consequently, if a is not zero , then bq 
cannot be equal to a for any number q, and the indicated division o-rO 
is impossible! If, on the other hand, a = 0, then our equation reads 
0 = 0 X q> which is true for every number q\ Thus, if the divisor is 
zero, either the division is impossible or else no unique quotient is defined. 
We are forced by common sense to make the rule: The use of zero as a 
divisor is forbidden . 

If a and b are positive integers, and a is some positive integer, say m, 
times 6, then the symbol a/b is simply the integer m. If there is no 
such integer, then a/b defines a common fraction. The numbers which 
we have thus far considered consist of the positive and negative integers 
and common fractions and the number zero. These numbers are called 
the rational numbers because it is possible to write each one as the ratio 
a/b of two integers (including zero as a special case). With the exception 
of division by zero, the four fundamental operations, addition, subtrac- 
tion, multiplication, and division can be performed on any two rational 
numbers and the result is always a rational number. For this reason, 
the set of rational numbers is said to be closed with respect to the 
fundamental operations. 

EXERCISES 1 

1. Add 2589 and 3742; then add 4761 and 9238. Now add the two sums. 
Check by adding the four numbers all at once. What law is illustrated? 

2. Explain how Figure 1 may be used to illustrate the commutative law 
of addition. 


p 1 2 

v 


3 


4 


j- 

5 


-i 

6 


fig . I 

3. A bank teller, in finding the value of a package of bills, first separates 
them into piles, each of one denomination. He then counts each pile sepa- 
rately and adds the results. What law of arithmetic does he use in each step? 

4. Find the value of 6.5 X 7.8 X 1.6. Check your answer by doing 
the problem in two ways. What law or laws have you used? 
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5. What laws of arithmetic can you illustrate by means of the diagram 
in Figure 2 below? 




6. Show that the diagram in Figure 3 can be used to illustrate the dis- 
tributive law. 

7. In order to multiply a number by 25, we may move the decimal 
point two places to the right and divide the resulting number by 4. Can you 
justify this procedure on the basis of the fundamental laws? Use the idea of 
this example to give a rule for dividing by 25. 

8. In order to divide a number by 42, we may divide by 6, and then 
divide the resulting quotient by 7. Justify this procedure on the basis of 
the fundamental laws. 

9. Give several ways in which the division of a number by 36 may be 
broken down into simpler divisions. 

10 . Is there any operation which is the inverse of multiplication by zero? 
Explain. 

11. Give a definition of the number zero. What is the result of multi- 
plying zero by itself? Answer the same question for division. 

12. In a certain problem, several numbers are all to be divided by the 
same divisor, and the results are to be added. Is there a better way to obtain 
the final result? What law justifies the second method? 

13. What are the five fundamental laws of arithmetic? 

14. Explain why has the same value as f . 

15. Name the operation which is the inverse of (a) multiplication; ( b ) 
subtraction; (c) division; ( d ) addition. 

5. The Number Scale 

Consider an ordinary Fahrenheit thermometer which bears a scale 
giving readings above zero and below zero. It is convenient to indicate a 
reading of 65° above zero as +65° and a reading of 10° below zero as — 10°. 
Notice carefully that the plus and minus signs are no longer signs of 
operation but indicate explicitly the sense , or direction , in which the 
numbers are to be taken. Another important point is that the two 
symbols indicate opposite directions. This means that if, contrary to 
the usual practice, we should choose to have —65° stand for 65° above 
zero, then + 10° must indicate 10° below zero. 
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Following the line of thought suggested by this example, we make a 
diagram as follows: Draw a horizontal straight line (considered as end- 
less in both directions), and fix upon it some point to serve as an origin, 
or zero point (see Figure 4). Choose a unit length, and select one of the 
directions on the line to be considered positive. This direction is usually 

~ ^ - 2 - 1.75 0 Tl 72 + 3 ~*" 

Fig. 4 

taken to the right; to the left is then negative. Lay off the unit length 
from the zero point in the positive direction, and mark the point so ob- 
tained 1. Repeat, starting from the point marked 1, to obtain the point 
to be marked 2, and again for the point to be marked 3, and so forth in 
an obvious manner. Now, starting from the zero point, lay off the unit 
length in the negative direction to find the point to be marked — 1 , 
and repeat as before to obtain the points to be labeled —2, —3, and 
so forth. 

Clearly, the point midway between 0 and 1 represents the number 

the point three fourths of the way from —1 to —2 represents the 
number —1.75. Any number whose point is to the right of the zero 
point is a positive number; any number whose point is to the left of the 
zero point is a negative number. 

Thus, we have a line on which, corresponding to any signed number, 
there is exactly one point. It also appears that to each point on the 
line there corresponds exactly one signed number. The importance of 
this correspondence lies in the fact that the line furnishes us with an 
exact picture of the number system of elementary algebra. This line, 
together with the numbers associated with its points, is a number scale; 
the operations that we perform with numbers may be pictured as 
operations performed upon the number scale. 

6. The Order Properties of the Signed Numbers 

An inspection of the number scale shows that the positive numbers 
are arranged in order of increasing magnitude from left to right. For 
example, the number 20 has its point farther to the right than does the 
number 5; this corresponds to the fact that 20 is greater than 5. Ac- 
cordingly, we agree to extend this “ordering” to the entire number 
system. That this idea is in agreement with common experience may 
be seen from the fact that — 10°F. is a higher temperature than — 60°F. 
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Any number whose point on the number scale lies farther to the right than 
that of a second number is said to be greater than the second number. The 
second number is also said to be less than the first number. 

The symbols of order used in this connection are 
> for is greater than; 

and < for is less than. 

The student should observe that in both cases the sign points toward 
the smaller number. 

Illustrations: 20 > 5 or 5 < 20; 

1 > — 10 or — 10 < 1 ; 

0 > -100 or -100 < 0; 

-10 > -12 or -12 < -10. 

The symbol ^ is used to mean is not equal to. This sign is less 
restrictive than either of the symbols > and < . 

EXERCISES 2 

Replace the symbol 5 ^ in each of the following statements by the proper 
one of the symbols > or < : 

1. 2 ^ 7 2. -9 7 * -13 3. -4 ^ 15 . 4. -12 ^ -6 

5. -3^-5 6. 9 ^ 13 7.0.444 ^! 8. 0.666 j* f 

Carry out the indicated operations in each of the following exercises. In 
computations involving the fundamental operations, it is commonly agreed that 
multiplications and divisions take precedence over addition and subtraction un- 
less grouping symbols indicate otherwise. 

9. (9 - 13) - (-7 + 12) + (17 - 11) - (-9 - 10) 

10. (14 - 19) + (-8 - 3) - (-10 - 19) - (27 - 21) 

11. 19 — {9 — [2 — (12 - 27)]} 

12. 7 - {-4 - [-3 - (6 - 17)]} 

13. (11 - 15) X (-2) - { 22 - [7 - (15 - 17)]} 

14. (8 - 14) X (-3) - { -13 - [12 - (24 - 19)]} 

15. [(37 - 19) - (35 - 14)] X [(15 - 11) - (12 - 17)] 

16. [(18 - 24) - (42 - 51)] X [(23 - 19) - (71 - 69)] 

17 (~4) X (-5) +8 (-4) X (-6) X (-5) 

‘ -11 + (-3) X (-6) A (-3) X (-40) 

18 7 X ( ~ 6) + 78 x 10 + 5 X (-3) 

* (-4) X (-3) - (-6) 4 X (-6) + 25 
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7. Algebraic Expressions and Their Evaluation 


For the present, any group of symbols made lip of literal and specific 
numbers properly connected by signs of operation will be called an 
algebraic expression. We shall frequently use only the word “expres- 
sion” to mean the same thing. 

The value of an algebraic expression is the number it represents when 
the letters involved are given specific numerical values. The process of 
finding this value is known as evaluating the expression. 


^ — |— y 

Example 1. Evaluate the expression if u 

u — v 

Solution: For the given values, we have 

u - v 5 + ( — 3) 2 1 

u^v - 5~— ( — 3) ~ 8 “ 4 * 


= 5 and v 


Ans. 


-3. 


Observe that the assigned number values replace each letter without 
affecting the preceding sign of operation. 

One of the most important skills needed for proficiency in algebra is 
the ability to translate verbal statements into the corresponding alge- 
braic symbols. Before the student is able to translate complete state- 
ments, he must be able to write algebraic expressions to represent 
various quantities. With this in mind, the following examples should 
be studied carefully. 

Example 2. A man walked at the rate of 4 mph for m hr and at the 
rate of 3 mph for the next n hr. Set up the expression for the total 
number of miles the man walked. 


Solution: If m were 2, the man would have walked 4 X 2 or 8 miles 
at the rate of 4 mph. In the same way, if n were 5, he would have 
walked 3 X 5 or 15 miles at the rate of 3 mph. Under these assump- 
tions, the total number of miles would be 

(4 X 2) + (3 X 5) = 23. 

Without using specific values for m and n , we see that in m hr, at 
the rate of 4 mph, the man walked 4 m miles. Similarly, in n hr, at the 
rate of 3 mph, he walked 3 n miles. Hence, if d is the total number of 
miles, we must have 


d = 4m + 3 n. Ans. 
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Example 3. At a certain entertainment, a tickets were sold at 60 
cents each, 6 tickets at 40 cents, and c tickets at 30 cents. Express 
in dollars the total amount collected. 

Solution: Let N represent the number of dollars collected. Then, 
0.60a is the number of dollars obtained for the 60-cent tickets; 0.406 the 
corresponding number for the 40-cent tickets; and 0.30c for the 30-cent 
tickets. Hence, the total number of dollars is 

N = 0.60a + 0.406 + 0.30c. Arcs. 


EXERCISES 3 


Evaluate each of the following expressions for the values a — — 2, 6 = 3, 
c = — 1, d = 4, z = —3, and y = 5: 


1. 

(5 y - 3x)(2y + 3x) 

2. 

(4a + 26) (c 

- 3d) 

3 . 

(2a — 6 — 2) (o 4 36 4-1) 

4 . 

(a - 6) (c - 

d) ( x + y) 

5. 

acx(ab — 2 cd — xy) 

6 . 

4bcd(xy — 4a6 4- 4 cd) 

•7 

bey — 2bx 

o 

2ab 4~ 3 cd 


l. 

Sax 4- cd 

o. 

xy 4- 2bd 


q 

(3s + y)(y - x) 

10 . 

(6c + 2d) (d 

— 4c) 

9 . 

(x + y ) (3s + 2 y) 


(8c 4~ 3d) (d 

- 2c) 


In each of the following, find the value of the quantity required in part (a). 
Then, by analyzing what you have done, write the algebraic expression for the 
quantity called for in the remaining parts of the problem. Do not fail to 
evaluate these expressions for the numbers given in part (a) as a check. 


11. 

(a) 


(6) 


(c) 

12. 

(a) 


(.b) 

13. 

(a) 


(.b) 


(c) 

14. 

(a) 


(b) 


(c) 

15. 

(a) 


The cost c in cents of eight folders at 7 cents each. 

The cost c in cents of eight folders at n cents each. 

The cost c in cents of k folders at n cents each. 

The area A of a rectangle with sides 6 in. and 7 in. long, respec- 
tively. 

The area A of a rectangle with sides a in. and 6 in. long, respec- 
tively. 

The distance d traveled by a motorist who drove for 5 hr at the 
rate of 55 mph. 

The distance d traveled by a motorist who drove for 5 hr at the 
rate of v mph. 

The distance d traveled by a motorist who drove for t hr at the 
rate of v mph. 

The speed v of an airplane which flies 750 miles in 2 hr. 

The speed v of an airplane which flies 750 miles in t hr. 

The speed v of an airplane which flies $ miles in t hr. 

The volume V of a rectangular solid which is 9 in. long, 3 in. high, 

and 5 in. wide. 
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(6) The volume V of a rectangular solid which is a in. long, b in. high, 
and c in. wide. 

16. (a) The value A in cents of five dimes and four nickels. 

(b) The value A in cents of x dimes and y nickels. 

17 . (a) The value A in dollars of seven quarters, six half dollars, and 

five dollars. 

(b) The value A in dollars of x quarters, y half dollars, and z 
dollars. 

18 . (a) The average price p of three articles which cost 14 cents, 19 cents, 

and 27 cents, respectively. 

(6) The average price p of three articles which cost a cents, b cents, 
and c cents, respectively. 

19 . (a) The average price p of twelve articles: three at 12 cents each, 

four at 14 cents each, and five at 8 cents each. 

(b) The average price p of x + y + z articles: x at a cents each, y at b 
cents each, and z at c cents each. 

20 . (a) The fractional part / of a job a man can do in 5 days, if it takes 

him 9 days to do the entire job. 

(b) The fractional part / of a job a man can do in a days if it takes him 
x days to do the entire job. 

21. (a) The fractional part / of a job A and B can do in 4 days if A can do 

the job alone in 16 days and B can do it alone in 20 days. 

(6) The fractional part / of a job A and B can do in t days if A can do 
the job alone in x days and B can do it alone in y days. 

22. (a) The number of miles $ two trains will be apart if they start at the 

same place and time and travel for 7 hr in opposite directions at 
speeds of 70 mph and 85 mph, respectively. 

(b) The number of miles s two trains will be apart if they start at the 
same place and time and travel for h hr in opposite directions at 
speeds of x mph and y mph, respectively. 

23 . (a) The number of ounces w of pure silver in an alloy which weighs 

16 oz and is 40 per cent silver. 

(6) The number of ounces w of pure silver in an alloy which weighs 
x oz and is y per cent silver. 

8. Addition and Subtraction of Simple Expressions 

In an algebraic expression consisting of an indicated sum or difference 
of literal numbers, any number separated from the rest by plus signs is 
called a term of the expression. 

In the expression 3a + b — 5c, the terms are 3a, b, and —5c. Notice 
that the last term is thought of as + ( — 5c). 

When a term is a product of a specific and a literal number, the 
specific number is called the numerical coefficient of the term. This 
coefficient will always be understood to include the sign immediately 


§ 8 ] 


Addition and Subtraction of Expressions 


13 


preceding it. Again, in the preceding expression, the three terms have 
the numerical coefficients +3, +1, and —5, respectively. 

In any algebraic expressions, terms whose literal factors are identical 
are said to be like terms. Thus, in the expressions 3a + 25 and 5a — 6 5, 
3 a and 5a are like terms; 2b and —65 are like terms. If necessary, we 
shall speak of terms having different literal parts as unlike terms; 3a 
and 25 are unlike terms. 

In order to add two or more algebraic expressions, we add the numerical 
coefficients of the like terms. The sums so obtained are the coefficients of 
the corresponding like terms in the result. 

In practice, if several expressions are to be added, they are best 
written in columns with like terms in the same column (just as in an 
ordinary arithmetic addition where separate columns are reserved for 
units, tens, hundreds, and so forth). 

Example 1 . Add the expressions 3a — 25 + 7c, 9a + 155 — 25c, and 
— 37a — 135 + 8c. Check for a = 4, 5 = 3, and c = 2. 


Sohdion: 



Check: 

3 a 

- 2b 

+ 7c 

20 

9 a 

+ 156 

- 25c 

31 

-37 a 

— 13b 

8c 

-171 

— 25a 

+0-6 

-10c 

-120 


The answer is —25a — 10c. The term 0*5 is, of course, zero and does 
not have to be written in the result. The student should notice the 
check obtained by giving the letters specific values and evaluating the 
expressions. The sum of the numbers in the check column should be 
the same as the evaluated answer. This evaluation does not constitute 
a certain check. If the two sums do not agree, a mistake has been 
made; agreement of the sums, however, means only that the work is 
probably correct. 

We have already observed that the subtraction of signed numbers 
may be effected by changing the sign of the number to be subtracted 
and adding. This remark is all that is needed to handle the subtraction 
of algebraic expressions. 

Example 2. From the sum of 2a + 75 — 15c and 5a — 85 + 3c sub- 
tract the sum of 9a + 35 — 10c and — 4a + 25 + c. 

Sohdion: To the first two expressions add the quantities obtained by 
changing the signs in the last two expressions. 
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2 a + 76 — 15c 
5a — 86 + 3c 
— 9a — 36 -f~ 10c 
4a — 26 — c 
2a — 66 — 3c. Ans. 

Remark: The procedure used here is more efficient than adding the 
first two expressions, adding the last two, and then subtracting the 
second of these results from the first. The student should satisfy 
himself that the two methods must always yield the same answer. A 
numerical check may be made as in Example 1. 


EXERCISES 4 


Two operations are to be performed in the first six problems: (a) add the 
two expressions; (6) subtract the lower expression from the upper. Check 
the first eight problems by assigning numerical values to the letters, as in the 
preceding Example 1. 


1. 5x — 3y + 6 
2x + y — 4 


2 . 2a -f 86 — 9 
3a — 46 + 11 


3 . —7x 4 - 2y — 3z 
—2x — 3y — 9z 

6. 3 u — 5v — 2w + 7 

— 5u + t>-f w — 6 


4 . 4r - 9s - 18* 

Sr - 2s - 13* 

6. 5e -f 6/ - Sg + 10 
4e 4- 7/ 4- Sg — 10 


7 . From the sum of 2x 4- y 4- 7z — 3, 4x 4- Sy 4- 42 4~ 11, and 3x 4* 
4y — Iz 4- 6 subtract the sum of 5x — y 4- 2z — 9, x 4- 10?/ — 3z 4- 17, and 
2z 4- 5 y — 8z — 3. 

8. Subtract the sum of 4a 4- 66 4- 2c 4- 7, 5a — 26 — 9d 4- 3, and 
6 4- 2c — 3d — 5 from the sum of 3a 4- 86 — 2c + d, 26 — c — M — 5, and 
10a 4- 66 - 9c 4- 4. 


In Exercises 9 to 14 remove the signs of grouping and combine like terms- 

9 . 6z — (2x - 5 y) - [3 y - (5x 4- 2 y)] 

10 . Sy - {Sx - 7 y) - [4x - (3x - 4 y)) 

11 . 9s - { 6r - [(r - 4s) - (5 r + 7s)]} 

12 . 12a - {106 - [(46 - 3a) - (66 - 5a)]} 

13 . [(d - e - 2J) - (3d 4- 2e 4- 5/)] 

- [(5 d + 4e - 3/) - (9d 4- e - 8/)] 

14 . [(7a 4- 26 - 3c) - (4a - 86 - 5c)] 

- [(116 - 2a - 3c) - (4c 4- 2a - 66)] 


For each example, 15 to 20, write an equivalent expression wherein the 
last three terms are enclosed in parentheses preceded by a minus sign. 


15 . 6 — 2x 4 “ y — 3z 


16 . 11 - 4a - 76 - c 
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17. 18 + u + 4v + 7w 18. -5 - r + 8s - 9 1 

19. -a - 4b + 3c - 6 d 20. 4e + 7/ - 6ft + 3 h 

9 . Exponents 

If we should wish to indicate a multiplication involving the same 
factor several times, as a • a * a • a, the writing of products would soon 
become too cumbersome for easy manipulation. We therefore define 

a 2 as a • a, 
a 3 as a - a • a } 

and, in general, a n as a • a • a a . 

ft factors 

The numbers that appear just to the right of and slightly above a 
in this definition are exponents, and they indicate the number of times 
that the base a is to be used as a factor; the exponents employed above 
are, respectively, 2, 3, and n. The symbol a 2 is usually read “a squared” ; 
a 3 is “a cubed”; a n is read “a to the /ith power.” When a lett-er appears 
with no exponent written, the exponent 1 must always be understood. 

Illustration : Using exponents, 3 a-a-a-a-b-b-b would be written 
3 a 4 6 3 and would be read “three a fourth b cubed.” 

Since an integral exponent indicates the number of times its base is 
used as a factor, we have, for example, 

(a 2 ) (a 3 ) = {a ' a)(a • a * a) — a 5 . 

The result means that a is used as a factor five times in all. In general, 

(i a m ) (a n ) = (a • a a) (a • a a) = 

m factors n factors 

that is, a is used as a factor m + n times in all. 

This simple analysis gives us our most important rule of exponents, 
namely, 

The Law of Exponents in Multiplication: When two numbers having the 

same base are multiplied together , the result is a number with the same 
base and with an exponent which is the sum of the two exponents . 

Briefly, we say, “Add exponents in multiplication.” The student 
should be warned that the full meaning of this rule is contained in the 
italicized statement. As a formula, we write 

a m • a n = a m+n . (m and n positive integers) 
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The discussion of exponents and the fundamental assumption that 
the order of factors in a product is immaterial furnish the basis for writing 
the product of two literal expressions. 

To begin with, we consider one-term expressions which are also 
called monomials. Examples of monomials are 3 a 2 6 3 and — 2 ah 2 . In 
order to multiply these together, we take advantage of the commutative 
law of multiplication, and multiply first the numerical factors, then the 
parts involving a, and finally the parts involving b. Thus, 

(3a 2 b z ) ( — 2ab 2 ) = (3) (-2) (a 2 • a) (6 3 • b 2 ) 

= ( — 6)a (2+1) 6 (3+2) = -6a 3 6 5 . 

When applying the rule of exponents to a 2 • a, we must not fail to supply 
the exponent 1 for the second a. 

This procedure applies equally well to the product of more than two 
factors. For example, 

(2ab 2 )( — a*b) (46 3 ) = (2) (- 1) (4)a (1 + 3 >6< 2+1 + 3) 

= — Sa 4 b e . 

In these illustrations, the addition of the exponents has been written 
out in detail ; the student should practice enough to be able to accom- 
plish this addition mentally. 

The evaluation of expressions involving exponents is illustrated in 
the next examples. 

Example 1 . Evaluate the expression x 3 — 3x 2 + x + 2 if x has the 
value —2. 

Solution : The number —2 is substituted for x, and the required 
computations are carried out as follows: 

x 3 - 3x 2 + x + 2 = ( — 2) 3 - 3 ( — 2) 2 + (-2) + 2 
= -8 - 12 - 2 + 2 
= —20. Ans. 

Remark: In replacing x by —2, we were careful to enclose the —2 
in parentheses. This serves to warn us that each exponent applies to 
the signed number —2, not merely to its numerical value. The student 
must differentiate carefully between such items as ( — 2) 2 and — 2 2 . 
The first of these means ( — 2) ( — 2) = +4; whereas the second means 
— (2) (2) = —4. The point to be emphasized is that an exponent 
applies only to the quantity that immediately precedes it. 
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Example 2. Find the value of 2x H — - when x has the value —4. 


Solution: If x = —4, 

2, + i-2(-4)+^ 


= — 7j V- ^ns. 


EXERCISES 5 


Find the value of each of the expressions in the first 15 problems. 


1 . ( — 5) 2 
4. (— 2) 6 
7. (-I) 4 
10 . ( 2 2 )( 2 4 ) 

13. ( — 3) ( — 2) 3 ( — 5) 3 


2 . (— 3) 2 
5 . (h) 3 
8 . (— 2§) 2 
11 . (— 3 ) 2 (— 3) 3 
14. — (— 7) 2 ( — l) 5 


3. (— 4) 3 
6. (-I) 3 
9. (~i) s 

12 . (— 2 ) 3 (— 3) 2 
15. 3( — 2) 6 ( — l) 4 


In Exercises 16 to 27 simplify by applying the law of exponents in mul- 
tiplication. 


17. y 3 ■ y* 

20. r m r 2m+1 
23. (x 2 y 2 ) 3 
26. (— 2c 6 d 2 ) 4 


18. a 3 


21. (6 2 ) 3 
24. (a 3 6 2 ) 4 
27. -(-2a: 2 ) 6 


16. x 2 • x 1 
19. u 3 • u m 

22. (< 4 ) 6 

25. ( — 3 r 3 s 5 ) 3 

Perform the following multiplications: 

28. Sab • 6a 2 6 4 29. 7x 2 y 3 (-Sxy 3 ) 

30. 2r 2 s 3 • rs 2 ( - 3r 4 s) 31. (6 d 2 e) ( - 3 de 3 ) ( - d 2 e 4 ) 

32. ( — Sx 2 yz) ( — 2x 2 y 2 z 3 ) ( — art/ 3 ) 2 33. (-4a 2 5c) 2 (-25 2 c) 3 (-c) 4 

Evaluate each of the following expressions if a = 4, 6 = —3, c = —1, 
d = 5, x = 3, and y = —2. 


34. (6 + y 2 )(6 - y 2 ) 

36. (a 2 + 3a6 + 5 2 ) (6c 2 - d 2 ) 

38. 5 - ^ + - 4 
2/ 2/ 4 


35. (4c + d ) (10c 2 - d 2 ) 

37. (x 2 — x — 7)(x 2 + 2x — 5) 

„„ 2 3,1 

39. — + rj 

a- ao o 2 


40. 


42. 


x 2 — 3 xy — 4 y 2 
8x 2 + 17 xy + 2 y 2 
a 2 + Say + 5y 2 
3a 2 - ly 2 


41. 


43. 


3a 2 + ab — 2b 2 
3a 2 - 2ab - 86 2 
3x 2 — cx — 8c 2 
x 2 + 2cx — c 2 
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10. Multiplication of Multinomials 

The multiplication of two expressions of more than one term each is 
an extension of the work on multiplication of monomials. Expressions 
of more than one term are called multinomials ; two-termed expressions 
are called binomials and three-termed expressions, trinomials. We shall 
use these last three names quite often. 

Illustrations: 2 a 2 b + 3 6 3 is a binomial; 

x 2 + 3 xy — y 2 is a trinomial ; 

both of these, as well as expressions of more than three terms, are 
multinomials. 

We can handle the multiplication of one multinomial by another by 
an almost direct application of the distributive law, that is, we may 
multiply either of the two expressions by the other, one term at a time, 
and add the results of this termwise procedure. 

Example 1. Multiply (a 2 + 2 ab — 6 2 ) by (a + 3b). 

Solution : We use a vertical arrangement as follows: 

a 2 + 2ab — b 2 
a T 3b 

a 3 + 2 a 2 b — ab 2 

3 a 2 b + Gab 2 - 3 6 3 
a 3 + 5a 2 6 + dab 2 — 3 6 3 Ans. 

Observe that like terms are placed in the same column for convenience 
in addition. 

Check : A worth-while check on the above result can be made by 
giving the letters numerical values and evaluating the factors and the 
product. For example, if a = 2 and 6 = 3, 

a 2 + 2ab - b 2 = 7; 
a + 36 = 11; 

a 3 + 5a 2 b + 5a6 2 - 36 3 = 77 = (7) (11). 

In making a check of this type, the numbers 1 and 0 should be 
avoided; these values will not check the exponents. It is not necessary 
to use large values for the letters. Although this evaluation does not 
furnish a perfect safeguard against error, it is quite unlikely that the 
numerical work will check v r hen the algebraic w r ork is vTong. 
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1 1. Division and Exponents in Division 


By making use of the principle that a number is unchanged in value if 
multiplied or divided by the number 1 , we may write 

ab a b b 

ac a c c 

We make use of this idea in deriving 
The Law of Exponents in Division: 

(1) If m is greater than n (m > n) 

(n factors) (m — n factors) 


a m 

a n 


(a • a 


a) (a • a 


a) 


{a - a 


a) 


= a n 


(2) If m = n 


( n factors) 


a m a m 
a n a m 


{a 0) 


(3) If m is less than n (m < n) 
(m factors) 


a m 

a 71 


(a • a 


a) 


{a - a 


a) (a * a - 


a) a n 


Illustrations: 


(m factors) (n — m factors) 
a 6 


cr 


= a 6-2 = a 4 ; 


(a^O) 


(a ^ 0) 


^= 1; 


a 


1 

5-2 


For more complicated examples, the following should be studied 
with care. 

Example 1. Simplify by removing the common factors in the division 
of 110a 3 6 2 c by — 154a6 4 c. 


20 Review of Fundamental Ideas 


[Ch. 1 


Solution: 


110 a z b 2 c 2 • 5 • lla 3 6 2 c 

— 154 ab 4 c —2 • 7 • lla5 4 c 

2 • 1 1 5a 3 6 2 c 

2 • 11 —7 ab 4 c 

b a z b 2 c 
7 a b 4 c 




Ans. 


Observe that the numerical coefficients have been written as products 
of simple factors in order to aid in the simplification. 

In forming the product 

2a 2 (5x 4 - 6a 2 + 17) = 10x 6 - 12a 4 + 34a: 2 , 

we use the term-by-term procedure which has already been described. 
Since division is the inverse of multiplication, it appears that if we 
should divide 10a; 6 — 12a; 4 + 34a; 2 termwise by 2a; 2 , the result must be 
5a 4 — 6a; 2 + 17. Hence, in order to divide a multinomial by a monomial , 
we divide each term of the dividend by the divisor and add the results . 


Example 2. Divide (a 2 + 2x — 3) by \x . 

Solution: Divide each term of x 2 + 2.r — 3 by \x. 


x 2 + 2a* - 3 


ix 


x 2 2x 3 . . 6 

= f- — = 2a; + 4 Ans. 

4a \x \x x 


Note: When the division is not “exact,” some terms of the result 
will remain in fractional form. 

The student may easily verify that 

(2x + 3) (3a; - 5) = 2a-(3.r - 5) + 3(3a; - 5) 

= (6.r 2 - 10a;) + (9a; - 15) 

= 6a; 2 — x — 15. 

Now, if the final result and the factor 3x — 5 were given, and we wished 
to find the other factor, this multiplication, so to speak, would have to 
be “undone.” This means, of course, that we would have to divide 
(6a; 2 - x - 15) by (3a - 5). 
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We argue that the first term of the dividend, that is, 6a; 2 , came from 
multiplying the first term of the divisor, that is, 3x, by 2x. Hence, 2x 
must be the first term of the quotient, and it must be obtained by divid- 
ing 6a; 2 by 3a;. If we next multiply Sx — 5 by 2x to obtain 6a; 2 — 10a; 
and subtract this product from the dividend, the result will be 9x — 15 
(see the second line of the multiplication above). Again, the first 
term of 9x — 15, that is, 9x, was found by multiplying 3x by 3. This 
means that the remaining term of the quotient can be found by dividing 
9x by 3. The following form, which is modeled after ordinary arith- 
metic long division, will be found suitable for the preceding argument. 

2x + 3 (Quotient) 

(Divisor) Sx — 5) 6a; 2 — x — 15 (Dividend) 

6a; 2 

Multiply divisor by — = 2a; 6a; 2 — 10a; 


Subtract; bring down next term, —15 9x — 15 

9a; 

Multiply divisor by — = 3 9a; — 15 


Example 3. Divide 3 + 5c 3 — c 2 by c + 2. 


Solution: It is important in order to avoid confusion that dividend 
and divisor be arranged in order of decreasing exponents of c. It 
should also be noted that 0-c has been written to preserve the space 
that would be occupied by the first power of c. 

5c 2 — 11c +22 (Quotient) 

c + 2 )5c 3 - c 2 + 0-c + 3 
5c 3 + 10c 2 

- 11c 2 + 0-c 

- 11c 2 - 22c 

+ 22c + 3 
+ 22c + 44 

— 41 (Remainder) 

This means that we may write 


5c 3 - c 2 + 3 
c + 2 


= 5c 2 


11c + 22 - 


41 

c + 2 


which is similar to the form used in arithmetic for an inexact division. 
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Note: It is generally desirable to arrange dividend and divisor in 
order of decreasing exponents of some letter as in Example 3. If more 
than one letter is involved, the arrangement may be in order of decreas- 
ing exponents of some particular one of the letters. 

EXERCISES 6 

Perform the following multiplications. Check your work by assigning 
convenient values other than 0 and 1 to the letters involved. Values that 
make the product 0 are also to be avoided. 


5. (a 2 + a - 6) (2a 2 - 3a + 1) 6. (3 b 2 + 26 - 5) (2 b 2 -6 + 2) 


In Examples 12 to 20, inclusive, simplify by applying the laws of exponents. 
Each result should be written with the smallest possible exponents and 
numerical coefficients. 


Perform the indicated division in each of the following exercises. Check 
your work by multiplying the divisor by the quotient and adding the re- 
mainder. 


1. (x — 3)(x 2 + 4x — 7) 
3. ( z + 3)(z — 4 )(z + 2) 


2. (2 y + 5) (3 y 2 - y + 4) 

4. (2 — c)(3 — 2c) (1 + 5c) 


7. (2 x + y- 3 z) 2 


8. (u + 2v — 5 w) 2 


9. (x 2 + \xy - by 2 ) (2x 2 - xy - y 2 ) 

10. (2a 2 + ab + 46 2 )(3a 2 - a& + 2b 2 ) 

11 . (c - 2d + e - 1) 2 


12 ' 1 68a 5 6 7 
48d 3 e 5 f 


105a 2 & 


56 uV 
U ' ISOuV 0 
84 xVz 16 
17 ' 63xV 4 


16 ’ — 120cte 7 / 10 


72 x 5 y 4 
198a 10 6 n c 4 
16 ‘ 60a 12 6 7 c 2 





In each example, 21-26, carry out the indicated division. 


23. 


21 . 


2 xy 

c 4 + 4c 2 d 2 + d 4 


8x 2 - 4 y 2 


5 2 4 - 15^ 3 + 35z 2 - 20 


c 2 d 2 


10 z 3 


26. 


24. 


22 . 


6a 2 6 4 + 18a 4 6 2 
30a6 3 

x 8 — x 4 jy 6 + x s y 4 — y* 
x 4 y 4 

a 6 + 3a 4 6 2 + 3a 2 6 4 + 6 6 
12a 2 6 2 



y 3 Z 2 y 2 - 21 y + 30 
y - b 


2 a - b 


2 + 3 
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2 f - 3y 2 + 7 5x + 3x 3 - 7 

2y + 1 ’ x — 3 

33. (2m 3 + 7m 2 + 2m - 8) 4- (2m 2 + 3m - 4) 

34. (x 4 + 4) 4 - (x 2 - 2z + 2) 

35. (12A: 4 + 2 fc 3 + 9& 2 + 13fc - 15) 4- (4A: 2 + 2k - 3) 

36. (t/ 4 + 2t/ 3 - 12t/ 2 - 11 y + 20) 4 - (y 2 - y - 5) 

37. (z 3 — y 3 + 8 z 3 + 6xyz) 4 - (z — y + 2s) 

38. (27a 3 — 86 3 — c 3 — 18a6c) 4 - (3a — 26 — c) 

EXERCISES 7 • Review Problems 

In each of the first five problems, (a) add the four expressions; (6) sub- 
tract the sum of the last three expressions from the first expression. 

1. 4z 3 - 3x 2 - x + 7, 2z 3 + 5z 2 + 6z - 4, -5z 3 - 2z 2 + 8z - 5, and 
z 3 + 6x 2 - 3x + 9 

2. v 3 - 6t> 2 + 2v, v 4 - lOr + 7, 3i> 4 + 2i>* - 3v 2 - 10, and -2u 3 + 
5v 2 - lit; + 12 

3. 5x — 2 y + 3 z, 2 — 8z + 11 y, 13 z + y + 5z, and 7y — 6z — 14 

4. 12 xy — 17 yz + 15 zx, 16 yz — 8 xy + llzz, — 18zz + 3xy — 7 yz, and 

4 xy + 8 yz — 21zz 

5. 23a6 — 35ca + 106c, 16ca — 146c — 32a6, — 20ca + 276c — 19a6, and 
42a6 — 246c — 17ca 

In Exercises 6 to 14, carry out the indicated multiplication. 


6. 

(a 4 - 

- a 2 6 2 + 6 4 ) (a 2 + 6 2 ) 

7. 

(x 6 + 2 x 3 y 3 + 4t/ 6 ) (x 3 - 2y 3 ) 

8. 

(9c 2 

- 6ed 2 + 4d 4 )(3c + 2d 2 ) 

9. 

(1 - 

• 5 h 2 + 25fc 4 )(l + ok 2 ) 

10. 

(3z 2 

- x - 5)(2z 2 + 3z + 4) 

11. 

(4s 2 

+ 2s - 7) (8s 2 - s - 2) 

12. 

(f 2 + 4 - 9 1) (7+6 1- 3f 2 ) 

13. 

(8m 2 

+ 6mm; — 5tc 2 )(3u 2 — 2uw — w 2 ) 

14. 

(7a 2 

- 46 2 + 9a6)(2a6 - a 2 - 36 2 ) 


In Exercises 15 to 18, perform the multiplications and collect like terms. 

15. (c - 5) 2 - (c + 5) 2 

16. (z 4 + t/ 4 ) 2 - (z 4 - t/ 4 ) 2 

17. (6 2 - 26 - 3) (6 - 1) - (6 2 - 6 - 1)(6 - 2) 

18. (4a 2 + a - 7)(3a - 2) - (6a 2 - a - 3)(a - 5) 

In Exercises 19 to 26, perform the indicated division. 

19. ( y 3 — y 2 - 4y - 6) 4 - (y - 3) 

20. (15x 3 - 41z 2 + 26x - 28) 4 - (3z - 7) 
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21 . 

(24a 2 

+ 18a - 7 + 15a 4 - 14a 3 ) 

-s- (7 

— 4a + 3a 2 ) 


22 . 

(2v 2 - 

- 2v 3 + Sf 4 + 27v - 30) -T- 

(3v + 

4v 2 - 6) 


23 . 

(z 4 + 

z 2 + 1) -T- (z 2 + x + 1) 




24 . 

(<? - 

16d 8 ) -f- ( c 2 - 2d-) 




25 . 

(3a 4 6 8 

— a 3 6 6 — 4a 2 6 4 + 32a6 2 — 

24) -f- 

(a 2 b 4 - 2ab 2 

+ 4) 

26 . 

(27c 2 i 

4 — 15c 2 z 2 + 45cz 2 — 12c 2 

+ 46c 

- 42) -7- (4c 

- 6 + 9cz 2 ) 


Carry out the division in each of Exercises 27 to 32 to the point where the 
remainder contains no letter. Write each result in the form 


Quotient + 


remainder 

divisor 


27 . 


29 . 


y + 3 
y - i 

Sv 2 - 8 
v - 2 


31 . 


4c 2 + 7c - 11 
2c - 3 


28 . 


30 . 


4s - 5 
4x - 3 
5a 2 + a - 3 
a + 5 


32 . 


66 3 + 26 2 - b + 13 
36 + 7 


33. If eight packages are mailed for x cents each, eleven packages for y 
cents each, and six packages for z cents each, how much did it cost to mail the 
twenty-five packages? 

34. If x dollars are invested at 3 per cent, simple interest, and y dollars 
are invested at 2 per cent, simple interest, what is the total amount earned in 
1 year? 

35. If A can do a job in a days and B can do a job in 6 days, what frac- 
tional part of the work is done if A works for m days and B works for n days? 

36. Write the expression for the total distance driven by a motorist who 
travels for x hr at 50 mph, for y hr at 45 mph, and for z hr at 55 mph. What 
is the expression for the average speed? 

37. A plane whose speed in still air would be r mph encounters a head 
wind of h mph. How far does the plane fly in n hr? 

38. How far would the plane in the preceding problem fly in hr if it had 
encountered a tail wind of v mph instead of a head wind? 


Chapter 
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1 2. Equations 

A statement of equality between two quantities is called an equation. 
We have used such statements to a considerable extent in the preceding 
pages; for example, 

a(b + c) = ab + ac 

is an equation. 

The last equation is called an “identity” because it is correct for any 
values that may be assigned to a , b, and c. An equation like 7 = 7 is 
also called an identity. 

On the other hand, the equation 

x 2 = 5 

is not a correct statement unless x has the value 3. In other words, this 
statement imposes a condition on the value of x; x must be the number 
which when added to 2 gives 5. Any equation that imposes a condition 
on the letters involved is referred to as a conditional equation. 

Conditional equations are widely used throughout mathematics and 
those sciences which are mathematical in character, such as physics, 
chemistry, and engineering. Every such equation says in effect, “Here 
is a condition which only certain numbers can satisfy. Find these 
numbers.” 

Much of algebra is devoted to this problem, and we shall investigate 
various means for solving it. For the present, we shall consider equa- 
tions in which the value of only one letter is unknown; such equations 
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are frequently called equations in one unknown. In this chapter, 
moreover, we shall consider only equations which are given in (or can 
be changed to) a form that involves the unknown to no power higher 
than the first. 

The two parts into which the sign of equality separates an equation 
are referred to as sides, or members. We shall use the terms left side, 
or left member, for the left-hand side and right side, or right member, 
for the right-hand side of an equation. 

13. Solving Equations 

If the members of a conditional equation can be made identical by 
replacing the unknown by a number, that number is called a root of the 
equation. The process of finding the roots of an equation is known as 
solving the equation. 

Illustration: The number 9 is a root of the equation 

x — 2 — 7 ; 

for, if 9 is put in place of x, the obvious numerical identity 7 = 7 results. 

In order to solve a given equation, it is usually necessary to employ 
one or more of the fundamental operations. The use of these operations 
is discussed in the next section. 

14. Operations That May be Performed on Equations 

Before we begin the process of solving a conditional equation, we 
make the tacit assumption that there is a value of the unknown which 
makes both members of the equation identical. On the basis of this 
assumption, we employ operations that preserve equality and lead us to 
a proposed value of the unknown. The argument is capped by direct 
substitution into the original equation. If the latter is reduced to an 
identity, then our assumption and our procedure are both justified, 
and the proposed value is a root of the equation. On the other hand, 
if an identity does not result, then either an error has been made or else 
the given equation has no root. 

It will be helpful to think of an ordinary beam balance in connection 
with the following discussion: 

( 1 ) Addition and Subtraction: The same quantity may be added to or 

subtracted from both members of an equation . This is the meaning of the 
usual brief statements: Equals may be added to equals , and equals may be 
subtracted from equals. 
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Illustrations: If to each side of the equation 5 = 5 we add 2, the 
new equation 7 = 7 is obtained. If 5 lb of sugar are placed in one pan 
of a balance, they w T ill balance a 5-lb weight in the other pan. The 
addition of 2 lb of sugar to the first pan will be balanced by the addition 
of a 2-lb weight to the second pan. (Note that we are not implying 
that the sugar is the same as the weights. It is the equality of weights 
with which we are concerned, just as in the numerical example, it is the 
equality of the numbers.) It should be easy for the student to supply 
similar examples for subtraction. 

Example 1 . Solve the equation ^y + 5 = \y + 1. 

Solution: 

Subtract f y from both sides y + 5 = 1. 


Subtract 5 from both sides 
Check: If y = —4 

y = — 4. A ns. 

Left Member 

Right Member 

= -7 + 5 

= -3 + 1 

= -2 

= -2 


Remark: The form given here is recommended for checking the 
solution of a given equation in order to avoid assuming that the answer 
checks before the verification is made. It also helps to prevent an 
invalid check in cases where complicated operations are performed on 
the equation. It should be emphasized that the substitution of a pro- 
posed root must be made in the members of the original equation, not 
in a derived equation. 

(2) Multiplication and Division: Both members of an equation may be 

multiplied or divided by the same quantity {zero excepted ), provided that 
this quantity does not involve the unknown . Again, this is the meaning of 
the briefer statement: Equals may be multiplied or divided by equals . 
Multiplication by zero will, of course, give equal members, but the 
equation will always be reduced to the trivial result 0 = 0; division by 
zero is prohibited, as usual. Multiplication or division by a quantity 
involving the unknown is discussed in Section 26. 

Illustrations: (a) If each side of the equality 5 = 5 is multiplied by 
2, the new equality 10 = 10 is obtained. If the weight in one pan of a 
beam balance is doubled, the balance will be maintained if the weight 
in the other pan is also doubled. Similar illustrations may be supplied 
for the operation of division. 
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(fr) The equation 2x = 10 may be solved by dividing both members 
by 2 or by multiplying both by 4. The result is x = 5. 

If an equation in one letter can be reduced to the form ax = b where 
a is not zero, the equation can always be solved by dividing both mem- 
bers by a or by multiplying by - • 


Study the preceding problem with care. The principal idea has 
been first to reduce the equation to the form ax = b . In doing this, we 
employ addition, subtraction, multiplication, or division as may be 
desirable in each instance. 

By a literal equation, we mean one which involves one or more 
literal numbers besides the one whose value is required. For example, 
ax — 26 = c is a literal equation. 

A root of an equation of this sort is usually not a specific number as 
in our previous problems but is instead a literal quantity. The steps 
used in solving such equations are identical with those previously em- 
ployed; however, a major difference in detail appears because operations 
can frequently not be fully carried out but must be left in indicated form. 

Example 3. Solve ax — 2b = c for x. 

Solution: We think of each letter except x in the equation as repre- 
senting a known number. 



or 


= 0.4. 


Next, we multiply both members by —8 to find 

v = —3.2. Ans . 

Check : If v = —3.2 


Left Member 
= - 2.0 + 0.2 
= - 1.8 


Right Member 
= -2.4 + 0.6 
= - 1.8 


Add 2b to both members 


ax = 2b + c. 
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Divide both members by a 

The check is left for the student. 


2b + c 

x = Ans. 


EXERCISES 8 


Show that the Equations 1 to 6 are identities. 

1. (a + 3 )(a - 2) - 6 = (a + 4 )(a - 3) 

2 . (® 2 + y 2 ) ( x 4 - x 2 y 2 + y*) = ® 6 + y Q 

3. (3t» + ll)(y - 2) = (y + 8) (y - 3) + 2v 2 + 2 

4. c 2 (c 2 + d 2 ) + d 4 = (c + d) 2 (c — d) 2 + 3c 2 d 2 


s 3 - 7s + 6 
s — 1 


= s(s + 1) — 6, 


^ 1 


_ ty 2 — 9 , — 16 0 

6. — H — = 2w + 1, w 5 * —3 and w ^ 4 

w + 3 w — 4 

Solve and check each of the following equations for the letter involved: 

7. 0.8 - 6y = 4.8 - 7 y 

8. 15.5 + 18® = 3.5 + 17® 

9. if - 0.6 = -if - 3.4 

10. + 8 = + 15 

11. 5(4* + 3) - 7(3* - 4) = 10 

12. 2(6A - 8) - 9 {h + 4) = 2h 

13. 3w(w — 1) = 4:w(w + 2) — (w 2 + 12w — 16) 

14. 6m(m + 4) + 3(6 - 2m 2 ) = 25m 

15. (2® + 3) (5® - 1) = (3® + 2) 2 - (2 - ® 2 ) 

16. (4t> + 5)(2v + 7) = (v + 2) (6t> + 20) + (2v - l)(v - 1) 


17 i r 7_ _ 1_L At 

J-l. 4^ 12 12 

19. ^ = 5 


is. h-i 

3w - 1 


iy + A* 


21 . 


23. 


3 

10 - 3® 
5 

7 - 4s 


= 3 
= 2 

5 - 6s 


21 ?* + » + 1 . 

6^2 4 


20 . 


22 . 


24. 


26. 


7 

9 — 2* 4 

7 ”5 

2m — 17 8m + 11 

3 = 6 

- 23 , 1 5 

— = — x 

6 3 4 


4® 


27. (6m - 1) (m - 7) - (2m - 3) (3m - 4) = 0 

28. (5 - 3c) (7 + 4c) + (3 - 2c) (11 - 6c) = -14 

29. (2t> + 7)(4t> - 5) - (6u + 11) (v - 4) = 2v 2 + 40 

30. (® - 4) (3® + 10) - (2® - 5) (® - 6) = ® 2 + 30 
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1 5. Formulas 

In algebra, a formula is a rule involving magnitudes and expressed 
in the form of an equation. 

Illustration: Rule: To find the number of square units of area 
enclosed by a trapezoid, multiply the number of units of length in the 
altitude by half the number of units of length in the sum of the bases. 

Let bi represent the number of units of length in one base; b 2 , the 
number in the second base; h, the number in the altitude; and A , 
the number of units of area. Then, the formula 


corresponds to the given rule. 

Note: The numbers 1 and 2 in bi and bo are called “subscripts.” 
bi is read, “b sub one”; b 2 , “b sub two.” The subscript notation is used 
frequently to distinguish two numbers when it is convenient to use the 
same letter for both. The student should be careful not to confuse 
subscripts and exponents. 

The following formulas occur frequently in the geometrical applica- 
tions of algebra. The student should study and learn them. 



h 


(1) Rectangle: base b , altitude h (Figure 5). 
Perimeter: P —2 (b + h). 


b 


Area: 


A = bh. 


Fig . 5 



6 ). 


(2) Parallelogram : base b, altitude h (Figure 


Area: 


A = bh. 


b 


Fig. 6 



(3) Triangle: base b } altitude h 
(Figure 7). 


b 


Fig. 7 


b 


Area: 


A = \bh. 
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8 ). 


(4) Trapezoid: bases bi and b- 2 ; altitude h (Figure 
Area: A = \h(b 1 + b 2 ). 



T 

h 

1 


b 2 


bi 


\ 


Fig . 8 


(5) Circle: radius r (Figure 9). 
Circumference: C = 2irr. 

Area: A = irr 2 . 

(nr — 3.1416, correct to four decimal places.) 



(6) Rectangular Box: length l , width w , 
height h (Figure 10). 

Volume: V = Iwh. 

Special Case: Cube of edge e : 

V = e 3 . 



Fig . 10 


(7) Right Prism: base area B, altitude h (Figure 

11 ). 

Volume: V = Bh . 

(Bases may have any shape.) 



(8) Pyramid: base area B , altitude h (Figure 


12 ). 


Volume: 


V = \Bh. 



Fig . 12 
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(9) Right Circular Cylinder: radius r, altitude h 
(Figure 13). 

Volume: V — irr 2 h. 

Total Surface Area: T = 2irr 2 + 2irrh. 


Fig. 7 3 



(10) Right Circular Cone: radius r, altitude h, 
slant height $ (Figure 14). 

Volume: V = hrr 2 h. 

Area of Curved Surface: A = irrs. 


Fig . 74 



F/g. 7 5 


(11) Sphere: radius r (Figure 15). 
Volume: V = firr 3 . 

Surface Area: S = 4irr 2 . 


There are many problems that require the solution of a formula 
for one of the letters involved. For example, if we wish to know how 
many years it will take an investment at simple interest to earn a given 
amount of interest I , we must solve the simple-interest formula 

I = Prt 


for /. This can be done by dividing both members by P and r. 
result is 



The 


§ 15 ] 


Formulas 33 


In general, since formulas are merely literal equations, the methods 
employed upon such equations may be used. We shall illustrate this 
statement by an example. 

Example 1 . The formula 

A = P(1 + rt) 

is used to find the total accumulation (principal plus interest) of an 
investment of P dollars at simple interest for t years if the interest rate 
is r. Solve this formula (a) for P; ( b ) for r. 

Solution: (a) divide by (1 + rt) 


1 + rt 

A 

which means that P Ans. 

1 + rt 

(b) Perform the multiplication in the right member of the given 
formula, thereby obtaining 

A = P + Prt. 

Subtract P from each member 

A - P = Prt. 


Divide by Pt 


that is, 



= r, 


r 


A - P 
Pt 


Ans. 


Note: In changing to the final forms in (a) and ( b ) above, we 
simply read the previous equation in each case from right to left. The 
equations x = a and a = x say exactly the same thing. 


EXERCISES 9 


1. Find the area of a trapezoid whose bases are 6 ft and 18 ft, respectively, 
and whose altitude is 8 ft. 

2. Calculate the volume and surface area of a cube of edge 7.6 in. 

3 . Find the area and circumference of a circle of radius 5.3 ft. 

4 . The circumference of a circle is 237 t in. Find the radius and the area. 

5 . Calculate the surface area and the volume of a rectangular solid of 
length 7.9 ft, width 5.8 ft, and breadth 9 ft. 
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6. The base of a prism of altitude 12 in. is a right triangle whose legs are 
5 in. and 12 in., respectively. What is the volume? What is the total surface 
area? 

7. Find the volume and the lateral surface of a cylinder of radius 6 ft and 
altitude 9 ft. What is the total surface area? 

8. The volume of a cylinder of radius 6 mm is 2887T mm 3 . What is the 
altitude? What is the total area? 

9 . Find the volume and the lateral surface of a cone of radius 16 cm and 
altitude 12 cm. 

10 . The volume of a pyramid with a square base is 132 ft 3 . What is the 
altitude if the base is 6 ft on a side? 

11 . Find the volume and the surface area of a sphere of radius 9 in. 

12 . The base diameter and the volume of a cone are 10 ft and lOOx ft 3 , 
respectively. What is its altitude? its lateral surface? 


Solve each equation for the letter, or each of the letters, listed after it. 


13 . V = irr 2 h; h 
15 . s = \gt 2 \ g 
17 . A = 7 rr 2 + 7rr$; $ 

19 . I = a + (ft — l)d; a, n, d 

21 . F = k ; cP 

d i 


23 . 


25 . 


27 . 


Vt 

V 1 


Pi 
P 2 ; 


V h Pi 


s = 


1 - r 9 


U V f 


a , r 
u, v,f 


14 . V = iirrVi; h 
16 . C = i(F - 32); F 
18 . s = \gt 2 + so ; g 

20 . s = | (a + l ) ; a, n 


22 . A = 2^(Pi 4 “ ^ 2 ); hf bh & 2 


24 . 


26 . 


F = 
I = 


Wv 2 

; r 

Qr 

E 

R 4- nr ' 


W 

R, n 


28 . 


— = - 4- — 
R ri r 2 


R , r h r 2 


16. Statement Problems 


In the applications of algebra, we frequently have occasion to solve 
problems that are first stated in words. If the problem describes 
a definite number, we may be able to translate the description into an 
equation whose solution is the number sought. 

We shall consider a few problems that lead to equations of the first 
degree. The following examples should be examined with great care. 

Example 1. How many ounces of a 50 per cent acetic acid solution 
should a photographer add to 32 oz of a 5 per cent acetic acid solution to 
obtain a 10 per cent solution? 

Solution: In analyzing a problem of this sort, we must keep clearly 
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in mind that such a phrase as “a 5 per cent acetic acid solution’ ’ means 
that 0.05 of the total solution is acetic acid. In this case the 32 oz of 
5 per cent solution contains (0.05) (32) or 1.6 oz of acetic acid. Hence, 
if we let 

x = the number of ounces of 50 per cent solution to 
be added, 

then, 0.50# = the number of ounces of acetic acid added, 

and 1.6 + 0.50x = the number of ounces of acetic acid in the new 
solution. 

32 + x = the number of ounces of new solution of which 
10 per cent is to be acetic acid. 

Therefore, 1.6 + 0.50x = 0.10(32 + x ), 

or 1.6 + 0.50.r = 3.2 + 0.10s. 

OAOx = 1.6. 

x = 4, 

that is, 4 oz of the 50 per cent solution would be added. Ans . 

Check: 


(0.50) (4) = 2 

(Ounces of acetic acid added); 

1.6 + 2 = 3.6 

(Ounces of acetic acid in new solution) ; 

32 + 4 = 36 

(Ounces of new solution) ; 

3.6 

— = 0.10 
36 

(New solution is a 10 per cent solution). 

Comments : (a) The 

student should study a statement problem 


carefully in order to fix in his mind what conditions are given and what 
numbers are to be found. 

(i b ) Having decided what is required, he should let x (or any con- 
venient letter) stand for the number of specified units in one of the 
unknown quantities. It is important to keep in mind that £ is a number 
and nothing else. Statements like, “Let x be the acid,” are to be 
avoided; they do not make for clear thinking. 

(c) Each unknown number involved in the problem should be 
expressed in terms of x. The preceding problem may serve as a model. 
Notice the statements which precede the equation. 
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(g?) The equality stated or implied by the problem should be written 
as an equation in x. 

(e) In a statement problem, the answer should be checked against 
the conditions of the problem. A check in the equation would be 
worthless if the equation were incorrect. 

Example 2. A man has 6 hr to spend on a hike into the mountains 
and back. He can walk up the trail at an average rate of 2 mph, while 
on the return trip, he can average 3 mph. How long a time may he 
spend on the up-trail hike if he plans to return on the same trail? 

Solution: An average rate of motion is defined as the total distance 
traveled divided by the time consumed. The units of such a rate are 
always units of distance per unit of time. This fundamental definition 
must be borne in mind in connection with any motion problem. 

Let t = the number of hours to allow for the up-trail hike, 

then, 6 — t = the number of hours left for the return hike, 

and 2 1 = the number of miles going up, 

while 3(6 — t) = the number of miles coming down. 

Since the distance up must be the same as the distance down 
2 1 = 3(6 - t), 
or 2t = 18 - 3 1. 

Therefore, 5t = 18, 

and t = 3.6. 


Thus, he may spend 3.6 hr, or 3 hr, 36 min on the up-trail hike. Ans. 
Cheek: (2) (3.6) = 7.2 (Miles, distance up trail); 

7.2 

— = 2.4 (Hours, time down); 

o 

2.4 + 3.6 = 6 (Hours, total time). 

Example 3. A boy weighing 80 lb sits on a teeterboard 6 ft from the 
point of support and balances his brother who weighs 96 lb and sits 
5 ft from the point of support. The lighter boy, by holding a weight in 
his lap, causes his brother to move back 6 in. to maintain the balance. 
How many pounds are in the weight? 
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Solution: The fundamental principle upon which we depend for the 
solution of a teeterboard problem is the law of the lever . Two weights on 
opposite sides of the point of support (fulcrum) will balance if, and 
only if, the product of one weight by its distance from the fulcrum is 
equal to the product of the other weight by its distance from the fulcrum; 
that is, 

W x d x = W 2 d 2 . 


This neglects the weight of the lever. See Figure 16. 


h- 

di 

« d 2 


Wi 



w 2 

z 

IK, 


fig . 16 

Let w = the number of pounds in the unknown weight; 
then, w + 80 = the number of pounds the heavier boy must balance. 
Therefore, by the law of the lever, 

6 (w + 80) = (5.5) (96), 
w + 80 = (5.5) (16), 
or w + 80 = 88, 

and w = 8. 

There are 8 lb in the weight. Ans. 

Check: 

(88) (6) = 528 ( Wd product for the 80-lb boy and weight); 

(96) (5.5) = 528 {Wd product for the 96-lb boy). 

Since these two products are the same, the answer, 8 lb, is correct. 

EXERCISES 10 


1. Find two numbers whose sum is 190 and such that one is three sevenths 
of the other. 

2. Two numbers whose difference is 3 have a product which is 66 greater 
than the square of the smaller of the two numbers. Find the two numbers. 

3. When each side of a square is increased by 7 in. ; the area is increased 
by 231 in. 2 Find the side of the square. 
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4. What are the dimensions of a rectangle whose perimeter is 100 ft and 
whose length is 2 ft more than three times its width? 

5. A picture without its border is 2 in. longer than it is wide. If the 
border is 1 in. wide and has an area of 40 sq in., find the dimensions of the 
picture alone. 

6. Two spheres whose surface areas differ by 2SS7T sq in. have radii which 
differ by 2 in. Find the radius of each sphere. 

7. If the circumference of a ball is increased by 1 ft, by what amount is 
the radius increased? (Note: The results obtained indicate that the radius 
of an orange or of the earth would be increased by the same amount.) 

8. The sum of the digits of a three-digit number is 16; the units' digit is 
1 greater than the tens' digit, and the tens' digit is 3 greater than the hundreds' 
digit. Find the number. 

9. The sum of the digits of a three-digit number is 19; the hundreds' 
digit is twice the tens' digit, and the units' digit is 3 greater than the tens' digit. 
Find the number. 

10. In a three-digit number, the units' digit is double the tens' digit and 
the sum of the digits is 14. If the digits are reversed, the number is decreased 
by 396. Find the number. 

11. In a Red Cross drive, A contributed twice as much as B y and C con- 
tributed $4 more than A. How much did each give if their donations totaled 
$79? 

12. A fisherman caught 20 fish. If he had caught only 15, each fish would 
have had to average 2 oz more in order to give the same total weight. What 
was the weight of the catch? 

13. A drugstore buys 18 cameras. If it had bought 10 cameras of a 
higher quality, it would have paid $48 more per camera for the same total 
expenditure. Find the price of each type of camera. 

14. A billfold contains $223 in $10, $5, and $1 bills. There are forty-seven 
bills in all and five more fives than tens. How many of each kind are there? 

15. Two sums of money totaling $25,000 earn, respectively, 2| per cent 
interest and 3 per cent interest per year. Find the two amounts if together 
they earn $660. 

16. The amount of annual interest earned by $8,000 is $40 less than that 
earned by $12,000 at \ per cent less interest per year. What is the rate of 
interest on each amount? 

17. A and B balance a teeterboard when A is 7 ft and B is 6 ft from the 
fulcrum. Find the weight of each if together they weigh 20S lb. 

18. A teeterboard 12 ft long is balanced by A and B who weigh 91 lb and 
1 17 lb, respectively. Where must the fulcrum be placed? Neglect the weight 
of the board. 

19. A grocer mixes two kinds of nuts ; one is worth 70 cents per pound, and 
the other is woith 90 cents per pound. If the mixture weighs 100 lb and is 
worth 81 cents per pound, how many pounds of each kind does he use? 

20. How many gallons of a 15 per cent solution of salt must be added to 
20 gallons of a 30 per cent solution to obtain a 27 per cent solution? 
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21. How many pounds of an alloy containing 35 per cent nickel must be 
melted with an alloy containing 65 per cent nickel to obtain 20 lb of an alloy 
containing 41 per cent nickel? 

22. How many parts of a 30 per cent glycerin solution must be mixed with 
thirty parts of a 90 per cent glycerin solution to obtain a 75 per cent solution? 

23 . How many parts of glacial acetic acid (99.5%) must be added to 100 
parts of a 10 per cent solution of acetic acid to give a 28% solution? 

24 . A jet plane flying at a speed of 600 mph is to overtake another plane 
which has a head start of 3 \ hr and is flying at a speed of 400 mph. How long 
will it take the faster plane to overtake the slower one? 

25 . Two planes which are 2475 miles apart and whose speeds differ by 
75 mph fly toward one another and meet in 3 hr. What is the speed of each 
plane? 

26 . Find the hypotenuse of a right triangle if one of the legs is 20 ft long 
and the hypotenuse is 8 ft longer than the other leg. 

27. One leg of a right triangle is 8 yd long, and the other leg is 2 yd shorter 
than the hypotenuse. Find the length of the hypotenuse. 

28 . How many minutes after 7 o'clock will the hands of a watch first be 
together? 

29 . At what time between 7 and 8 o'clock will the hands of a watch be 
opposite one another? 

30 . Crew A and crew B can do a job together in 6 days. If crew A can do 
it in 10 days, how long will it take crew B to do the job? 

31 . Crew A can do a job in 12 days and crew B can do a job in 6 days. 
How long will it take to do the job if both work at the same time? 
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1 7. Special Products 

Certain of the results obtained in the multiplication of algebraic 
expressions are worth memorizing because of their frequent occurrence 
in algebra and its applications. The more important special products 
are given in the following list, each item of which may be verified 
by direct multiplication. 

(1) The square of the sum of two numbers is the sum of their squares 
plus twice their product: 

(a + b ) * 1 2 3 4 5 = a 2 + 2 ab + 6 2 . 

(2) The square of the difference of two numbers is the sum of the squares 
of the two nuxnbers minus twice their product : 

(a - 6)2 = a 2 - 2 ab + b\ 

(3) The product of the sum and the difference of two numbers is the difference 
of their squares {taken in the order in which the difference is given): 

(a + b)(a - b) = a 2 - b\ 

(4) The square of a multinomial is the sum of the squares of its terms plus 
twice the product of each term and each term that follows it: 

{a + b — c) 2 = a 2 + b 2 + c 2 + 2 ab — 2 ac — 2 be, 

(5) The product of two binomials with a common term is the sum of 
three terms } namely , 

The square of the common term , 
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The product of the common term and the sum of the other two terms , 
The product of the two unlike terms: 

(x + a) (x + h) = x 2 + (a + b)x + ab. 

(6) The product of two binomials with like terms is the sum of the products 
of the two like terms plus the sum of the products of the two unlike terms: 

(ax + by) (cx + dy) = acx 2 + (ad + bc)xy + bdy 2 . 

(7) The cube of a binomial is the sum of the cubes of the two terms plus 
three times the square of each term multiplied by the other term: 

(a + by = a* + 3 a 2 b + 3 ab 2 + b\ 

and 

(a — b) 3 = a 3 — 3 a 2 b + 3 ab 2 — b 3 . 


Example L Expand (5a; — 2 y 2 ) 2 . 

Solution: (5x — 2 y 2 ) 2 = (5a:) 2 — 2 (5a;) (2 y 2 ) + (2 y 2 ) 2 
= 25a; 2 — 20 xy 2 + 4 y*. Ans. 

Example 2. Multiply (2a; + 3 y) by (2a; — 3 y). 

Solution: (2x + Sy)(2x — 3 y) = (2a;) 2 — (3 y) 2 

= 4a; 2 — 9 y 2 . Ans. 

Example 3. If b + c = 10, write out and simplify the product 
(10a -f- b) (10a + c). 

Solution: The “ cross-product term” is 10a (b + c) — 100a. Hence, 


(10a + b) (10a + c) = 100a 2 + 100a + be. 

The first two terms are divisible by 100a, so, if desirable, we may write 
100a 2 + 100a = 100a (a +1). 


Consequently, our product may be expressed as 

(10a + b) (10a + c) = 100a(a + 1) + be. Ans. 

Note : This example furnishes a neat little scheme for finding quickly 
the product of two numbers whose units' digits add to give 10 and whose 
other digits are identical. For example, by giving particular values to 
a, 5, and c, the product of 97 and 93 may be written as follows: 

a = 9; a + 1 = 10; a(a + 1) = 90; 

6 = 7; c = 3; be = 21. 
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Therefore, (97) (93) = 9021. 

The multiplication of a (a + 1) by 100 moves this product to the left 
two places and leaves the be product to fill the tens’ and units’ places. 
As another illustration, we may write the square of 115 by thinking 

(11)(12) = 132 and 5 2 = 25, 

so (115) 2 = 13,225. 

Example 4. Expand the product (Sx — 3*/)(5x + y ). 

Solution: To assist in obtaining the cross-product term, we note that 

(8) (1) + ( — 3)(5) = 8 - 15 = -7. 

Therefore, (8x — 3 y) (5x + y) = 40.r 2 — Ixy — 3 y 2 . Ans. 

Note: When the binomials are written side by side, the following 
diagram is useful in obtaining the coefficient of the cross-product term: 

k a 

(8a; - Zy) (ox + y ). 

K * 

Example 5. Expand (x — 2) 3 . 

Solution: (a: — 2) 3 = a; 3 + 3a; 2 ( — 2) + 3a;( — 2) 2 + ( — 2) 3 
= x 3 — Gx 2 + 12a; — 8. Ans. 


EXERCISES 11 

Expand the following products: 
1. (r + 8)(r + 6) 

3. (2a; + 5) (3a; - 7) 

5. (3 ab - 2) (lab + 5) 

7. (8c 2 + 7) (8c 2 - 7) 

9. (3a - 5) 2 
11. (m* - 5) 3 
13. (8 - 36c) (8 + 36c) 

16. (9m 2 - 2r 4 ) 2 

17. (6x - 86) (x - 76) 

19. (a + 46 + 5) (a + 46 - 5) 

21. (x — 2y — 2) 2 

23. (4w 2 - 26) (4w 2 — 116) 

26. (r — 2s + t + l) 2 

27. [2a - 3(6 + c)][a + (6 + c)] 


2- ( y - 9)0/ + 6) 

4. (7z - 2)(3z - 1) 

6. (66 + 56) (66 - 86) 

8. (3r 2 + 5« 3 )(3r 2 — 5s 3 ) 

10. (2xi/ + 9) 2 
12. (z 2 - 2u) 8 
14. (5 - 7c) (2 + 3c) 

16. (4/ — 5e) (5/ + 4e) 

18. (2 if - 11 z) 2 

20. (x -3 y + 2)(x + 3y - 2) 

22. (r - 3s + 2 1) 2 

24. (7 - a - 26) (7 + a + 26) 

26. (w — x — 2y — 2 z) 2 

28. (3 - c 2 - d 2 ) (5 + 3c 2 + 3d 2 ) 


§ 18 ] 


Factoring 43 


Hint: For Exercises 29 to 36, see the note in the preceding Example 3. 

29 . (48) (42) 30 . (74) (76) 31 . (81) (89) 32 . (53) (57) 

33 . (85) 2 34 . (65) 2 35 . (135) 2 36 . (105) 2 

1 8. Factoring 

We have previously stated that each of the numbers multiplied 
together to obtain a product is a factor of that product. There are 
many places in algebra where it is desirable, if possible, to break an 
algebraic expression down into an indicated product of its factors. 
This procedure is known as factoring. The same process takes place in 
arithmetic when we write 

105 = (3) (5) (7). 

A multinomial whose terms involve only positive integral exponents 
and do not involve division by a literal number is a rational integral 
expression. We shall limit our discussion here to the factoring of 
rational integral expressions with integral coefficients. In the remainder 
of this chapter, the term “expression” will be used for brevity to indicate 
this special type of multinomial. Furthermore, we shall consider only 
rational, integral factors with integral coefficients. 

Any expression that is exactly divisible only by itself and the number 
1 is called prime. To factor an expression completely will mean to write 
it as the product of some specific number and its prime factors. 

Illustrations: 3 a + 56 is a prime expression. 

3 ab + 6ac is not a prime expression because it is exactly divisible by 
3a. If we write 

3 ab + 6ac = 3a (b + 2c), 

we have factored the expression completely. 

In order to develop a reasonable facility in factoring, we shall con- 
sider a number of type forms. As will be seen, the list of special products 
is to be considered of fundamental importance in algebra in the same 
way that the multiplication table is of importance in arithmetic. 

In the expression 2 ax — Say + 4az, 2a is a factor of each term. Such 
a factor is known as a common factor. Its presence means that the 
expression is exactly divisible by 2a, and we may write 

2 ax — Qay + 4 az = 2a(x — 3z/ + 2 z). 

Example 1. Factor 5 (a + b)x — 10 (a + b)y. 

Solution: 5 (a + b) is seen to be a common factor. 

Hence, 5(a + b)x — 10(a + b)y = 5 (a + b)(x — 2 y). Ans. 
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Sometimes when no factor appears to be common to all the terms of 
an expression, the terms can be grouped so that each group has a com- 
mon factor. This may enable us to factor the given expression. 

Example 2. Factor ax + ay — az — 2 bx — 2 by + 2 bz. 

Solution: ax ay — az — 2 bx — 2 by + 2 bz 

= (ax + ay — az) — (2 bx + 2 by — 2 bz) 

= a(x + y - z) - 2 b(x + y - z) 

= (x + y — z)(a — 2b). Ans. 

We see at once from the list of special products that the difference of 
two squares can be factored as follows : 

9x 2 - 16 = (3x) 2 - (4) 2 

= (Sz + 4) (3x - 4). 

Example 3. Factor a 2 — b 2 + 2bc — c 2 . 

Solution: a 2 — b 2 + 2hc — c 2 = a 2 — (b 2 — 2 be + c 2 ) 

= a 2 — (b — c) 2 

= [a - (b - c)][a + (b - c )] 

= (a — b + c) (a + b — c). Ans. 

The idea of grouping terms is often useful in connection with the 
difference of two squares as may be seen from the preceding example. 

EXERCISES 12 

Each of the following is to be factored completely : 


1. 5zy + 30(/ 5 

2. 

7a 2 b — 42ab 2 

3. 14 cd, + 6ce + 2c} 

4. 

36rx — 45 vy — 24 vt 

5. 15ai> 2 - 20a 2 b 3 - 25 a 5 6 7 

6. 

44 p< 5 - 8 pH + 48 p¥u> 

7. 25x 2 - 9(/ 4 

8. 

49a 4 - 366 10 

9. 16c 2 d 6 - Sle 8 

10. 

64s 6 < 8 — 121 x 2 y 2 

11. x 2 — 4x + Qxy — 24 y 

12. 

2 w 2 + Zw — 10tc6 — 156 

13. 24c 2 — 4r 2 c 2 + 6m — mr 2 

14. 

10a 2 - 15ae 2 - 2a/ + 3c 2 / 

15. 8 h 2 k h - 18 k 3 

16. 

80m 2 p 3 - 5 p 

17. x 4 - 16i/ 4 

18. 

c 16 - b % 

19. r 2 + 4rs + 4s 2 - 25 

20. 

x 2 — 6 xy + 9 y 2 — 4 

21. x 2 + y 2 — 1 + 2 xy 

22. 

9a 4 - 9 + 46 2 - 12a 2 6 
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23. bx 2 — 3 bx + b — 2x 2 + 6z — 2 

24. av — 2 bv + 2 cv — 7am + 14 bm — 14 cm 

25. 5 sx — bkx — 4 sy + lBhx — 12 hy + 4 Icy 

26. 20 (c 3 + 2 c 2 d) - 24 (cd + 2d 2 ) 

27. 35 (z 4 - 3 xy) - 15 (z 3 g - 3 y 2 ) 

28. x 2 + 4zy + 4 y 2 - f — 6 fg - 9 g 2 

29. s 2 + t 2 - 25c 2 - 2 st + 10 cd - d 2 

30. 2a 12 (3a 2 + 5) 9 - 6a 14 (3a 2 + 5) 8 

31. 7x 6 (2x 2 - 3) 6 + 21z 8 (2z 2 - 3) 5 


Find the value of each of the following by factoring, and then multiplying 
the factors : 


19. The Trinomials x 2 + qx + r and px 2 + qx + r 

An inspection of the list of special products shows that the multiplica- 
tion of (x + a) by {x + b) gives the trinomial 


As a result of the comparison, it is apparent that if we can find two 
numbers a and b whose product is r and whose sum is g, we may write 


The natural way to attempt to factor a trinomial of this type is to 
write r as the product of two integral factors in as many ways as possible. 
We may then examine these products to see if one of them consists of a 
pair of factors whose sum is q. If such a pair of factors exists, the 
factoring may be accomplished; otherwise, there are no factors with 
integral coefficients. 

Example 1. Factor x 2 — 2x — 35. 

Solution: -35 = (— 1)(35) = (1)(— 35) = ( — 5)(7) = (5)(-7). Of 
these, the first two may be immediately discarded. Why? The last 
two give for the sums of the factors 


32 . (22) 2 - (19) 2 
34 . (53) 2 - (43) 2 
36 . (62) 2 - (67) 2 


33 . (48) 2 - (32) 2 
35 . (74) 2 - (26) 2 
37 . (75) 2 - (84) 2 


x 2 + (a + b)x + ah. 
We compare this expression with the trinomial 

x 2 + qx + r. 


x 2 + qx + r = (x + a) (x + b). 


-5 + 7 = +2, 
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and 5 — 7 = — 2, 

respectively. The last sum is the one we need. Thus, 
x 2 — 2x — 35 = (x + 5) (x — 7). Arts. 

Example 2. Show that x 2 + ox + 7 is prime, that is, has no factors 
with integral coefficients other than itself and 1. 

Solution: 7 = (1)(7) = ( — !)( — 7). The sum of neither of these 
pairs of factors is 5. Hence, 

x 2 + 5a; + 7 is prime. 

If we permit the coefficient of x 2 to be an integer other than 1, the 
process of factoring is usually more complicated. The problem is to 
find two first-degree factors whose product is the given trinomial. By 
direct multiplication, we have 

(ax + b) ( cx + d) = acx 2 + (ad + bc)x + bd. 

A comparison of this result with the trinomial 

px 2 + qx + r 

shows that we must find four numbers a, b, c, and d, such that 

ac — p, 
bd = r, 

and ad + be = q. 

Example 3. Factor 5x 2 + 13 xy — 6y 2 . 

Solution: If this trinomial has factors of the type we seek, they must 
be of the form ax + by. As before, we shall work with the numerical 
coefficients only. 



Therefore, 5.x 2 + 13xy — G y 2 = (x + 3 y)(5x — 2 y). Ans. 
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The fact that — 13 is obtained in the second trial suggests that the signs 
of the factors of r be reversed to give the desired cross product. A little 
practice should enable the student to discard certain combinations of 
factors mentally and to abbreviate the work considerably. 

EXERCISES 13 


Factor each of the following completely : 


1. x 1 + 8x + 12 
3 . 24 — 21 — t 2 
5 . 3w 2 - w - 2 
7 . 9 — 6y + y 2 
9 . v 2 - <dv + 18 
11 . 3 + 5x - 2x 2 
13 . z 4 - 18z 2 + 81 
15 . 9a; 2 — 24a :y + 16 y 2 
17 . 3 y 2 + 6 ay - 24a 2 
19 . 20v 2 - 23v + 6 
21 . 6m 2 - 73am + 12a 2 
23 . 246 2 a; 2 — 23abx — 12 a 2 
26 . (a - b) 2 + 3 (a - b) - 10 

27. c 2 — 4cm + 4'i 

28. 16a 2 - 8a6 + 


2. y 2 -3 y - 10 
4. 14 — 5a; — a: 2 
6. 6 d 2 - d - 15 
8 . 25 - 106 + b 2 
10. r 2 - llr + 30 
12. 18 - 45a; - 8a; 2 
14. a 6 - a 3 6 2 - 426 4 
16. 4c 4 - 28c 2 d 3 + 49d 6 
18. 5a: 2 + 20ea; - 105e 2 
20. 12a 2 - 7a - 12 
22. 25z 4 - 25 z 2 d 2 + 4 d 4 
24. 7 e 2 / 2 - 58 efg + 16 g 2 
26. (3a; - y) 2 + (3a; - y) - 30 
+ c — 2m — 2 
- 12a + 36 - 4 


20. The Sum or Difference of Two Cubes 

By direct division the student may show that a 3 + b 3 is exactly 
divisible by a + b, the quotient being a 2 — ab + b 2 . Also, a 3 — b 3 is 
exactly divisible by a — b, the quotient being a 2 + ab + 6 2 . From 
these results, we have 

a 3 + b 3 = (a + b)(a 2 - ab + b 2 ), 
and a 3 — b 3 = (a — b) ( a 2 + a6 + b 2 ). 

Example 1. Factor 27a; 6 + 8. 

Solution: 27a; 6 + 8 = (3a; 2 ) 3 + 2 3 

= (3a; 2 + 2) [(3a; 2 ) 2 - 2 (3a; 2 ) + 4] 

= (3a; 2 + 2) (9a; 4 - 6a; 2 + 4). Ans. 
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21, Multinomials Which Can Be Made the Difference of 
Two Squares 

Sometimes the device of adding and subtracting a perfect square 
may be used to change the form of a multinomial so that it may be 
written as the difference of two squares. 

Example 1 . Factor x 4 + £ 2 + 1 . 

Solution: By adding and subtracting x 2 , we may write 

x 4 + x 2 + 1 = x 4 + 2x 2 + 1 - x 2 


= (x 2 + l) 2 - x 2 
= (x 2 + 1 — x) (x 2 + 1 + x) 

= (x 2 — x + l)(x 2 + x + 1). Ans. 

Two comments may be made here : First, the addition and subtraction 
of the same expression is a permissible operation. For, no matter what 
values may be assigned to the letters, this addition and subtraction has 
no effect on the value of the given expression. Second, that x 2 is the 
correct expression to add to form the perfect square may be seen 
as follows: 

x 4 = (x 2 ) 2 and 1 = l 2 . 

Hence, 2x 2 is the correct cross-product term for the perfect trinomial 
square whose square terms are x 4 and 1, respectively. 

EXERCISES 14 

Factor completely: 


1. 

y 3 + 27 

2. 

x 3 - 64 

3. 

6 12 — 12oc 15 

4. 

8a 9 + 276 6 

5. 

2 4 + 4 

6. 

646 s + f 4 

7. 

d n + x 3 y 3 

8. 

64/ V 2 - h 6 

9. 

a 4 - 3a 2 + 9 

10. 

6 4 + 96 2 + 25 

11. 

Sx 3 — y 3 — 2x + y 

12. 

a 3 + 646 3 - a 2 + 166 2 

13. 

4t> 4 - 17i> 2 + 4 

14. 

c 8 + c 4 + 1 

15. 

x 3 — 27 y 3 + x 3 — 9 y* 

16. 

25x 4 + 1 lx 2 + 4 

17. 

(c - d) 3 - (a - 26) 3 

18. 

64o 6 - (6 + 2c) 6 

19. 

4 (a + 6) 4 + 1 

20. 

o> 

1 

CO 

To 

1 

CO 

+ 

CH. 

CO 
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22. Summary of Factoring 

The ability to recognize type forms is the key to skill in factoring. 
The following summary may prove helpful. 

First, any common monomial factor should be removed. When this 
is done, the remaining expression may often be classified as one of the 
types below and then factored. 

(1) Binomials: 

(a) The difference of two squares. 

( b ) The sum or difference of two cubes. 

(c) Reducible to the difference of two squares by the addition 
and subtraction of a perfect square. 

(2) Trinomials : 

(a) Perfect squares. 

(b) Type x 2 + (a + b)x + ab. 

(c) Type acx 2 + (ad + bc)x + bd. 

(d) Reducible to the difference of two squares by the addition 
and subtraction of a perfect square. 

(3) Multinomials (of more than three terms): 

(a) Grouping to show a common multinomial factor. 

(b) Grouping to form the difference of two squares. 

(c) Cube of a binomial. 

(d) Square of a multinomial. 

EXERCISES 15 

Factor each of the following completely: 


1. 

75 - 

3t/ 2 


2. 

54c 2 - 96 d 4 


3. 

2 b 3 + 54 


4. 

3h 2 k 3 + 81 h 2 m 9 

5. 

r 6 - 

r 5 - 12r 4 


6. 

12y 4 - 7y 3 

- 10 y % 

7. 

21 - 

4x — x 2 


8. 

36 + 5s 2 - 

s 4 

9. 

25 m 2 

+ 

£ 

o 

1 

16 

10. 

9c 2 + 48c + 

■ 64 

11. 

49 - 

36 a 2 b 4 


12. 

Slz 4 - 16 


13. 

I2v 2 

- bv -28 


14. 

CO 

+ 

C'A 

3 

O 

- 18 

15. 

d 12 - 

(Ab 


16. 

+ 27 2/ 9 


17. 

a 2 — 

96 2 - a - 

3 b 

18. 

16^ 2 — w 2 - 

■ 8v + 2w 

19. 

64 - 

c 2 — Ccd - 

- 9 d 2 

20. 

25 - 4x 2 + 

4 xy - y 2 

21. 

e 4 + 

7e 2 + 16 


22. 

4 + y 1G 


23. 

a 3 — 

5 a 2 + 6a - 

- 30 

24. 

4 w 3 — 6iv 2 - 

- 14 w + 21 
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26. 

12z 4 

- 7x 2 - 45 

26. 

6w 4 - 

- 316 2 u 2 + 286 4 

27. 

a 6 6 6 - 

- c 12 

28. 

x 9 — 

y 9 



29. 

m 3 — 

2m 2 - 4m + 8 

30. 

a 3 + 

3 a 2 - 

9a — 

27 

31. 

6 3 - 

126 2 + 486 - 64 

32. 

a: 3 - 

9x 2 + 

27x - 

- 27 

33. 

16m 2 

— y 2 + 8pm + p 2 

34. 

46c + a 2 — 

6 2 - 

4c 2 

35. 

bur + 4 + 2 u — 25r 2 

36. 

6 nu + 1 + 

3 n — 

4m 2 

37. 

16 - 

166 3 - 9s 2 + 9s 2 A 3 

38. 

96 2 x 6 

+ 4 - 

- 4x 6 

- 96 2 


39. (x 2 + 4x) 2 + 8(x 2 + 4x) + 16 

40. (p 2 - 2 p) 2 + 2(p 2 - 2 p) + 1 

41. (4y 2 + y - 5) 2 - (y 2 + 5) 2 

42. (s 2 + 7) 2 - (3s 2 + 3s - 7) 2 

43. 2(x 3 + 1) + 5(x 2 - 1) 

44. 4 (l 3 - 27) + 7 (l 2 - 9) 

45. (t> 2 + v) 2 - 18 (v 2 + v) + 72 

46. (2m 2 - 3m) 2 - 11 (2m 2 - 3m) + 18 

47. 2 hk - ky - 3k + 86 - 4y - 12 

48. 12ex + 15x + 2/ - 10 - 8e - 3/x 

49. s 2 - 9 + t 2 - r 2 + 2<s + 6r 

60. 4x 2 + y 2 — w 2 — 4x?/ + 8ic — 16 


Chapter 

(FMCTOKK 


23. Simplification, Multiplication, and Division of 
Fractions 

In algebra, as in arithmetic, a fraction may be defined as an indi- 
cated quotient. The student will recall that the notation of fractions 
has already been used in connection with the division of algebraic 
expressions (see Chapter 1). Thus, 

cl -f~ b 
c — d 

is an algebraic fraction; the expression a + b is the numerator, and 
c d is the denominator. We shall assume throughout that the 
letters may be assigned no values that will involve a division by zero. 
The student may refer to page 6 for a discussion of division by zero. 

The numerator and denominator of a fraction may be multiplied 
or divided by any number (except zero) without changing the value 
of the fraction. For example, we get 

1 0 _ 5 
12 “ 6 

by dividing numerator and denominator by 2; also we obtain 

ab b 
ac c 

by dividing numerator and denominator by a. 

We shall define a simple fraction as one whose numerator and 
denominator are both rational integral expressions with integral 
coefficients. A simple fraction is said to be in its lowest terms when 
there are no factors other than 1 common to numerator and denomi- 
nator. 
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The following examples show, in general, how we may reduce a 
fraction to its lowest terms. We factor the numerator and the denomi- 
nator and divide both by their common factors. 

30 u^v 2 

Example 1 . Reduce — — — - to its lowest terms. 

25 u 2 v — 20 uv 2 


Solution: 


30 u 2 v 2 

2ou 2 v — 20 uv 2 


5 • 6 u 2 v 2 
5uv(5u — 4v) 


5 u 2 v 2 6 
5 u v ou — 4c 


= 1 * u • v • 


6 


bu — 4v 


Guv 

Ans. 

ou — 4v 


X 2 — (L 2 

Example 2. Reduce — — to its lowest terms. 

a 2 + ax - 2x- 


Solution: — — ~- Q * , ( * ~ ° )(x + 

a 2 + a.r — 2x 2 (a — x) (a + 2x) 

{x — a) (x + a) 

( — l)(x — a) (a + 2.r) 

(x — a) (x + a) 
(x — a) ( a + 2.r) 


x + a 
2.r -j - a 


Ans. 


In the last example, the factor a — x in the denominator was written 
in the equivalent form (—1 )(x — a) in order to display the common 
factor x — a. The rule of signs in multiplication and division permits 
us to change the signs of an even number of factors in any multiplication 
or division. Thus, we may write 


a —a a —a 

b —b —6 b 

(a - b)(c - d) = (— 1)(6 - a) ( — 1 ) (d - c) 
— (b — a) (d — c). 


and 
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We recall from arithmetic that product of two fractions is formed 
by multiplying the numerator of one fraction by the numerator of the other , 
and similarly for the denominators. Thus, 

(4)») = ■ 


Since we may consider an algebraic fraction as a general symbol 
standing for an arithmetic fraction, it follows that the same rule applies 
in finding the product of algebraic fractions. 


Example 3. Form the product of 


x 2 y 2 x + y 

— and • 

x 2 — y 2 4 xy 


Solution: 


x 2 y 2 


x + y \ 
4 xy ) 


x 2 y 2 (x + y) 

(x - y) (x + y) (■ key ) 


x + y x 2 y 2 1 
x + y x y 4 (x - y) 


= 1 * £ * 2 / * 


1 

4 (x - 2/) 


xy 

4(x - ?/) 




Note: In general, the product of two fractions should be reduced 
to its lowest terms as in the above example. Final denominators may 
be left in factored form. 


We have already made use of the fact that division is the inverse of 
multiplication. This would mean that the result of dividing the fraction 
Ni N 2 

— by the fraction — is a quotient, say Q, such that 

D\ D 2 


(Q) 



Ni 

Di * 


(Quotient times divisor 
equals dividend.) 


D 2 

If we multiply both sides of this equation by — > we get 

A'2 



or 
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D 2 . 

Now — is the divisor inverted; hence, we have the rule: The quotient 

iV2 

of two fractions is found by multiplying the dividend by the inverted divisor. 


Example 4. Divide 
Solution: 


s 2 + 5s + 6 

2s 2 + 8 - 1 
s 2 + 5s + 6 .s 2 — 9 


by 


S“ 


9 


(«+ l ) 2 


2s 2 + s-l (s+1) 2 


s 2 + 5s + 6 (s + l) 2 
2s 2 + s — 1 s 2 — 9 


Example 5. 


Simplify 


(s + 2)(s + 3)(s + l) 2 
(2s — l)(s + l)(s — 3)(s + 3) 
(s + 2) (s + 1) 


(2s — l)(s — 3) 


Ans. 


a 2 -b 2 2 ab (g - b ) 2 1 

3a + 3b “ |_9a - 96 * a 2 b 2 J ' 


Solution: 


a 2 - b 2 r 2 ab 
3a + 36 |_9a — 96 


(a ~ fr) 2 1 
a 2 b 2 J 

_ a 2 - b 2 
3a + 36 


(9a - 96) (a 2 6 2 ) 
2a6(a — 6) 2 


(a - 6) (a + 6) (9) (a - 6)(a 2 6 2 ) 
3 (a + 6)(2a6)(a — 6) 2 


3ab 

Ans. 

2 


Note: The brackets about the second pair of fractions in this 
example are necessary for clarity. The student may compare the 
meaning of (4 -r- 2) (3) with the meaning of 4 -r- [(2) (3)] to understand 
this necessity. In all problems which involve combined operations, 
proper grouping symbols must be used to avoid misunderstanding. 


EXERCISES 16 


In each of the Problems 1 to 6, state the value or values of the letters or 
the relation between the letters for which the given fraction involves a division 
by zero and, hence, is meaningless. 


1 . 



a 2 + b 2 e 2 + 2 

5 a + 106 e 2 — e — 12 


2 . 
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4 . 


x 


2 


x 2 — 9 


5 . 


V 2 + vw 
v 2 — 


6 . 


m 2 — rm 
m 2 — 9 rm 


Reduce each of the following fractions to its lowest terms : 


7 . 

10 . 

12 . 


4 8a 2 6 5 c 7 
84a 2 6 3 c 6 
15a 7 6 9 

21a 5 6 4 + 27a 3 6 
36x 2 - 25?/ 2 
6a; 2 + 5a;?/ 


8. 


60 x 7 y£ 
84 x 2 y 5 z b 


9 . 


120 r*sPt 
75rW 


11 . 

13 . 


18ift 6 


24 u*v* - 3 6uV 
c 3 d 6 + c 6 d 3 


c 3 + d 3 


Perform the following multiplications and divisions and simplify the 
results : 


2 SaW 18r 2 s* 3 
54r 4 s 4 P 35a6 2 c 3 
35ab 5 # 15a 4 6 7 
24a 3 6 9 * 84a 3 6 8 
x 2 + 6a; — 16 x 2 — 8x + 7 
x 2 — 9x + 14 *x 2 + 10x + 16 
6 — llw — 10w 2 
2w 2 + w — 3 


40 x 2 yz h 39 wVw 9 
33 wVw 6 80 x 3 y 4 g 3 
63 s* 8 , 42s 6 £ 2 
7 * 34s 4 * 7 * 17s 9 J 3 

v 2 + v — 12 2v 2 — 7t> — 15 

9 * v 2 - 8v + 15 * 3v 2 + 7v -20 
bw z — 2w 2 

3 w 2 — 5w — 2 


4 6 2 + 126 + 9 . 106 2 + 276 + 18 
9 — 46 2 * 86 2 - 26 - 15 

oo 9s 2 “ ds + 4 10 + 19s + 6s 2 3x 2 + llx + 6 28 + x — 2x 2 - 

* 25 - 4s 2 27s 3 " + 8 3 ’ 4x 2 + 16x + 7 * 2 + x - 3X 2 

(y + 2) 4 (y - 2) 2 y 2 + 4y + 4 
’ (2/ 4 - 16)(a/ 2 -4) * 2?/ 3 + 8y 

25 * 2 ^ 3s j (z + 3) 2 (g — 3) 3 

g 2 — 3g + 9 * (g 3 + 27)(z 2 - 9) 

8x 2 + 2x - 3 3x 2 - 13x + 12 x 2 - lOx + 25 

6 * 3x 2 + 2x — 8 ' 4x 2 - 17x - 15 * 2x 2 - 7x + 3 

ftr7 e 2 - 6e 18 + 5e - 2e 2 0h 4 k 2 

' 6e 2 - 13e - 63 ' 9/i 2 fc 5 12 + 4e - e 2 

„ c 3 - d 3 c 4 - 2c 2 d 2 + d 4 c 4 + c 2 d 2 + d 4 
8 ' c 6 - d 6 ' c 2 + cd + d 2 ’ c 2 - 2 cd + d 2 

Z/ 2 - (z - 2s) 2 2 2 - (2z - ;/) 2 . 4a~ 2 - (y - 2 ) 2 

(2/ - 2a:) 2 - z 2 ' (z - y ) 2 - 4a: 2 (2a: - 2 ) 2 - z/ 2 

v 3 — w 3 4 fv 2 + vw + w 2 3v 2 — 3urH 
vw L 4v + 4w v 2 w 2 J 
4? 2 - "z - 2 r z 2 - z - 2 42 2 - 15s - 4-] 

X ' 6e 2 + 5«-6 ‘ l_32 2 - 142 + 8 ’ 22 2 + 5 Z + 3 J 
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24. Addition and Subtraction of Fractions 


Two fractions are said to be equivalent if one can be made identical 
with the other by multiplying or dividing the numerator and denomi- 
nator by the same number or expression. If zero denominators are 
avoided, two equivalent fractions always have the same value. Thus, 
we may write 

2 _ 4 x _2x 

3 6 a 2a 

x — a _ (x — a)(x + a) x 2 — a 2 

x + a (x + a)(x + a) (x + a) 2 

The addition of two fractions with the same denominator may be 
accomplished by a direct application of the distributive law of multipli- 
cation. For example, 

f + (2)(+) + <3)(+) 

= (2 + 3)| = 

and ^ + !l = a (c) + Kc) 

= (a + b) - 
c 

a + b 
c 


This means that fractions with the same denominator are added by 
placing the sum of their numerators over the common denominator. 

When the fractions do not have the same denominator, they should 
be changed to respectively equivalent fractions with a common denomi- 
nator before the addition is performed. For example, to add ^ and 
we write 

— 2 I _3 _ 5 
3 ' 2 6 I 6 6 • 


a y 

Similarly, to add - and 7 , we write 
x 0 


a + b ay + bx ay + bx 

x y xy xy xy 

In each of these illustrations, the common denominator has been 
taken as the product of the two denominators. If this procedure were 
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always followed, the result of the addition (or subtraction) would 
frequently not be in its lowest terms. As it is desirable to keep all 
fractions as simple as possible, we introduce the idea of the least 
common denominator (LCD). The LCD of a set of simple numerical 
fractions is the smallest positive integer that is exactly divisible by each 
denominator in the set. (This number is also called the least common 
multiple of the denominators.) 

Example 1 . Find the LCD of ft, and 

Solution: We may write each of the denominators in factored form. 

24= (23) (3); 

15 = (3)(5); 

and 20 = (2 2 )(5). 

In order to be divisible by 24, the LCD must have 2 3 and 3 as factors; 
to be divisible by 15, it must also have the factor 5. Since these three 

factors include the factors of 20, the LCD is (2 3 )(3)(5) or 120. Ans. 

The corresponding discussion for algebraic fractions requires some 
preliminary definitions. The degree of a monomial with respect to the 
letters involved is the sum of the exponents applied to its literal factors. 

Thus, 125a 2 5 3 c is of degree 6 with respect to a, 6, and c. 

The degree of a rational integral expression with respect to the letters 
involved is the degree of the term {or terms) of highest degree. Thus, 
5a; 3 — 17a; 2 + 3a; — 1 is of degree 3 with respect to x 7 and u z — 5u 2 v 2 + Sv 
is of degree 4 with respect to u and v together. 

We may now define the lowest common denominator (LCD) for a 
set of simple algebraic fractions : The LCD of a set of simple fractions 
is the expression of lowest degree with the smallest numerical coefficients 
that is exactly divisible by each denominator in the set. (This expression 
is also called the lowest common multiple of the denominators.) 

Example 2. Find the LCD for a set of fractions having xy y x 2 y z z, 2 x y 
and 4z 2 for denominators. 

Solution: The separate factors present in these expressions are 
x , x 2 y y , y z y z y z 2 y 2, and 4. In order to have an expression that is divisible 
by a; 2 , we must choose x 2 as a factor. This will make the expression 
automatically divisible by x. In the same way, we choose y z as a factor 
to give divisibility by both y z and y. z 2 will do for both z 2 and z y and 
the 4 will do for 4 and 2. Hence, the LCD is 

4tx 2 y z z 2 . Ans. 
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The examples that follow illustrate the rule: To find the LCD of the 
denominators of a set of simple fractions: 

(1) Factor each denominator completely . 

(2) Write the product of all the distinct factors that occur , each with 
the greatest exponent applied to it anywhere in the given set of denominators. 

Example 3. Find the LCD for the following set of denominators: 
36a: 2 — 36 y 2 , 144(a; 2 — xy — 2 y 2 ), and 96(a; + y ) 2 . 

Solution: 

36a; 2 - 36 y 2 = {2 2 ){3 2 ){x + y){x - y); 

144 (a: 2 - xy - 2 y 2 ) = {2*){3 2 ){x + y){x - 2 y); 

96 (a; + y) 2 = (2 5 )(3)(a: + y) 2 . 

In accordance with the rule, the LCD is 

(2 5 ) (3 2 ) (x + y) 2 {x - y) {x - 2 y), 
or 2SS(x + y) 2 (x — y)(x — 2 y). Ans. 

Note: It is usually convenient to leave the LCD in factored form. 

The rule for the addition (or subtraction) of fractions may now be 
stated more explicitly: In order to add {or subtract) a set of fractions: 

(1) Change each fraction to an equivalent fraction with the LCD of the 
set as its denominator. 

(2) Add {or subtract) the numerators of the equivalent fractions. 

(3) Write the final result as the expression obtained in (2) divided by 
the LCD. 

11 s 

Example 4. Combine and simplify 


+ 


+ 


s — 2 1 — s s 2 + 2s — 3 


Solution: Since s 2 + 2s — 3 = (s — l)(s + 3), and 

the LCD is (s — l)(s — 2)(s + 3). Hence, 

1 1 


1 


1 


1 — s 


s — 1 


+ 


+ 


8 - 2 1 - s s 2 + 2s - 3 


(s — 1 ) (s + 3) — (s 2)(s~j~ 3) T~ s(s — 2) 
(s - 1 ) (s - 2) (s + 3) 
s 2 + 2s — 3 — s 2 — s + 6 + s 2 — 2s 


(s - l)(s 


(s - l)(s - 2) (s + 3) 


2) (s + 3) 
Arcs. 
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The indicated sum or difference of a rational integral expression 
and one or more simple fractions is called a mixed expression. For 
instance, 


, 7 , 1 7 9 9 t x + y t x - y 

a + b + — and x 2 — y 2 H 1 ; — 

ab x — y x + y 


are mixed expressions. Such expressions arise in division problems, as 
we have previously seen. For example, by division, we find that 


x 2 + 1 , , 2 


The problem we wish to consider here is that of combining a mixed 
expression into a simple fraction. Since any expression divided by the 
number 1 is unchanged in value, we may think of the integral part of 
our mixed expression as a “fraction” with denominator 1. It is imme- 
diately apparent how to effect the desired combination. 

2 

Example 5. Write 3x — 1 -\ as a simple fraction. 

x — 1 


Solution: 3x — 1 H r 

x — 1 


3a - 1 2 

1 x — 1 

(3x - l)(s - 1) +2 
x — 1 


3x 2 - 4x + 3 

Ans. 

x — 1 


EXERCISES 17 


Combine each of the following expressions into a single fraction and 
simplify when possible : 


i. J-+J-+J- 

2 Sab 36 be 21 ca 


5. 


60 x z y 2 
m 


+ 


36 xy b 

_ 

8m 


225zV 


20m — 60 
7. 1 + x + x 2 + 


1 


2 . 


x 

12 T* " 
t-i- 

1 6a6 3 

1 


2 y 

15 zx 
1 


3z 

20 xy 


36 a 2 b b 
5k 


+ 


4Sa 2 5 7 


6 ' 18 k 12& + 36 


8. 1 - y 2 + y 


4 _ 


l + y 2 
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9. a 4 - a 2 b 2 + 6 4 - 


b 6 


a 2 + b 2 


10. 9 + 27 1> 2 + 


81v 4 
1 - 3v 2 


“• 2x~—~5 + ~ 1 


12 - 2 - a ~ 1 4 - - 

‘ a - 3 a + 3 4 


13. -i— + A±JL + 62 + 1 

6 + 4 2b - 8 16 - 6 2 

14. — 1 — 1 — 

6 + z z 2 -3G 6-:r 


c - 2 


15 1 ~ - + 

‘ c 2 + 5c " 1 " c 2 + 3c - 10 c 


17. 

18. 


3 — 2v 6r 2 — 5v — 6 2 + 3^ 

2 6a + 18 3 

"T" o _9 i n _ r • r 


1 — 2a 8a 2 + 6a — 5 ' 5 + 4a 
2x — 3y 3y — 4z 2s: — a: 


3X2/ 


6?/2 


22£ 


ifk a — 6 6 + 2c t 2c + a 


20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


2a6 46c 

s + 5 


+ 


lOca 

2s 


s 2 - 5s + 4 12 + s 


+ 


+ 7 


s 2 + 2s - 3 


2a; 


3x + 3 


7 - 9a: + 2a: 2 2 + a: - 3a; 2 6a; 2 - 17a: - 14 

a + 2 14a — 6a 2 1 

9a 2 — 6a + 4 27a 3 + 8 6a + 4 

V + 1 8i/ 2 + ll7/ + 8 3 


3 y 1 + 3y + 3 


v — x 


12 - 12 y* 
V - V 


4y - 4 


( y - x)(k - x) (x - y)(k - y) 


1 + a 


1 — a a 2 — 1 


+ 


a* 


6 — 6 2 6 2 + 6 6 2 — 1 6 2 
a 6 


+ 


(a — 6)(c — a) (6 — c)(6 — a) (a — c)(c — 6) 
r + s , s + t t + r 


(t — s)(t — r) (r — t)(r — s) 


+ 


- r)(s - t) 


{v — w) 2 


+ 


/>2 - 


(a — r) 2 ( w — n ) 2 — v 2 


~ + 


(tc + 2*) 2 — fcJ 2 1 (v + w) 2 — U 2 W 2 — (u + t >) 2 

25. Combined Operations 

In any problem involving a combination of multiplication, division, 
addition, and subtraction, the student must pay careful attention to 
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grouping symbols. In general, the expressions that are grouped should 
be combined and simplified within their own parentheses before any 
attempt is made to combine different groups. 


Example 1 . Simplify (a ) -r [H b -r ) * 

\ a) \ a a 2 ) 

\ a) \ a a 1 ) a ab- 


solution: 


a 2 — 1 a 2 

a a 2 + 2a + 1 
(a — 1 )(a + 1 )a 2 
a(a + l ) 2 
a(a — 1) 


a + 1 


Ans. 


Example 2. Simplify ( — 1 ; — ) + ( — — ^ 

\x - y x + y) \x - y x + y/ 


Solution: (■—■ 1 ; — ^ - 5 - ( — 7 — ^ 

\x - y x + y) \x - y x + y) 

_ x + y + x — y ^ x + y ~ x + y 
(x - y) (x + y) * (x - y) (; x + y) 

_ 2x (x — y)(x + 1 /) 

(x-y)(x + y) 2 y 


x 

= - • Ans. 

y 

Sometimes, in place of using the division symbol as in the preceding 
example, we use the fraction bar as follows: 


x - y x+y 
1 1 
x — y x+y 

A fraction of this type, which has simple fractions in its numerator 
and denominator, is referred to as a complex fraction. One way of 
simplifying a complex fraction is to rewrite it in the form corresponding 
to that in Example 2. The simplification would then be similar also. 
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A second method, which is frequently more efficient, is to multiply 
numerator and denominator of the complex fraction by the LCD of the 
simple fractions that are involved. This is illustrated by reworking 
Example 2 with the problem expressed in the form of a complex fraction. 
The LCD of the simple fractions is {x — y)(x + y); hence, 


Example 3. Simplify * 

uv — 3v 2 

(u — v) 2 

Solution: Multiply numerator and denominator of the complex 
fraction by ( u — v) 2 . There results 



(x + y) + Q - y ) _ 2x _ x 
(x + y) - (x - y) 2 y y 


- • Ans . 



(u — v) 2 + 4 uv u 2 — 2 uv + v 2 + 4 uv 


(u — v) 2 + uv — 3v 2 u 2 — 2 uv + v 2 + uv — 3y 2 


u 2 + 2 uv + v 2 
u 2 — uv — 2y 2 


(u + v ) 2 


( u + v) (u — 2v) 



EXERCISES 18 


In each of the following exercises perform the indicated operations and 
simplify as much as possible : 


27 a z b 5 
7 


36 uh 
5 


4 uv b 


1 . 


9a 5 6 2 


2 . 


7x 

3 - 2l£^ 

8x i y 
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T + - -4 
x 2, x 

^ + - + 4 
x 2 x 


w + 2 - 


18 


w — 5 


10 . 


w — 1 — 
c 

d c 


c c/ 

-7-2 + - 
a c 


12 


w — 5 


12 . 


14 . 


16. 


18. 


a 2 - 6 2 

a 2 + 6 2 


a 2 + 6 2 

a 2 - 6 2 


a — b 

& + 5 


a + b 

a — b 


h 

-i- 

1 

h - 1 

/t 2 

1 

1 


/t 2 - 1 

A - 1 


1 2 

1 


— + - 

+ — 


xy i/z 

za; 



4x 2 — (y + z) 2 
xyz 

1 _ _1_ _1 _ J_ 

c 2 4rf 2 c 3 8d 3 


2d 


1 


JL_ 

4d 2 


5. 


6 11 

- 10 


y + 3 - 

16 

V 2 V 

6. 

1/ + 3 

^ + - 
v h V 

- 15 

y - 6 + 

20 


2/ + 3 

8a; 

3a; - 1 


3 

16 

3a; + 1 

X 

9. 

m — 4 

m — 3 

X 

2x -2 

2 

15 

3a; + 1 

X 


m — 3 

+ 5 


11 . 


13. 


I 5 + 4 + 
o 2 a 


46_ 2 

,2 


a 2b 
b + 

^ + 1 — 1 
^ — 1 v + 1 


V + 1 

v — 1 


1 


w + 1 
+ 


15. 


17. 


y» - 9 y + 3 

!_§+»__*_ 

y'y 2 y+ 3 

t r 2 

rs 

— - - + - 
rs st tr 


1 


1 


1 


19. 


20 . 


21 . 


25a; 2 y 

T 77 

5a; 1/ 

1 - 4e 2 
( 26 +/) 5 


1 + 1 


1 

' 25y 2 


1 


— ^ F” 
a; 5i/ 


[>^] 


; + 


4e 


L.6 2 — 1 6 — 1 J 

(b -a) 2 / a \ 

6 + 1 \a — 6 V 2e + / 2e - / ~ r 4e 2 - / 2 

»(»-•+ 

«• (‘ + 2 » + 44) + [(* - ^fX* + ™)] 
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26. 


2u + 2 


u -f 1 


u 2 -f u + 1 


u + 



27. 


1 + 


1 - 


1 + x 


26. Equations Involving Fractions 

In order to simplify an equation which has fractions in its members, 
it is common practice to multiply both sides by the LCD of all the 
fractions involved. The result of this operation is an equation that is 
free of fractions. The methods previously studied may enable us to 
complete the solution of the equation. 

115 1 

Example 1. Solve the equation — | — = 1 — • 

4 u 2 6m 3 

Solution: The LCD of the fractions is 6 m. We multiply both sides 
by 6 m, and obtain 

6M (i + A = 4A + lV 

\u 2/ \6m 3/ ' 

6 + 3 u = 5 + 2m; 
m = — 1. Ans. 

Check: If u = — 1 


Left Member 

Right Member 

1 1 

5 1 


= — — + ~ 

~ -1 2 

-6 3 

1 

5 2 

= -1 + - 


2 

6 6 

1 

3 1 

” ~ 2 

6 2 


_ _ z~ 1 

Example 2. Solve the equation = 1 d 

x 2 — 1 x + 1 

Solution: The LCD of the fractions is (x — l)(.r + 1). Both mem- 
bers of the equation are multiplied by this LCD to give 

x 2 — x 2 — 1 A~ x — 1. 


— x = -2 
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or x = 2. Ans. 

The check is left for the student. 

Remarks : If in the last example, a student should carelessly multiply 
both sides of the given equation by the product of the denominators, 
instead of the LCD, the result would be 

x 2 (x + 1) = (x + 1) (x 2 - 1) + (z 2 - 1), 
or x 3 + x 2 = x 3 + x 2 — x — 1 + x 2 — 1. 

Simplification of this equation gives 

x 2 — x — 2 = 0, 
or (x — 2)(x + 1) = 0. 

This last equation will be satisfied by the values x = 2 and x = — 1 as 
can be seen by substitution. This presents us with a difficulty because 
— 1 is not a permissible value for x in the original equation; that is, its 
substitution would lead to a division by zero. We must agree, then, 
that the original equation and the last equation are not equivalent 
inasmuch as they do not have the same roots. This situation serves as 
a warning : The solution of an equation is not complete until the original 
equation has been checked. 

The preceding remarks bring up two questions: (a) What are 

equivalent equations? ( b ) What operations performed on an equation 
will lead to an equivalent equation? 

The first of these questions is answered by the following definition: 
Two equations are equivalent if all the roots of one are roots of the other , 
and vice versa. 

Illustrations: The equations x — 2 = 0 and x + 3 = 5 are equiva- 
lent equations because the root of the first, x = 2, satisfies the second; 
and the second has no other root. On the other hand, the equation 
(x — l)(x — 2) = 0 is not equivalent to either of the preceding equa- 
tions; it has a root x = 1 which satisfies neither of the others even 
though x = 2 is a root common to all three. 

The following statements pertaining to equivalence cover the four 
fundamental operations as we have used them: 

(1) If the same number or expression is added to or subtracted from 
both members of an equation , the result is an equivalent equation. 

(2) If both members of an equation are multiplied or divided by any 
specific number except zero , the result is an equivalent equation. 

(3) If both members of an equation are multiplied by an expression 
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involving the unknown , the resulting equation may have roots that do not 
satisfy the original equation. If this happens, the new equation is 
sometimes called redundant; the roots that do not satisfy the original 
equation are called extraneous. 

(4) If both members of an equation are divided by an expression 
involving the unknown , the resulting equation may not be satisfied by all 
the roots of the original one. In such a case, the new equation is fre- 
quently termed defective. 

We may prove the first statement quite simply as follows: Let 
A = B stand for the given equation, and let C be any number or 
expression. The equations 

A = B 

and A + C = B + C 

are equivalent. For, any root of the first equation will, upon substi- 
tution, reduce A and B to identical numbers and, hence, will reduce 
A + C and B + C to identical numbers. On the other hand, any root 
of the second equation will, upon substitution, reduce A + C and 
B + C to identical numbers and, therefore, will reduce A and B to 
identical numbers. This proof also covers the case of subtraction, since 
the sign of C was not specified and the subtraction of any number is 
equivalent to the addition of its negative. 

The student may prove the second statement for himself by follow- 
ing the ideas in the preceding paragraph. The third and fourth state- 
ments are proved by the illustrations already presented. From the 
equation x — 2 = 0 we obtain (x — l)(x — 2) = 0 by multiplication 
of both members by a; — 1. The second equation is redundant, since the 
root x — 1 is extraneous to the given equation. On the other hand, 
the second equation being given, we may obtain the first by dividing 
both sides by x — 1. The equation x — 2 = 0 is defective with respect 
to the equation (x — 1) (x — 2) =0; the root x — 1 is lost by dividing 
both sides by (x — 1), an operation which would constitute a forbidden 
division by zero if x has the value 1 . 

The appearance of an extraneous root is not a very serious matter; 
for, as we have already seen, the final check will detect this situation. 
However, the check will not warn us in case a root is lost. This loss of 
roots may be avoided by the following procedure: If it is necessary to 
divide both members of an equation by an expression involving the 
unknown, this expression should be equated to zero in order to form an 
auxiliary equation. If any roots of the original equation have been lost, 
Ihey will be found among the roots of the auxiliary equation. Hence, 
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all roots of the auxiliary equation should be checked in the given 
equation. 

1 1 1 

Example 3. Solve the equation - H = — — • 

x x — 1 x(x — 1) 

Solution: Multiply both sides by x(x — 1); this gives 

x — 1 + x = 1; 

2x = 2; 

x = 1. 

However, x = 1 is not a permissible value to substitute in the given 
equation. (Why?) Thus, we have an extraneous root only, and the 
given equation has no root. 


EXERCISES 19 


In Exercises 1 to 22, solve and check the equation for the letter involved. 


1. - - i = - 
6 2 " 

k_k 

6 7 


3 . - — - = 


2 

3 

42 


2 . 


% , 3_ 
4 16 


5 . 


x — 2 x — 3 


7 - h + h 


5 

1 

4 


13 

15 


6 . 


, 4 z 5z 

4 - S' - 6 = 
8w + 10 


+ 


3 

8^ 


8 . — = 


1_ 

5v 


+ 1 
4 
7_ 

10 


= 2 w -j- 3 


9 . 


11 . 


w — 6 
3z + 4 
x — 7 


w + 4 

2x + 2 


10 . 


9 


5 u — 3 3 u + 7 


+ 2 = 


15 . 


17 . 


x — 4 

13 - 5(1 + 

4 

1 


+ 3 


12 . 2 + 


2 — w Sw + 7 


14 

2 


6 

1 24 — 3z 

.6 + 2x + 15. 


^-*G 

:)-G- 


w + 2 
w — 3 


w + 5 


- 2 


:) 


2s + 1 

v + 1 


$ - 2 
v 


2s - 1 
3 


— 4 v — 2 v — 6 


16 . 


18 . 


3w - 6 
x - 12' 
2x + 15/ 
2 


y + 4 

2 

4x + 7 


+ 


2 / + 2 " 
x + 2 


x + 1 
4u + 9 


y-2 

_ 2a; + 8 
2x + 5 


u 2 — u — 2 


+ u — 6 (u + 1) (u — 2) (u + 3) 


19 . 
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20 y + 2 - 2 i/ = l (U ~ 2 ) 

' y 2 ~ 1 2y 2 — y — 3 (y 2 -l)(2y-3) 

21 4 _ 5y _ + 3 

v - 2 v 2 - 4 v 2 - 2v 

22 2 = — + - — 3 

' 2t + 3 4( 2 -9 4(2 + 6( 


In the remaining examples of this set, solve for the letter or letters listed 
after each equation. 



Uf d - f 

-rj j 

= 0; 

+ 

1 


27. s = ra " " ai ; 

Q>\) (In 

r — 1 


29. Z, = „ ZlZ2 „ ; 

Zi 

Z\ + Z 2 



y 


24. 


26. 


i n _ j_\ _ c _ d 

f \cv dvj d c ’ 
a + b a — b _ ^ 
ex + n ex — n 


28. E = RI H ; I, n, r 

n 


v 

x 



-=(«-!) 

S 2 



U 


Show that each of the following equations has no root : 

3 1 x — 4 5 2 w + 17 

’ z + 2 x — 1 x 2 x — 2 ' w — 4 w + 3 w 2 — w — 12 

33 z _ _ z 1 _ Sz — l 
z - 7 z + 4 “ z 2 - 3z - 28 
7u + 10 _ 2u 3 u 

6 a 2 — 19 u + 10 2 u — 5 3?^ — 2 

35 5 + _A_ = _JL_ 

* 2 y 2 + Uy + 12 ^ y + 4 2y + 3 

36 ~ 10 , __L_ = 7 

* 3^ 2 + 4v - 15 ^ v + 3 3^ — 5 


27. Problems That Lead to Equations Involving Fractions 

The following examples illustrate further the use of our work with 
fractions. 

Example 1. A water tank can be filled by an intake pipe in 4 hr and 
can be emptied by a drain pipe in 5 hr. How long would it take to fill 
the tank with both pipes open? 

Solution: Let t = the number of hours required to fill the tank with 
both pipes open. 

The rate of flow for the intake pipe is one fourth of a tank per hour; 
for the drain pipe, the rate is one fifth of a tank per hour. Hence, 
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- = the fraction of a tank that the intake pipe can fill in t hr; 
4 


- = the fraction of a tank that the drain pipe can empty in the 
same time. 

Since both pipes are to be open and one tank is to be filled, we must 
have 

- - - = 1 . 

4 5 


Therefore, 

or 

Check: In 20 


5t - 4t = 20, 

t = 20. Ans. 

hr, Inflow = (20 = 5 tanks; 

Outflow = (20)^- = 4 tanks; 
Accumulation = 5 — 4=1 tank. 


Therefore, 20 hr is the required time. 

Example 2. It is known that the planet Venus makes a complete 
circuit about the sun in less time than the earth does. If Venus is 
between the earth and the sun once every 20 mo, how long does it take 
Venus to make a complete circuit about the sun? (Both planets travel 
about the sun in the same direction.) 

Solution: Let n = the number of months it takes for Venus to make 
a circuit of the sun. Then 1/n is the fraction of a circuit that Venus 
makes in 1 mo. Since the earth makes one twelfth circuit in 1 mo, 

— = the fraction of a circuit that Venus gains on the 

71 ^ earth in 1 mo. 

But, according to the problem, Venus gains one twentieth circuit on the 
earth in 1 mo; hence, 

1 1 I_ 

n ~ 12 ” 20 ’ 

I _ 2._n_L _ — , 

n ~ 20 + 12 “ 15 ’ 

15 - 1 

or n = — = 7~ • Ans. 

z z 
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Check: If Venus makes a complete circuit of the sun in mo, the 
planet will make T 2 5 circuit in 1 mo, and will gain x 2 s — T V = = -}-$ 

circuit on the earth in 1 mo, that is, Venus will be between the earth and 
the sun once every 20 mo. Therefore, n = 7\ mo is the required time. 

EXERCISES 20 

1. Find two numbers that differ by 7 and are such that one fifth of the 
smaller exceeds one ninth of the larger by 5. 

2. Find two numbers that differ by 3 and are such that one seventh of 
the larger exceeds one twelfth of the smaller by 4. 

3 . The difference of two numbers is 63. If the larger is divided by the 
smaller, the quotient is 3 and the remainder is 9. What are the numbers? 

4 . The denominator of a fraction exceeds twice the numerator by 2. If 
the numerator is increased by 10 and the denominator by 24, the value of the 
fraction is unaltered. What is the fraction? 

5 . A grocer sells 15 lb of nuts at 75 cents per pound. How many pounds 
of nuts at SI. 00 per pound must he sell to make his average price 85 cents? 

6. A student has an average of 82 for 10 grades. How many grades of 
90 must he receive in order to bring his average up to 85? 

7 . A manufacturer sold a quantity of pairs of skis for $1026; one fifth 
of them at $18 per pair, and the remainder at $24 per pair. How many of 
each kind did he sell? 

8. It takes a plane flying 450 mph 25 min longer to go a certain distance 
than it does a second plane flying 500 mph. Find the distance. 

9 . A man drives a certain distance at the rate of 50 mph and a second 
man drives the same distance in 20 minutes less time at a rate of 60 mph. 
Find the distance. 

10 . Two cars have wheels of diameters 28 in. and 30 in., respectively. In 
what distance in feet would the smaller wheels make 40 revolutions more than 
the larger ones? 

11 . A man paid out one sixth of a cash fund for a boat and one fifth of the 
fund for an outboard motor. If $570 was left, how much was in the fund 
originally? 

12. After depositing 1/a of his money at one bank and 1/6 of his money 
at another bank, a man finds he has k dollars left. How much did he have at 
first? 

13 . The tens* digit of a two-digit number is 2 greater than the units* digit. 
If the number is divided by the sum of its digits, the quotient is 6 and the 
remainder is 1. Find the number. 

14 . If A can do a piece of work in r days, B in s days, and C in t days, how 
long will it take all three working together to do the work? 

15 . Three groups of men, A, B f and C, assemble ninety-six machines. A 
assembles three machines; B , four machines; and C } five machines per day. 
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If B works twice as many days as A, and C works one third as many days as 
both A and B together, how many days does each group work? 

16 . A bridge can be constructed by three groups of men. Group A can 
construct the bridge in 5 days, group B in 12 days, group C in 15 days. In 
how many days can group C finish the construction if group A works for 1 day 
and group B for 3 days? 

17 . A tank is filled by three pipes running simultaneously for 6 min. If 
the pipes were to run separately, it would take the second twice as long to fill 
the tank as the first, and the third three times as long as the first. How many 
minutes would it take each pipe alone to fill the tank? 

18 . A can do a piece of work in 9 days, B in 12 days, and C in 15 days. 
B works 3 days and stops. Then A works 3 days, after which C joins him. 
How long must A and C work together to finish the job? 

19 . A tank can be filled by one pipe in 16 min, by another pipe in 24 min, 
and can be drained by a third in 48 min. If all the pipes are open, in how 
many minutes can the tank be filled? 

20. If in the preceding problem the drain pipe is closed after 6 min, how 
many more minutes would be required to fill the tank? 

21 . At a certain instant the sun, the earth, and the planet Mercury are in 
the same straight line. If Mercury requires 88 days to complete a circuit 
about the sun, when will the three next be in line? (Mercury and the earth 
travel their orbits in the same direction.) (Note : The planets may be on the 
same side or on opposite sides of the sun when the three bodies are in line.) 

22. A pound of an iron-nickel alloy weighs 14.1 oz in water. When iron 
is weighed in water, it loses approximately one eighth of its weight; and nickel, 
one ninth of its weight. How many ounces of each metal are there in the 
alloy? 

23 . Gold loses approximately one nineteenth of its weight, and silver, 
approximately one tenth of its weight when weighed in water. An alloy of 
gold and silver weighs 45 oz in air and 42 oz in water. How many ounces of 
each metal are there in the alloy? 

24 . A brass (copper and zinc alloy) casting which weighs 20 lb in air loses 
39 oz when weighed in water. Copper loses approximately one ninth of its 
weight, and zinc, one seventh of its weight when weighed in water. What is 
the percentage of copper in the brass? 

25. A pound of solder composed of tin and lead weighs 14 J oz in water. 
Tin loses approximately of its weight and lead approximately -ff of its 
weight when weighed in water. Find the percentage of tin in the solder. 

26. It would take group A 5 hr longer to assemble a machine than it would 
group B. After A works for as many hours as it would take B to do the entire 
job, B can finish the w r ork in 3 hr. How long would it take each group alone 
to do the job? 

27 . A tank can be filled by one pipe in 7 hr more time than by a second 
pipe. If the smaller pipe is turned on for as many hours as it would take the 
larger pipe alone to fill the tank, the larger pipe can complete the filling in 5 hr. 
How long does it take each pipe separately to fill the tank? 


Chapter 
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28. Graphs 

The pictorial representation of statistical data is so common that 
almost everyone has seen the numerous bar or circle graphs that appear 
in the newspapers and magazines. This method of presenting data is 
usually chosen because it shows in a vivid fashion such things as the 
progress of a bond drive, the number of automobile accidents caused by 
trucks contrasted with the number caused by pleasure cars, and so 
forth. A method of representation more important for us is presented 
in the following illustration. 

Suppose that an engineer has to estimate the cost of making an open 
cut in a hill. Part of his problem is to estimate the area of a vertical 
section of the excavation. This he can do by making a survey of the 
section to find the height, or elevation, of points along the side of the hill 
in the section. The upper table on the opposite page might be the 
result of such a set of measurements. 

Using the table, the engineer can draw a picture of the hill section 
in a perfectly natural manner (see Figure 17). On a sheet of paper 
ruled with vertical and horizontal lines, he draws a horizontal line on 
which to represent the floor of the excavation and a vertical line on 
which to represent elevations. These lines are axes. After choosing 
convenient units of length, he marks a scale along each line. The 
points on the side of the hill are then represented in an obvious fashion. 
These points have been circled in the figure. Observe that each point 
lies in the vertical line through the proper point on the horizontal axis 
and in the horizontal line through the proper point on the elevation 
axis. By connecting these points with a smooth curve, the engineer 

72 
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has a fair approximation to the “profile” of the hill. The cross- 
sectional area can be found by a suitable area-measuring instrument (a 
planimeter) or by counting the number of squares in the area on the 
diagram. The curve which represents the profile of the hill is known 
as the graph of the elevation against the horizontal distance. 



In mathematics, the graph is of great importance in picturing a 
relation between two varying numbers. The procedure used by the 
engineer in this illustration is typical of that which we employ. 


Example 1 . The following data are computed from an approximate 
formula which gives the minimum stopping distance D in feet from the 
point where the brakes are applied for an automobile traveling at a 
speed V miles per hour. These results are for a level, dry, concrete 
pavement and the best braking conditions for an average passenger car. 
Display the data graphically and read from the curve the stopping 
distance for a speed of 45 mph. 


Speed (V Mph) 

Stopping Distance 
(D Ft) 

0 

0 

10 

4.8 

20 

19.1 

30 

43.0 

40 

76.5 

50 

119.5 

60 

172.1 



Fig. 18 
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Solution : We use the horizontal axis for plotting the speed V and the 
vertical axis for the stopping distance D. Suitable scales are chosen so 
that the curve will fill the available space to the best advantage. The 
points given b} 7 the table are plotted, using a value of V for the horizontal 
distance and the corresponding value of D for the vertical distance as 
may be checked in Figure IS. After all the points are plotted, a smooth 
curve is drawn through them. This curve is the required graph. 

In order to find the stopping distance for a speed of 45 mph, first 
locate 45 on the horizontal axis. Then follow the vertical line through 
45 to the point P on the curve, and from P proceed horizontally to 
the vertical axis, where 96 may be read. Thus, for a speed of 45 mph the 
stopping distance is approximately 96 ft. 

EXERCISES 21 

In each of the following problems, choose suitable scales and plot the 
data given in the table. Unless otherwise indicated, a smooth curve is to be 
drawn through the plotted points. The problems refer to their respective 
tables in these exercises. The data in the first column of each table are to be 
plotted along the horizontal axis. The axes should be labeled, and each 
graph should have a suitable title. 


1. Table 1 gives the safe load T in tons for a manila rope of given diameter 
D in inches. What size rope is needed to support 9 tons? 

Table 1 Table 2 Table 3 


D 

T 

H 

E 

Date 

M 

Date 

M 

0.25 

0.2 

0.2 

21 

1800 

5.3 

1880 

50.2 

0.50 

1.0 

1.0 

46 

1810 

7.2 

1890 

69.9 

0.75 

2.0 

2.0 

66 

1820 

9.6 

1900 

76.0 

1.00 

3.5 

3.0 

74 

1830 

12.9 

1910 

93.0 

1.25 

5.2 

4.0 

7S 

1S40 

17.1 

1920 

105.7 

1.50 

7.5 

5.0 

80 

1S50 

23.2 

1930 

122.8 

1.75 

10.3 

G.O 

SI 

1860 

31.4 

1940 

131.7 

2.00 

13.5 

7.0 

80 

1870 

38.6 

1950 

150.7 

2.25 

17.2 

8.0 

79 





2.50 

21.0 

9.0 

78 






2. The horsepower output H and the corresponding efficiency E in per 
cent for an electric motor are given in Table 2. Read the efficiency for an 
output of 1.5 hp from your graph. 

3. The population M of the United States in millions from the year 1800 
to the year 1950 is given in Table 3. 
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4 . An automobile was allowed to come to rest by the action of air resist- 
ance and frictional forces. The relation between the velocity v in miles per 
hour and the time t in seconds after the power was shut off is given in Tabh 
4. In approximately how many seconds did the auto reach a speed of 40 mph? 
25 mph? 

5 . Table 5 shows the relation between the cost C in dollars per kilowatt 
and the rated capacity K in kilowatts of a certain type of alternating-current 
generator. What would you estimate as the rated capacity of a generator of 
this type, costing $12 per kilowatt? 

6. In a certain chemical reaction, a substance is used up as the reaction 
proceeds. Table 6 gives the percentage p of the substance remaining at the 
end of t min. What approximate percentage remains after 1 min? after 
28 min? 

7 . The horsepower H of one type of water turbine for various values of the 
head of water h in feet is given in Table 7. Approximately what head of water 
is needed for 100 hp? A head of 6.2 ft will produce what horsepower? 


Table 4 Table 5 Table 6 Table 7 


t 

V 

K 

C 

t 

V 

h 

H 

0 

50 

50 

20.0 

0 

100 

4.0 

66 

10 

42 

75 

17.0 

2 

88 

4.5 

80 

20 

36 

100 

15.0 

5 

76 

5.0 

93 

30 

31 

150 

13.5 

7 

69 

5.5 

107 

40 

27 

200 

12.5 

10 

62 

6.0 

123 

50 

23 

300 

11.4 

15 

51 

6.5 

140 

60 

19 

500 

11.0 

20 

42 

7.0 

159 

70 

16 

750 

10.8 

25 

33 

7.5 

184 

80 

13 



30 

26 

8.0 

216 


8. For a certain electric generator the watt output W in watts and the 
corresponding total loss L in watts are given in Table 8. What is the approxi- 
mate loss for an output of 1500 w? 2800 w? 

9 . One winter day, a thermometer recorded the air temperature F in 
degrees Fahrenheit for various times as shown in Table 9. In this problem, 
each plotted point should be joined to the next by a dotted straight line. We 
do this because the temperature may vary in a very irregular manner between 
successive points. The dotted lines serve only to carry the eye from one 
point to the next. 

10. The distance 5 in feet through which a steel ball falls in t sec is given 
in Table 10. How many seconds does it take the ball to fall 80 ft? 160 ft? 

11 . In measuring the viscosity of extremely viscous liquids, use is made 
of a mobilometer. A measurement of the viscosity consists in finding the 
weight g in grams that will force a flat disk down through the liquid a dis- 
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tance of 10 cm in 100 sec. Table 11 gives the viscosity measurements for a 
heavy oil after the stated number h of hours of heat-treatment. 

12 . For men between the ages of fifteen and twenty-four, Table 12 gives 
the average weight w in pounds corresponding to a height h in feet and inches. 


Table 8 


w 

L 

250 

920 

1000 

960 

2000 

1040 

2500 

1100 

3000 

1180 

3500 

1280 

4000 

1360 

4500 

1480 

5000 

1600 

6000 

1960 


Table 9 


t 

F 

8 a.m. 

21 

9 a.m. 

22 

10 a.m. 

30 

11 A.M. 

46 

12 m. 

50 

1 P.M. 

54 

2 P.M. 

52 

3 P.M. 

42 

4 P.M. 

37 

5 P.M. 

26 


Table 10 


t 

s 

0.0 

0 

0.5 

4 

1.0 

16 

1.5 

36 

2.0 

64 

2.5 

100 

3.0 

144 

3.5 

196 

4.0 

256 

4.5 

324 


Table 11 


h 

g 

0 

1280 

2 

1390 

4 

1440 

6 

1440 

8 

1425 

10 

1410 

12 

1400 

14 

1390 

16 

1380 

24 

1350 


Table 12 

Table 13 

Table 14 

Table 15 

h 

W 

h 

d 

S 

.4 

Month 

s 

5' 0" 

120 

0.0 

0.00122 

10 

2.5 

Jan. 

15 

5' 1" 

122 

0.5 

0.00112 

12 

4 

Feb. 

10 

5' 2" 

124 

1.0 

0.00104 

14 

6 

Mar. 

13 

5' 3" 

127 

1.5 

0.00095 

16 

10 

Apr. 

19 

5' 4" 

130 

2.0 

0.00088 

18 

16 

May 

23 

5' 5" 

134 

2.5 

0.00080 

20 

25 

June 

24 

5' 6" 

138 

3.0 

0.00074 

22 

40 

July 

27 

5' 7" 

142 

3.5 

0.00067 

24 

64 

Aug. 

18 

5' 8” 

146 

4.0 

0.00061 

26 

100 

Sept. 

21 

5' 9" 

150 

4.5 

0.00056 

28 

160 

Oct. 

20 

5'10" 

154 

5.0 

0.00052 

30 

250 

Nov. 

17 

5'n" 

159 



32 

400 

Dec. 

16 

6' 0” 

165 








13. Table 13 gives the relation between the altitude h in miles above sea 
level and the density d of the atmosphere in grams per cubic centimeter. 

14. The exposure speeds for photographic films are measured by various 
light meters. The relation between the American Scheiner number S and 
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the ASA number A is given in Table 14. What would be the ASA reading 
for an American Schemer reading of 25? 

15. Table 15 shows the month-by-month sales S in thousands of units 
for a certain manufacturer for 1 yr. Join the points with dotted straight-line 
segments. Note that only the trend in a given portion of the curve can be 
observed and that no attempt should be made to read exact values other 
than the plotted ones from this curve. 

29. Rectangular Coordinates 

In order to obtain a graphical representation when the two related 
numbers may take on both positive and negative values, we use the 
conventions described below. 

Draw two mutually perpendicular lines, one horizontal and one 
vertical (see Figure 19). These are the axes. The point of intersec- 



Fig. 19 


tion, labeled 0, is the zero point or origin. The horizontal line is the 
X axis, the vertical one, the Y axis. The positive directions on the 
axes are to the right and upward , respectively. The positive ends of 
the axes are labeled X for the horizontal and Y for the vertical one. 
A convenient unit of length is chosen for each axis (the two units need 
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not be the same), and points are marked on the axes with the signed 
numbers which they represent. 

Any point in the plane can now be located by giving its distances 
from the two axes. These distances will in general bear the signs + 
or — to indicate the directions in which they are measured. Thus, a 
point whose horizontal distance is +2 and whose vertical distance is 
+3 will be located 2 units to the right of the Y axis and 3 units above 
the X axis; whereas a point whose horizontal distance is +2 and whose 
vertical distance is —3 will be located 2 units to the right of the Y axis 
and 3 units below the A” axis. 

For convenience in reference, we call the four portions into which 
the axes divide the plane quadrants, and number them around in 
counterclockwise order starting from the upper right quadrant as 
shown in the figure. The distances that we use to locate a point are 
termed coordinates of the point; the horizontal distance is the X 
coordinate, or abscissa; and the vertical distance is the Y coordinate, 
or ordinate. The coordinates of a point are usually given as an ordered 
pair of numbers, that is, in the form (horizontal distance, vertical dis- 
tance) or ( x , y). 

We see now that each quadrant has a unique pair of signs to identify 
it; these are shown under the Roman numerals in Figure 19. Marking 
the point that represents a given pair of x and y values is known as 

plotting the point. There are sev- 
eral points plotted in the figure to 
illustrate the process. 


Example 1 . Plot the points A{ — 3, —1), R(l, —1), and C( 3, 5). 
Find the area of the triangle which has these points as vertices. 

Solution: The points are plotted and the sides of the triangle are 
drawn as shown in Figure 20. In the triangle, the side AB which is 



Fig . 21 



Fig. 20 
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horizontal may be taken as the base; its length is 4 units. The altitude 
A is 6 units. Hence, the area of the triangle is 

\bh = 12 square units. Ans. 

Example 2. Show that the points 0(0,0), A (4,0), B( 6,3), and 
0(2, 3) are the vertices of a parallelogram. 

Solution: The points are plotted and the connecting lines are drawn 
as shown in Figure 21. Since B and O have the same ordinate, namely, 
3, the line CB is parallel to the X axis. Furthermore, OA and CB are 
each 4 units long. Therefore, the quadrilateral is a parallelogram. 
(Two of the sides are parallel and equal.) 

EXERCISES 22 

1. Plot the points (2, 6), (2, —1), ( — 5, 6), and ( — 5, —1)- Show that 
these points are the vertices of a square. 

2. Show that the points (4, 10), (4, —6), and (—2, 2) are the vertices 
of an isosceles triangle. Find its area. 

3. Show that the points (2, 0), (12, 0), and (3, —3) are the vertices of a 
right triangle. Find its area. 

4. The base of an isosceles trapezoid is the line that joins the points 
(3, —2) and (13, —2). If the third vertex is at the point (5, —6), what are 
the coordinates of the fourth vertex? 

5. Three vertices of a parallelogram are (0, 0), (5, 0), and (4, 3). Find 
the coordinates of the fourth vertex if it is in (a) quadrant II; ( b ) quadrant 
IV ; (c) quadrant I. 

6. How far is it from the origin to each of the following points : (3, —4), 
(-12, -5), (8, 6), and (24,7)? 

7. How far is it from the point (3, 2) to the point (11, 8)? 

8. Do the points (1, 3), ( — 1, -3), and (3, 9) lie on a straight line? 
Why? 

9. Are the points (0, 1), (2, 5), and (3, 8) on a straight line? Why? 

10 . The point ( — 3, 5) bisects the line segment that joins the point (x, y ) 
to the point (3, —1). Find x and y. 

11. What must be the abscissa of any point on the Y axis? the ordinate 
of any point on the X axis? 

12. What must be the relation between the two coordinates of any point 
on the line which bisects quadrants I and III? quadrants II and IV? 

30. Graphs of Equations 

The conventions of the preceding section may be used to make a 
graph of a given relation between two numbers. For example, if x and 
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y are a pair of numbers related by means of the equation y = 2x — 1, 
we may calculate values of y corresponding to given values of x. These 
pairs of values ma 3 T be taken as the coordinates of points to be plotted. 
A smooth curve drawn through the points will be the graph of the 
relation defined by the equation. In the following table are given a 
few pairs of numbers; these are obtained by substituting convenient 
values for x and finding the corresponding values of y from the equation 
y = 2x — 1. In Figure 22, the points have been plotted and the graph 
has been drawn. 

The student will notice that the graph appears to be a straight line; 
it is shown in analytic geometry that the graph of any equation of the 
form ax + by + c = 0, where a, b, and c are given constants, is a straight 


y = 2x~ 1 


x 

y 

-2 

-5 

-1 

-3 

0 

-1 

1 

1 

2 

3 



Fig . 22 


line. For this reason, such an equation is called a “linear” equation. 
Since the equation y = 2x — 1 may be written in this general form, 
namely, 2x — y — 1 = 0, it is a linear equation. 

Since two points determine a straight line, the graph of a linear 
equation can be drawn conveniently by plotting two points on the line. 
However, the points should be taken as far apart as space on the graph 
will permit in order to draw the line as accurately as possible. It is 
also worthwhile to calculate and plot a third point as a check. 

Example 1 . Construct the graph of the equation 2x + Sy — 5 = 0. 
Solution : We solve the equation for y and find 

5 — 2x 

V = 


3 
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Three points on the given line are ( — 2, 3), (1, 1), and (4, —1). These 
are obtained by substituting each x value in the formula for y. The 
graph appears in Figure 23. Notice that the line crosses the X axis at 
the point where x has the value 
2.5. This is the root of the equa- 
tion 2x — 5 = 0, because y = 0 
for any point on the X axis. 

Example 2. Plot the graph of the 
equation y = x 2 — 4x + 1. Use 
the graph to find approximations 
to the roots of the equation 

x 2 — 4x + 1 = 0. 

Solution: In the following table, 
which is constructed so that the details of calculation are as easy as 
possible, the items in each line of the two middle columns are added, 
and this result is increased by 1 to give the value of y. The student 
will find that such a table can be most rapidly constructed by completing 
one column at a time before passing to the next. 



Fig. 23 


y — x 2 — 4x + 1 


x 

x 2 

—4x 

y 

-1 

i 

4 

6 

0 

0 

0 

l 

* 

-2 

1 

i 

-4 

2 

4 

-8 

-3 

3 

9 

-12 

~ 2 * 

4 

16 

-16 

1 * 

5 

25 

-20 

6 



Fig. 24 

For convenience, we have calculated the values of y which cor- 
respond to integral values of x from —1 to +5. These values are put 
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into the table in the order that corresponds to moving from left to right 
along the X axis. This procedure should always be used as an aid to 
orderly thinking about the graph as it is being constructed. In the 
actual plotting (Figure 24), only the first and last columns of the table 
are used; the other columns have served their purpose in the preliminary 
calculation. 

In order to solve the equation x 2 — Ax +1=0, we have to find the 
values of x for which y = 0, that is, the abscissas of the points where 
the curve crosses the horizontal axis. For any point above this axis, the 
value of y is positive; whereas for an} r point below, the value of y is 
negative. Hence, we look for places in the table where there is a change 
in the sign of the ordinate. These places are marked with asterisks. 

It is clear from the graph that the 
curve crosses the axis between 
the points where x = 0 and x = 1 
and also between x = 3 and x = 4. 

From Figure 24, we may read 
x — 0.3 and x = 3.7 as approxi- 
mate roots of x 2 — Ax + 1 = 0. 






Fig. 75 


(100-2 x) ft 

Fig . 76 


If these roots were required more accurately, we could plot the graph 
on a larger scale in the neighborhood of the two values of x just found. 
This has been done in Figure 25 for the values x = 0.15, 0.2, 0.25, and 
0.3. From this graph, we may read x = 0.27 as a closer approxima- 
tion to the desired root. The same procedure may be used to find the 
root correct to any number of required digits. 

Example 3. A farmer wishes to fence off a rectangular yard on one 
side of his barn. No fence is needed along the barn wall, and 100 ft of 
fencing is available for the other three sides. What is the largest area 
the yard can have? 

Solution: Let x ft be the width of the } r ard. Then, (100 — 2.r) ft 
will be the length (see Figure 26). The number of square feet in the 
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area will be given by 

A = x(100 — 2x) 

— 2x(50 — x). 

In this problem, there is no practical significance attached to negative 
values of x or values of x greater than 50. Hence, we choose x values 
for our table from x = 0 to x = 50, with intervals of 5 for convenience. 

Figure 27 shows the graph with A taken as the vertical coordinate 
and x as the horizontal coordinate. Since the largest value of A is 
wanted, we must first find the value of x which corresponds to the 


A = 2x (50 - x) 


X 

2x 

! 

o 

*Q> 

A 

0 

0 

50 

0 

5 

10 

45 

450 

10 

20 

40 

800 

15 

30 

35 

1050 

20 

40 

30 

1200 

25 

50 

25 

1250 

30 

60 

20 

1200 

35 

70 

15 

1050 

40 

80 

10 

800 

45 

90 

5 

450 

50 

100 

0 

0 



Fig . 27 


highest point on the curve. It appears from the figure that x = 25 will 
give the largest value of A. This surmise can be verified by plotting 
more points in the neighborhood of x = 25. When x = 25, 

A = 2a; (50 - x) = (50) (25) = 1250. 

The required maximum area is 1250 sq ft. Ans. 

Note: A considerable amount of care must be exercised in choosing 
the origin and the scales for a graph. The origin should be chosen so 
that the graph will appear to good advantage in the available space. In 
general, the curve should be drawn to as large a scale as is compatible 
with the purpose of the drawing. A very large scale is necessary to show 
a small portion of the curve in detail, while a small scale may be needed 
to show the form of the entire curve. It is not necessary to use equal 
scales on both axes, except when it is desirable to show the curve in true 
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geometric proportion. For example, if the graph of a circle were 
plotted on axes with unequal scales, the curve would be distorted into 
an ellipse. 

EXERCISES 23 


Draw the graph of each of the linear equations in Problems 1 to 8. The 
lines may be drawn by first plotting two points, but a third point should be 
plotted as a check. 


1. 3x — y = 0 
3. x + 2y + 6 = 0 
5. 4x -f- 3y — 15 = 0 
7. 6x - y = 14 


2. x y — 5 = 0 
4. 2x + y + 8 = 0 
6. 3j - 2y - 16 = 0 
8. 5x + 16?/ = 20 


In each of Problems 9 to 22 make a table of values and plot enough points 
to show the general shape of the graph. Draw a smooth curve through the 
plotted points and read, correct to one decimal place, the roots of the equation 
obtained by putting y — 0. (Hint: Plot more points wherever you are not 
certain of the shape of the curve.) 


9. y = x 2 — 0>x 
11. y = x 2 + 3x — 4 
13. 2 y = 4x 2 - 4z - 35 
15. y = x 3 — 9x 
17. y — x 3 + 4x 2 — 4x — 16 
19. y = x 2 - 4x + 2 
21 . y = x 3 + 2x — 7 


10. y = Sx - x 2 

12. y = 10 + 3x - x 2 

14. 3y = 35 + 4z — 4x 2 

16. y = 9x 2 — x 3 

18. y — — 9 + 9x + x 2 — x 3 

20. y = 3 - x - x 2 

22. y = .r 3 — ox + 1 


In the next four problems, the table of values may be constructed more 
easily by substituting values of y and calculating the corresponding values of x. 
Draw the graph and read, correct to one decimal place, the ordinates for which 
x = 0 in each case. Give the equation of which these ordinates are the roots. 


23. 4a; = 8 — 7 y — y 2 24. x = 4 y 2 — Ay — 15 

25. x = 3 - 7y 2 - 2 y 3 26. x = 6 + y 3 


Solve graphically the remaining problems in this set. 


27. The sum of two numbers is 12. What are the numbers if their 
product is to be a maximum? 

28. The difference of two numbers is S. What are the numbers if their 
product is to be a minimum? 

29. A rectangle has a perimeter of 28 in. What dimensions will give the 
greatest area? 

30. An open trough is made by bending a long flat piece of tin 20 in. wide 
into a rectangular form. What must be the dimensions of the equal sides if 
the cross-sectional area is to be a maximum? 
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31. A farmer wishes to enclose a plot of ground in the shape of a rectangle. 
Only three sides are needed because the ground is adjacent to a long straight 
fence. What is the maximum area which he can enclose with an additional 
400 yd of fencing? 

32. A field is to be enclosed so that the area, rectangular in shape, is 
divided into five lots by fences running parallel to one of the sides. If 540 yd 
of fencing are available, what must be the dimensions of the field to obtain a 
maximum total area? 

33. An open box is made by cutting small squares from a square piece of 
tin 12 in. on a side and then turning up the sides of the remaining piece. What 
size squares must be cut from the corners to form the open box with maximum 
volume? 

34. A store owner finds that, if he can make 90 sales per day, he will make 
an average profit of 50 cents per sale. For every additional ten sales, his 
costs increase so that the profit on all sales is decreased by 2 cents per sale. 
How many sales a day will bring him the maximum total profit? 

35. A manufacturer finds that for an output of 100 units of merchandise 
per week, he can make $50 profit on each unit. For every additional ten units 
manufactured per week, his costs increase so that the profit decreases by $1 
per unit on the total output. Find the number of units per week that will 
bring him the maximum profit. 


31. Functions and Functional Notation 

In the preceding few pages, we have been making a graphical study 
of the behavior of related numbers. A large part of mathematics and 
its allied sciences is devoted to studying relations of this kind; hence, it 
is convenient to have a standard set of definitions and notations. 

If a number , say y, depends upon another number x in such a manner 
that when any permissible value is assigned to x, a corresponding value of y 
is determined , then y is called a function of x. 

Illustrations: (a) If y = x 2 + 3x — 5, the value of y is determined 
for an y given value of x. We substitute the assigned value of x and 
perform the indicated operations to find the corresponding value of y. 
This means that y is a function of x. 

(i b ) If all other conditions remain unchanged, the distance D in feet, 
in which a car can be stopped depends on the speed V in miles per hour 
at which the car was traveling when the brakes were applied. Here we 
say D is a function of V. 

(c) The drop t in degrees in the freezing point of a salt solution 
depends on the strength of the solution, that is, the number x of grams of 
salt per liter of solution. Hence, t is a function of x. 

In all these illustrations, the idea of functional dependence is the 
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same: The value of the function can be found (or is determined) when 
the value of the letter on which it depends is given. Notice that nothing 
has been said about the manner in which the value of the function is to 
be found. In many simple instances, the function is given by a formula; 
but in the second and third illustrations, it is conceivable that the value 
of the function could be found only by actual trial and measurement. 

In the definition of a function, the number x, whose value we may 
assign, is frequently called the independent variable. The function y , 
whose value is then determined, is called the dependent variable. The 
term “variable’ ’ means that these letters, x and y , may represent 
various numbers in the course of a discussion of the function. Usually, 
other numbers whose values are fixed occur along with x and y. These 
fixed numbers are known as constants. The constants may be specific 
numbers, such as 2, 3, and — ^ in the function 

y = 2x 2 + 3x - j; 

or they may be literal numbers, whose values are thought of as fixed, 
such as a, b, and c in the function 

y — ax 2 + bx + c. 

We shall be concerned for the most part with relations involving only 
two variables, and it will be clear from the context which letters are 
variables and which are constants. Usually, the later letters of the 
alphabet are used for variables and the earlier letters for constants. 
Often, when we wish to indicate that y is a function of x , we write 

r/ v (Read: “y equals 

a function of a.") 

Observe carefully that the parentheses do NOT mean / times ad Other 
letters may be used instead of / to denote a functional relationship; 
frequently used are F, g } <f>, and 

When fix) is a given function, we may write, for example, 

f(x) = 2x 2 + 3.r - 1. 

If we wish to indicate that a number, say 2, is to be substituted for x,we 
may conveniently write /( 2). Thus, if 

fix) = 2.r 2 + 3x - 1, 

/( 2) = 2 (2) 2 + 3(2) - 1 = 13; 

f(0) = 2(0) 2 + 3(0) - 1 = -1; 

fia) = 2d 1 + 3a — 1; 


then, 
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and fix + h) = 2(x + h) 2 + 3(x + h) - 1. 

If fix) is a given function of x , the symbol /(a) means that x is to be 
replaced by a in the defining expression of the function. 


Example 1 . If Fix) = 
Solution: Substitute 


- , find Fix + h) — Fix) in simplest form. 
x 

(x + h) for x and obtain 


We have 
Therefore, 


Fix + h) = 


x + h 


Fix) =-■ 
x 


Fix + h) - Fix) = 


1 


1 

x + h x 

-h 

xix + h) 


Ans. 


Example 2. (a) Write in functional notation: The area A of a square 

is determined by the length D of its diagonal. (6) Find the exact form 
of this function. 


Solution: (a) A = fiD). Ans. 

ib) From Figure 28, we find that the area of 
half the square is the area of a triangle of base D 
and altitude \D. Hence, 

A = fiD) = 2(|)(D)(|D) = ±D 2 . Ans. 

This same result can also be obtained by using 
the fact that the diagonal is the hypotenuse of a 
right triangle whose legs are each a. Hence, 



Fig. 28 


D 2 = a 2 + a 2 = 2a 2 , 
or a 2 = JZ) 2 . 

Since A = a 2 , we have A = §Z) 2 , as before. 

In this chapter, we have used four different ways to describe a 
functional relation: (a) a verbal statement, (6) a table of values, 

(c) a graph, id) a formula. All these ways are useful, and we must 
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frequently pass from one form of description to another, as has been 
done in the preceding pages. 

On pages 81 to 82, an important property of graphs has been used 
to find approximately the roots of equations. This property may be 
easily stated in general : The abscissas of the points where the graph of the 
function y = f(x) crosses the X axis are roots of the equation f(x) = 0. 

We may also deal with functions that involve more than one inde- 
pendent variable. The definitions and notations are similar to those 
already discussed. For example, z = f(x, y) is read, “z equals a function 
of x and y.” We write /(a, b) to mean that a replaces x and b replaces y 
in the defining expression of f(x , y ). 


Example 3. 


if /(*, y) * 


a 2 + y 2 
x - y 


show that / (tx, ty) = t • f(x, y ). 


Solution : The symbol f(tx, iy) stands for the function obtained by 
replacing x by tx and y by ty in the given function. Thus, 

\ 0 tx) 2 +(ty ) 2 t 2 x 2 + t 2 y 2 

f(fx, ty) = — — = — — 

(tx) - (iy) tx - ty 


x 2 + y 2 
x - y 


t-f(x,y). Ans . 


EXERCISES 24 

1. Express the area A of a circle as a function of its circumference C. 

2. Express the surface S of a sphere as a function of the circumference C 
of a great circle. 

3. Express the volume V of a right circular cylinder as a function of its 
altitude h if the radius is 5 units longer than the altitude. 

4 . Express the volume V of a cone as a function of its radius r if the 
altitude A is 6 units shorter than the radius. 

6« Express the square of the body diagonal d of a cube as a function of the 
edge e. 

6. Express the volume V of a hemispherical shell as a function of the inner 
radius r 2 and the outer radius n. 

7. The lower base &i of a trapezoid is three times as long as the upper 
base b 2 , and the altitude h is equal to half of the lower base. Express the 
area A as a function of the lower base &i. 

8. If f(x) = x 2 - 9, find /(0) ; /( — 1); /(3); and/(5). 

9. If h(y) = i/ -f 7y — 6, find h( — 2); h( 3); and h(%). 

10 . UF(S) = findF(O); F(4); F(- 3); and F(f). 
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J ■ *7 

11. If = ^— j, find p(-2); g(~i); g {\)\ and 0 (f). 

12. Find/(r), /(— c), and/ if /O) = c 2 o; + cx 2 . 

13. Find h( — k) } h(a), h(0), and h if h(m ) = m 2 — 3am + 2a 2 . 

14 ' " - 3^2 ■ “ ' (d ' F ( - t) ' “ d F G) ' 

15 - 11 (,Ui - . 4 © ■ find » 60 ■ • © ■ * n<i • (- !) • 

16. If F{y) = 2 y 2 + 3, find F(y + ^ ~ F(z/) . 

17. tlnd ^ t *)-/W if 

19 . rind/ (_i_) it/(! , ) , J_. 

20. If /i(?/ 2 ) = 3?/ 4 — 2 / 2 + 1, find A(*; 3 ). 

21. If g(x z ) = x 6 — 2x s + 4, find g( — u 2 ). 

22 - Find f(^+T) + n^T ) if F(x) = “d /(x) = ^ . 

2S - Find - i^) if = C£ f- 6 and ^ • 

24. If /(a;, y) = 2a; 2 + 4 xy + 2/ 2 , find /(a;, -y),f(-x, y) f and /( — a?, -?/). 

25. If h(x, y) = x 2 — 3y 2 + 15, find h{—x, y), h( x, —y) } and h(—x, —y). 

26. Show that f(mx, my) = m 2 f(x } y) if f(x, y) = 3a; 2 + 4xy — by 2 . 

27. Show that F(tx, ty) = t z F(x, y) if F(a;, y) — x z — 4 x 2 y + y z . 

28. If G (u, v) = 4a 2 — 4*; 2 , find G(r + s, r — s). 

29. If f(x t y) — 3a; 2 + 3a/ 2 , find /(a + v, u — v ). 


Chapter Is 
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32. Linear Equations in Two Variables 

In the preceding chapter, we noted that a linear equation in two 
variables, such as 

ax + by + c = 0 

has a straight line for its graph. It will be of interest to discuss the 
geometrical situation that arises when the graphs of two linear equations 
are drawn on the same set of axes. 

33. Graphical Solution of Linear Equations 

The lines whose equations are 

2x — Sy = 3 

and x + y = 4, 

respectively, are shown in Figure 29. The two lines intersect at the 
point (3, 1). For, if x = 3 and y — 1, 

2x — 3y = 6 - 3 = 3, 
and £ + ^ = 3+1 =4; 

that is, the number pair (3, 1), upon substitution, reduces both equations 
simultaneously to numerical identities. 

This idea leads to the definition: .4 number pair (xi, yi) that satisfies 
simultaneously a system of two linear equations is a solution of the 
system. 


90 
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For instance, (3, 1) is a solution of the system of equations 

2x — 3y = 3 

and x + y = 4. 


Since two straight lines cannot intersect at more than one point without 
being coincident, we may speak of (3, 1) as the solution. 

Any two distinct lines that are not parallel will intersect in exactly 
one point. The coordinates of this point will then constitute the 
solution of the set of two equations that describe the lines. 

If the set of equations describes two parallel lines, there will be no 
point of intersection and the equations will have no simultaneous 
solution. We sometimes say that such equations are inconsistent. 



Fig. 29 


Illustration : The two equations 

2x + 3y = 6 

and 2x -r 3 y — 12 

are inconsistent equations; for, no 
number pair can make the expres- 



sion 2x + 3 y have the values 6 and 12 simultaneously. The graphs of 
these two parallel lines are shown in Figure 30. 

In general, inconsistent equations may be detected by inspection; 
for such equations may always be written in the form 

t 

ax + by — Ci 

and ax + by = 

where the left members are identical and the right members are different. 
If the left members of inconsistent equations are not identical, they may 
be made so by multiplying or dividing both sides of one of the equations 
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by a suitable nonzero constant. For example, 

ox — 2y = 17 

and lox — Gy = 10 

are inconsistent equations. The second equation, when both sides are 
divided by 3, becomes 

ox - 2 y = hr- 

However, if two linear equations can be made completely identical 
by such a multiplication or division, the equations are consistent and 
represent the same line. Equations of this kind are called dependent. 
Illustration: The equations 

5x — 2y = G 

and 15# — Gy = 18 

are dependent equations; for, if the second equation is divided through 
by 3, it becomes identical with the first; hence, any solution of one of 
these equations is a solution of the other. 

EXERCISES 25 


Solve graphically each of the following sets of equations : 


1. 2x + Sy = 12 
3x + 2y = 13 
3 . Sy - 4x = 23 
by + 9x = 7 
5 . 10 — 2x - by = 0 
15 — 3z + Sy = 0 
7 . 2x + y = 7 
2x + y = 10 
9 . ox — Gy =6 
3x + \0y = 7 



x _ y = 1 
2 6 2 

13. 7x + 3 y+ 9 = 0 
16* - 20 y - 13 = 0 


2 . x + 5y = -1 
2x + ly = 1 
4. 6x — by = 4 
Sx — 7y = 6 
6. 12 + 7x - Sy = 0 
8 + ox — 2y = 0 


8 . 


10 . 


12 . 


Sx - 4y = 12 
6.r — Sy = 15 
llx + 7y = -45 
ox — 9y = 10 
Sx 2y _ 5 
8 + 15 “ 6 
x 7y _ 15 

2 ” 20 = T 


14. Sx - 4y - 39 = 0 
2x — y - 13 = 0 


Show that each of the following systems represents either a pair of parallel 
lines or a pair of coincident lines. 


15. 3x - \y = S 
12 y - 9x = -24 


16. Sx + by = 15 
Gx + 10 y = 45 
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17. 4x - 7y = 28 
8x - 14 y = 42 


19. - + — == 
9 ^ 15 

X - + V - = l 
3*5 


1 

3 


18. 3x — 2y = 4 
x _ y = 2 
2 3 3 




Zx _y 
8 2 


34. AnaBytic Solution of Systems of Linear Equations 

Usually, the solution of a pair of linear equations in two variables 
can be read only approximately from the graph, whereas an exact 
solution may be required. Such an exact solution can always be 
obtained by properly combining the equations whenever they are not 
inconsistent or dependent. 

By referring to the graphical representation, we see that the partic- 
ular number pair (x, y) that describes the point of intersection of the 
two lines is the same for both equations. Hence, if each equation were 
solved for y in terms of x, we would have two expressions for the ordinate 
of the point of intersection in terms of the abscissa. By equating these 
expressions, we would obtain a single equation in one unknown. The 
root of this equation is the required value of x. The corresponding 
value of y can be found by substituting the value of x into one of the 
expressions for y. 

Example 1 . Solve the set of equations 

2x — 3y = 3, 

and x + y = 4. 

Solution: Solve each of the equations for y to obtain 



1 

CO 

a) 


y — * 

y 3 

and 

y — 4 — x. 

(2) 


Equate these two expressions for y, and solve the resulting equation. 
We have 

2# — 3 

= 4 — x: 

3 

2x — 3 = 12 - 3x; 
x = 3. 

Substitute 3 for x in either Equation (1) or (2) to find y — 1. 
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The required solution, which has already been verified on page 90, 
is (3, 1). Ans. 

The method used in Example 1 is the method of comparison . Other 
methods differ from this one only in the manner of combining the 
equations in order to obtain a single equation in one unknown. 

The method of addition or subtraction consists in multiplying one or 
both of the equations by constants chosen so that we obtain two equa- 
tions in which one of the unknowns, say 2 /, has the same numerical 
coefficient. The corresponding members of these two equations are 
added or subtracted (whichever is necessary) to eliminate y . The 
resulting equation is solved for x. A similar procedure may be used to 
find the value of y. The proposed solution should always be checked 
in the given equations. 

Example 2. Solve the equations 

2x 3 y = 3, (1) 

x + y = 4. (2) 

Solution : Multiply the members of Equation (2) by 3 to obtain 

3s + 3 y = 12, (3) 

an equation in which the coefficient of y is the same except for sign as 
in the first of the given equations. Now, add the corresponding members 
of Equations (1) and (3). 

2x-3y= 3, (1) 

3s + 3 y = 12, (3) 

ox = 15. 

Thus, we find x = 3. 

In a similar way, multiply both members of Equation (2) by 2 and 
subtract Equation (1), member by member, from the result. 

2s + 2y = 8, (4) 

2x - 3 y = 3, (1) 

by = 5. 

Therefore, y — L 

We see that the solution is the same as that obtained in Example 1, 
namely, (3, 1). 

Note: It is not necessary to find both unknowns by the method of 
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addition or subtraction. For instance, in Example 2, the value of y 
can be obtained more easily by substituting 3 for x in Equation (2). 

In the method of substitution , one of the equations is solved for one 
of the unknowns, and the result is substituted into the other equation. 
This procedure yields a single equation in one unknown. The remaining 
steps are as before. 

Example 3. Solve the equations 

3x + 4 y = 24, (1) 

2 x + y = 11. (2) 

Solution: We solve Equation (2) for y in terms of x and substitute the 
resulting expression in place of y in Equation (1). Thus, 

y = 11 - 2x, (3) 

and 3x + 4(11 — 2x) = 24, 

that is, — 5x + 44 = 24, 

or —5x = —20, 

and x = 4. 

If we substitute 4 for x in Equation (3), we get 
y = ii - 8 = 3. 

If, as a check, (4, 3) is substituted into the left member of Equation 
(1), the result is 

3x + 4y = 12 + 12 = 24; 

hence, the required solution is (4, 3). Ans. 

It often happens that systems of equations that are not in standard 
linear form (ax + by = c) can be put into this form and, hence, can 
be solved by the preceding methods. The next example illustrates 
this idea. 


Example 4. Solve the equations 

2 3 


x - y 

8 


+ 


x + y 

9 


= 3, 

_ 3 
~ 2 ’ 


x - y x+y 

Solution: The fact that x and y occur in these equations only in the 
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combinations — - — and — - — suggests that we replace each of these 
x - y x + y 

fractions by a new letter. Accordingly, let 

1 


and 


x - y 

1 


= u. 


= V. 


( 1 ) 

( 2 ) 


x + y 

Then, the given equations become 

2 u + 3^ = 3, 

and 8*4 — 9y = f. 

The last two equations may be solved to find u = f and v = 
Hence, by reference to (1) and (2), we have 


and 


1 3 4 

= - or x — y = - > 

x — y 4 3 

— j— = ~ or x + y = 2. 
x + y 2 


(3) 


(4) 


Equations (3) and (4) may now be combined to obtain the required 
solution (f, §). Arts. 

Check: If x = f and y = | 


First equation : Left Member 

= 2 + 3 
5 _ 1 ' 5 _j_ 1 

3 7F I 3 

_ 3 1 3 

1 '2f 

= 3 

Right Member 
= 3 

Second equation: Left Member 

Right Member 

8 9 

_ 3 
- ¥ 

~ A I 5 | 1 

3 3 3 13 


= 6 - # 


_ 3 


— 2 
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EXERCISES 26 


Solve each of the systems of equations in Problems 1 to 6 by three methods : 
(a) comparison; ( 6 ) addition or subtraction ; (c) substitution. 


1. x + y = 4 
z — 4 y — 19 
3 . 3# -f- y — 10 
4z + 5?/ = —16 
5 . 9z + 2y - 37 = 0 
5z + 6y — 45 = 0 


2 . 2z + 3?/ = —2 
3z — 2y = —16 
4 . 7x — 4y = —1 
6z — 7y = —33 
6. 8z + 7y + 36 = 0 
lOx — 9y — 26 = 0 


In Problems 7 to 28 solve for x and y unless otherwise indicated to the 
right of the second equation. Use any convenient method. 


3z + 5y 5 11 
Sx — 12 y — —15 

x , y 
r + j = 3 
5 4 


8. 


10 . 


6z + 2y + 1 = 0 
9z + 4y + 4 = 0 
s 


3^5 


= 5 




11 . 


x_ _ y 
10 2 

+ 5y — 2 
^ + 3^ 

6w — 3^ + 10 
5 u + 6^ 


= -8 


12 . 


= 5 ; 


2l+l! = 2- 

15 + 15 
9y - 8x + 14 
3z — 4?/ — 4 
8y - 7z + 15 
2y + 5a: — 3 


r, s 

= -5 

_1 

2 


13 . 


14 . 


2 y — 5z 
3 


z + 1 

, 6y — 5z 

3 

+ 2/ = 7 

k - 3 

m + 10 8-3 


6 

2m — 3 


5 

15 . (z + 2) (y - 4) = zy 
(z + 8)(y - 10) = zy 
17 . 3z + 4y = 7c + 6 d 
2x — y = c — 7d 
19. ax + by + a 2 + b 2 = 0 
bx + ay + 2 ab = 0 
21. a\X + biy = ci 
a 2 z + boy = C 2 

4 12 

23 . - + — = 5 

z y 

5 _ 6 

z y 


+ 


4 

k - 5 


m 


16 . (3a + 2) (26 - 3) = 6a6 

(4a + 5) (6 — 5) = 4a6; a, b 
18 . 7c + 6d = 3z + 4 y 

c — 7d = 2z — y ; c, d 
20. 6y -j- (a -f* 6)z = 2ab 
ay + (a — 6)z = a 2 — 6 2 
22. cz + /y = flf 
hx — ky = m 

7 
y 


24 . - 5 - 

z 


= 18 




- + — = -12 
x y 
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oc 2 , 3 7 

3x 4 y 2 

1 1 _ 

3x 2 y~ ° 

2 12 

27. + | 

x — ?/ a; + i/ 3 


6 


x - ?/ x + y 




28. 


JL _ A 

3x Sy 

1 


+ ■ 


5 

2 

3 


3 x - y x + 3 ?/ 

10 9 

3x — 2 / x + 3y 


- 2 
= 7 


In each of the following four problems, show that the system of three 

equations has a solution. (Hint: Show that the solution of two of the equa- 

tions satisfies the third equation.) 

29. x - by = 27 30. 9x + 4 y = 10 

2x + 3y = 2 5x — 2y = 6 

5x + Sy — 3 3x + 14 y = 2 

31. (a — b)x — (a + b)y = 2a 2 — 2b 2 
(a + 6)x + (a — 6)y = 4a6 

x + 2/ 2b = 0 

32. cx + dy = c 2 + d 2 

cx — dy = c 2 — 2cd — dr 
x 4* 2y = 3c + d 


35. Linear Equations in More than Two Variables 

The procedure for finding the solution of any number of linear 
equations in the same number of variables is an immediate extension of 
the procedure for handling a system of two equations in two unknowns. 
For the sake of definiteness, let us consider three equations in three 
unknowns. The equations may be combined in two sets, eliminating 
the same unknown in both combinations. The result is a set of two 
equations in two unknowns, for which the methods of solution have 
already been discussed. 

Example 1. Solve the equations 

x + y + 2z = 7, (1) 

x y 3z = 6, (2) 

2x + 3y + z = 4. (3) 

Solution: An inspection of the s} r stem shows that Equations (1) 
and (2) may be added to eliminate y. Furthermore, if Equation (2) 
is multiplied by 3 and the result is added to Equation (3), a second 
equation is obtained with y missing. These two new equations are 
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2x — z = 1 (4) 

and 5x — Sz = — 14. (5) 

Any of the methods previously studied gives x = 2, z = 3 as the 
solution of the system (4) and (5). If we substitute x = 2 and z — 3 
into Equation (1), we find y = — 1. Hence, the required solution, 
which the student should check, is (2, — 1, 3). Ans . 

Example 2. Solve the equations 

r + s — t = 1, 
s + t — u = 2, 
t + u — r = 3, 
w + r — s = 4. 


Solution: In order to see more clearly what steps should be taken to 
perform the elimination, we rewrite the equations so that the letters 
of the left member of each are in alphabetical order. 


» 

r + s — t 

= i, 

a) 


s + t — u 

= 2, 

(2) 


-r + t + u 

= 3, 

(3) 


r — s + u 

= 4. 

(4) 

Inspection now shows 

that Equations 

(1) and (2) may be added to 

eliminate t; and (1) and (3) may also be 

added to eliminate t. 

These 

two results along with (4) will give us a 

system of three equations in 

three unknowns. 




Hence, adding (1) and (2) 

r + 2s — u = 

3, 

(5) 

and adding (1) and (3) 

s T u = 

4. 

(6) 

We also have 

r — s + u = 

4. 

(4) 


Equations (4), (5), and (6) are three equations in r, s, and u. 

Since r is missing from Equation (6), we seek another combination 
which will eliminate r. This combination is found by subtracting (4) 
from (5) with the result 

3s - 2u = -1. (7) 

Equations (6) and (7) are two equations in the two unknowns s and 
u. Hence, our previous methods may be used to complete the solution. 
We find s = \ and u = If these two values are substituted into 
Equation (4), there is obtained r = ^ Finally, t = ^ ma y be found 
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by substituting the values of r and s into Equation (1). Hence, the 
solution is 

r = nr, 5 = h t = TT, U = Ans. 

The check is left to the student. 


EXERCISES 27 


Solve each of the following systems of equations : 


1. 2x + y - 3z = 11 
x - 2y + 4z = -3 
3x + y - 2z = 12 
3. 3z — 2 y = 3 
by — 7z = 4 
Sz — 5x = 19 
5. Sr -f 3s - IS* = 1 
16r + 6s — 6£ = 7 
4r + 9s + 12 1 = 9 
7. cx + by — c 
by — az = b 
az — cx = a 

.231 

9. — I b ~ = 4 

x y z 

3 5,2 

1 — = — o 

x y z 

4 _ 6 3 = 

x y z 

11. x — y — 2z = 7 
2y + 3z + w = —9 
3z + 2w + x = -11 
w + x + 4?/ = 4 
13. 2x + y -2z- w = -8 
3x — 2?/ — 3z + 4tc = 6 
x -f ?/ + 2z + 2u> = 9 
4x — 3?/ + z — bw = 3 

15. 1+1-1-9 

X y z 

--- + - = 12 
y z w 

-+--- = 13 

W X z 

-+-+-= 11 
x y w 


2, bx 3y — 2z = 1 
2x + 4y + z = 0 
4x — 7y — 7z = 6 
4. x + 3y = 19 
+ 3z = 10 
z + 3x = — 5 
6. u + 3v — 2w = 10 
7u — bv + 4w = —4 
2 u + v + 3w = 4 
8. ax — by — cz — 1 
6x — <??/ — az = 1 
cx — ay — bz = 1 

10 . - + - + - = 6 

x y z 

? + ?-- 2 = 8 
x y z 

2 4 

- + - = 3 
x z 

12. 4 r + s + t = 10 
s — t — 2u = 14 
2t + M - 3r = 4 
u + 3r + 2s = 0 
14. x + 2 y + z + w — 0 
3x 4* y + 2z — 2w = 7 
x — 5?/ — 3z + 2w = 7 
2x -b 4?/ ~b 2z — u? = 3 

16. 1 + - — - = 5 
x y z 

2 1 4 

— | j — = —3 

y z w 

1 2 1 
£ + = -3 

Z W X 

2 1 2 
-+---=s 

w x y 
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36. Statement Problems Involving more than One 
Unknown 


Many problems lend themselves naturally to the use of two or more 
unknowns in their solution. This will be illustrated by examples. 

Example 1 . An airplane makes a 700-mile trip against a head wind 
in 2 hr 20 min. The return trip takes 2 hr, the wind now being a tail 
wind. If the plane maintains a constant speed with respect to still air, 
and the speed of the wind does not vary, find the still-air speed of the 
plane and the speed of the wind. 

Solution: Let x mph = the still-air speed of the plane, 

and y mph = the speed of the wind. 

Then, ( x + y) mph = the ground speed of the plane with the tail 

wind, 

and (x — y) mph = the ground speed against the head wind. 


Thus, for the trip against the wind, 

distance 

x - y = ~r- 

time 


and for the trip with the wind, 

distance 


x + y = 


time 



700 


= 350. 


a) 


( 2 ) 


Now, Equations (1) and (2) constitute a system of two equations in 
two unknowns. The student may solve this system to find 

x = 325 and y = 25. Ans. 

Check : For these results, the ground speed on the trip against the 
wind would be 300 mph; the time taken would be = 2 hr 20 min. 
On the return trip, the ground speed would be 350 mph ; the time taken 
would be -Jinr — 2 hr. Therefore, the plane’s still-air speed is 325 mph, 
and the wind speed is 25 mph. 

Example 2. A 100-gal vat in a chemical plant has two intake pipes, a 
large one carrying water and a small one carrying acid. If both pipes 
are turned on together, the vat can be filled in 40 min. Ordinarily, 
however, the water pipe is allowed to run for 45 min and is shut off 
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before the acid is turned on. It then takes the acid 20 min to fill the 
tank. What is the ordinary strength of the solution? 

Solution: Let w gal per min = the delivery rate of the water pipe, 

and a gal per min = the rate of the acid pipe. 

Then 40 w — the number of gallons of water delivered in 40 

min, 

and 40a = the number of gallons of acid delivered in 40 

min. 

Thus, 40 w + 40a = 100, 

or 2w + 2a — 5. (1) 

Similarly, 45w = the number of gallons of water delivered in 45 

min, 

and 20a = the number of gallons of acid delivered in 20 

min. 

Hence, 45w + 20a = 100, 

or 9w + 4a = 20. (2) 

The student may solve (1) and (2) simultaneously to find 

w = 2 and a = §. 

Therefore, the rate of flow of acid is £ gal per min. In 20 min there 
would be 10 gal of acid delivered, and the solution would be 10 per cent 
acid. Ans. 


Check: (40) (2) = 80 
(40) (*) = 20 

(gal of water delivered in 40 min) 
(gal of acid delivered in 40 min) 

Sum = 100 


(45) (2) = 90 
(20) Q) = 10 

(gal of water delivered in 45 min) 
(gal of acid delivered in 20 min) 

Sum = 100 


EXERCISES 28 


1. If the numerator of a certain fraction is doubled and the denominator 
increased by 8, the value of the fraction becomes V If the numerator is 


increased by 7 and the denominator is tripled, the value becomes fa . Find 
the fraction. 
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2. If 7 is added to both the numerator and denominator of a fraction, 
the value of the fraction is T 9 o-. If 3 is subtracted from both numerator and 
denominator, the value becomes f . Find the fraction. 

3 . Longs Peak is 145 ft higher than Pikes Peak, and the sum of their 
elevations is 776 ft less than the elevation of Mt. Everest, which is 29,141 ft. 
Find the elevation of each of the lower peaks. 

4 . Two bank accounts together total $10,000. If $750 is taken from the 
first account and put into the second, each will have the same amount. How 
much is there in each account? 

5. A man has part of $30,000 loaned at 2 per cent interest and the rest 
at 2\ per cent interest. If the income from the money loaned at 2 per cent 
is $60 more than that loaned at 2\ per cent, what is the amount of each loan? 

6. A grocer bought a number of cases of vegetables for $147. Some of 
the vegetables were paid for at the rate of 3 cases for $7 and the rest at the 
rate of 4 cases for $7. When the grocer sold all the vegetables for $3 per case, 
he cleared $78. How many cases of each kind did he buy? 

7 . A man bought eighteen pairs of skis and sixteen pairs of cable bindings 
for $452. He found that he had underordered, and he then bought twelve 
pairs of skis and eight pairs of cable bindings for $292. Find the prices of the 
skis and bindings. 

8. The members of an outing club bought a plane. If there had been 
six members more, each would have paid $25 less; and if there had been four 
members fewer, each would have paid $25 more. Find the price of the plane 
and the number of members in the club. 

9 . The boiling point of water at sea level is 212°F (Fahrenheit) or 100°C 
(Centigrade), and the freezing point is 32°F or 0°C. If the equation involving 
F and C is of the form F = aC + b, find a and b. 

10 . A weight of 40 lb is placed on one side of a lever so that it balances a 
60-lb weight on the other side. If the 60-lb weight is increased to 80 lb, the 
40-lb weight must be moved 2 ft farther away from the fulcrum to maintain 
the balance. Find the original distance between the 40-lb weight and the 
60-lb weight. 

11 . The fulcrum of a lever is so placed that weights of 180 lb and 240 lb 
put at the ends are in balance. When 60 lb is added to the 240 lb weight, the 
fulcrum must be moved 9 inches closer to the 240-lb weight to preserve the 
balance. Find the length of the lever if its weight is negligible. 

12 . A motor boat can run 55 miles downstream in 2 hr 45 min and can 
return in 4 hr 35 min. What is the speed of the boat in still water and the 
speed of the current? 

13 . A plane travels 1050 miles with a tail wind in 2 hr 30 min and returns 
in 3 hr 30 min against the head wind. Find the speed of the plane in still air 
and the speed of the wind. 

14 . A man rows 21 miles up a river and back in 6 hr 30 min. He finds 
that he can row 6 miles up the river in the same time that he can row 7 miles 
down the river. Find the speed of the boat in still water and the speed of 
the current. 
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15. An aviator flies 1680 miles against a wind and returns with the wind. 
His round trip requires 7 \ hr. He finds that he can fly 40 miles with the wind 
in the same time that he can fly 35 miles against the wind. Find the speed 
of the wind and the speed of the plane in still air. 

16. On a cross-country flight, it took aviator A 18 min longer than aviator 
B to fly 450 miles. If A had doubled his speed, he would have taken 36 min 
less time than B. Find A’s and B’s speeds on the flight. 

17 . A man drives from his office to his home in the country. When he 
drives at 50 mph he arrives 4 min earlier than usual ; and when he drives at 
40 mph, he arrives 5 min later than usual. How far is his home from the 
office, and what is the usual time it takes him to drive the distance? 

18. A 90 per cent acid solution is diluted with water to make a solution 
60 per cent acid. When 2 gal of water is added to dilute it again, the solution 
becomes 40 per cent acid. How much water was added to the solution the 
first time? 

19. In a pickling factory a saturated solution of salt is called a 100 per 
cent solution. A 30 per cent solution was made by adding water to a 40 per 
cent solution. Then the 30 per cent solution was diluted to a 20 per cent 
solution by adding 3 gal of water. How much water was first added to the 
40 per cent solution? How much of the 40 per cent solution was there 
initially? 

20 . On counting his cash, a grocer finds that he has $48 consisting of 294 
pieces of silver in half dollars, quarters, and dimes. There are 3^ times as 
many dimes as quarters. How many coins of each denomination are there? 

21. A sum of money is composed of quarters and dimes, and there are four 
times as many dimes as quarters. If there were fifty-four more dimes and 
twenty more quarters, the total value would be doubled. Find the sum and 
the number of quarters and dimes. 

22. Three machines, A, B , and (7, operating together can do a job in 8 hr. 
If A operates for 2 hr and B for 3 hr, one fourth of the job can be done; and 
if B operates for 5 hr and C for 14 hr, one half of the job can be done. How 
many hours would it take each machine operating alone to do the job? 

23 . Three contractors, A, B, C y can do a construction job in 20 days. A 
and B together can do the work in 30 days, and B and C can do the work in 
40 days. How many days would it take each contractor alone to do the work? 

24 . Three pipes supply a water tank. The tank can be filled by pipes A 
and B running for 4 hr, or by pipes B and C running for 6 hr, or by pipes C 
and A running for 8 hr. What length of time is required for each pipe running 
alone to fill the tank? 

25. A reservoir can be filled by a supply pipe and drained by two other 
pipes. When all the valves are open, the reservoir can be filled in 36 hr. 
When the valve on the supply pipe is closed, the other pipes can drain the 
reservoir in 60 hr. With the supply pipe and one of the drain pipes running, 
the reservoir can be filled in 30 hr. Find the time required for each drain 
pipe to empty the reservoir with the remaining two valves closed. 

26 . The points (0, 4), ( — 12, —2), and ( — 2, 6) lie on a curve whose equa- 
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tion is of the form y = ax 2 + bx + c. Find a, b } and c. (Hint: The co- 
ordinates of each point must satisfy the equation.) 

27. The points given in the preceding problem lie on a curve whose equa- 
tion is of the form x = ay 2 + by + c. Find a, b, and c. 

28. It is shown in analytic geometry that the equation of a circle is of the 
form x 2 + y 2 + Dx + Ey + F = 0. If a circle passes through the three 
points given in Problem 26, find its equation. 
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37. Rational and Irrational Numbers 

When we discussed the correspondence between the numbers of 
algebra and the points on our number scale, we noted that there is a point 
on the scale which corresponds to each of the following numbers: The 
positive and negative integers and zero, • • • — 3, — 2, — 1 , 0, 1 , 2, 3, • * *, 
and the fractions that may be formed by writing the indicated quotient 
of two integers, such as \ ) — J, and so on. The decimal fractions 

are also included because 0.231, for example, is only another way of 
writing 

Any number that can be written as the quotient of two integers is called 
a rational number . (The student should think of the word ratio 
which is the first part of rations!.) Thus, all the numbers described in 
the preceding paragraph are rational, and the operations that we have 
considered up to this point have all dealt with rational numbers. 

Any number that is not rational is called irrational. We shall 
consider next an operation for which we frequently need irrational 
numbers. This operation is the extraction of roots , the inverse of the 
process of raising a number to a power. 

38. Roots 

If n is a positive integer , we define an nth root of a number a to be any 
number x such that 


x ,g = a. 
106 
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Illustrations: ( a ) A square (second) root of 4 is 2 because 2 2 = 4. 
Another square root of 4 is —2 because ( — 2) 2 = 4. 

(b) A cube (third) root of 27 is 3 because 3 3 = 27. 

(c) A cube root of —64 is —4 because ( — 4) 3 = —64. 

(d) A fourth root of -g-f is f because (|) 4 = 

Not all rational numbers have rational roots. For example, the 
number 2 has no rational number for its square root. This may easily 
be shown as follows. Let us assume that 2 does have a rational square 

root. Such a root could be written in the form - , where a and b are 

b 

integers with no common factor . From the definition of a square root, it 
follows that 


and a 2 = 2 b 2 . 

Since a and b are integers, a 2 and b 2 are also integers. Furthermore, 
2b 2 is an even integer, from which we 
conclude that a 2 is an even integer. 

Since only even integers have even 
integers as their squares, 

a = 2c, where c is an integer, 

and a 2 = 4c 2 . 

Since 2b 2 also equals a 2 , it follows 
that 

4c 2 = 2b 2 . 

Next we divide each member by 2 
to get 

2c 2 = b 2 , 

from which it must follow in the same way that b s is an even integer. 
Hence, 

b = 2d , where d is an integer. 

However, if a = 2c, and b = 2d, a and b have the common factor 2 which 
contradicts our assumption that a and b have no common factor! 
Hence, 2 has no rational square root. 

In order to avoid the conclusion that there is no number whose 
square is 2, consider the construction in Figure 31. A square whose side 



fig. 31 
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is one unit long is drawn with a right angle at the origin and two sides 
along the axes. The length a of the diagonal is marked off by means of 
compasses on the X axis. Since the square of the hypotenuse of a 
right triangle equals the sum of the squares of the two sides, we have 

a 2 = l 2 + l 2 = 2. 

Consequently, if we wish to assign a number for each point on the 
number scale, the point where the circle intersects the X axis must 
correspond to a number whose square is 2. 

It can be shown in a manner similar to that used above that no 
integer which is not an exact nth power of another integer has a rational 
nth root. For example, among the integers from 2 to 10, only three 
have rational roots, namely, 

4 with the rational square roots 2 and —2; 

9 with the rational square roots 3 and —3; 

8 with the rational cube root 2. 

Another example of an irrational number is 7 r = 3.14159 * * * , the 
ratio of the circumference of a circle to its diameter. (The three dots 
indicate that this is an endless decimal. ) Many more irrational numbers 
will be encountered by the student who goes further into mathematical 
work. 


39. The Real Number System 

The system of numbers which consists of the rational and the 
irrational numbers is called the real number system. We take it as a 
fundamental axiom that to each point on the number scale there 
corresponds exactly one real number, and conversely. The real number 
system as just defined has the following important properties: 

(1) The sum , difference , product , and quotient {division by zero 
excepted) of any two real numbers is a real number. 

(2) Every positive integral power of a real number is a real number. 

(3) If n is an odd positive integer , every real number has one real nth 
root. 

(4) If n is an even positive integer , every positive real number has two 
real nth roots; these roots are equal numerically but opposite in sign. 

(5) If n is an even positive integer , a negative real number has no real 
nth root. (Since an even power of any positive or negative real number 
is a positive number.) 
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40. Radicals 

We shall confine our next discussion entirely to real numbers. The 
name principal nth root is used to designate the one real root when n 
is odd and the one positive root when n is even. We use the expression 
a to stand for the principal nth root of a. The entire expression is 
called a radical expression, or, simply, a radical; the symbol V is a 
radical sign; the n is called the index, or order, of the radical; and a is 
called the radicand. The horizontal bar usually associated with the 
radical sign is a grouping symbol customarily drawn above the radicand. 
In the case of a square root, the index 2 is usually understood but not 
written. 

Illustrations: (a) V^a + b stands for the positive square root of the 
quantity a + b. 

(« b ) ^^27 - -3. 

(c) ^16 = 2. (NOT ±2.) 

It is convenient here to define the absolute or numerical value of a 
signed number n to be n if n is positive and to be — n if n is negative. 
The absolute value of a number is indicated by placing the number 
between two vertical bars. Thus, 

l+2| = 2; 

I — 2| = 2; 

|-1.76| = 1.76; 

and \fx 2 = jx|. 

It is important to understand that for roots of even order the use of 
the radical sign demands the use of the positive root. It is correct to 
say that the square roots of x 2 are x and — x; in symbols, we write 
Vx 2 = \x\ and —Vx 2 = — \x\. Thus, if a > 3, V (a — 3) 2 = a — 3; 
but if a < 3, V (a — 3) 2 = 3 — a. 

EXERCISES 29 

1. Give five examples of (a) rational numbers; (b) irrational numbers. 

2. Write each of the following rational numbers as a common fraction 
in its lowest terms: lj; 2\; 0.12; 0.036; the endless repeating decimal, 
0.333 • • * ; the endless repeating decimal, 0.111 ••• . 

3. Classify each of the following numbers as rational or irrational: \/3; 
1.7; 3.27; </V2 ; 0.33; ir; v'lii; ^^ 64 ; 0.0011; 2+ V5. 
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4. Find all the rational nth roots of the integers from 2 to 100. 

5. Calculate the altitude of the equilateral triangle each of whose sides 
is 4; 7 ; 6\/3; a/ 5. Leave your answers in radical form, unless the radicand 
is a perfect square. Is the length of the altitude of an equilateral triangle 
always an irrational number? 

6. Is the length of the diagonal of a square always an irrational number? 
Is it possible for the side and the diagonal to be rational at the same time? 

41. Tables of Square and Cube Roots 

The most practical way to obtain square roots and cube roots of 
numbers is to read them from a table. Table I (see Appendix) is a 
table giving square roots and cube roots of numbers from 1.0 to 10.0 at 
intervals of 0.1. More extensive tables are available in standard col- 
lections of mathematical tables. It should be understood that most of 
the entries in such a table are only rational approximations correct to the 
number of decimal places given. Both in the construction and in the use 
of such tables, we employ the process of rounding off, that is, of writing, 
with a specified number of decimal places, the closest possible approxi- 
mation to a given number. We shall use the following rules whenever 
rounding off takes place: 

(1) If the part to be dropped amounts to less than 5 units in the first 
discarded place , drop it. 

(2) If the part to be dropped amounts to more than 5 units in the first 
discarded place , increase the last retained digit by one unit . 

(3) If the part to be dropped amounts to exactly 5 units in the first 
discarded place , follow whichever of the above procedures makes the last 


retained digit even. 


Illustrations: 3.14159 = 3.14 

to two decimal places in accordance 


with (1); 

3.14159 = 3.142 

to three decimal places in accord- 


ance with (2) ; 

3.125 = 3.12 

to two decimal places 

and 3.135 = 3.14 

to two decimal places in accordance 


with (3). 


The following examples illustrate the use of the table of square and 
cube roots as well as the rounding off process. 


Example 1 . Find the value of each of the following correct to three 
decimal places: (a) V 420; (6) V / (k0042. 
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Solution: (a) We may write 

V420 = V (4.2) (10 2 ) = 10VT2. 

In Table I opposite 4.2 in the column under the caption >/N we read 


V4d2 = 2.04939. 

Hence 10VT2 = 20.4939 

and V 420 = 20.494, correct to three decimal 

places. Arts. 


(b) This time we write V 0.0042 



\/ 42 


In the same line of Table I, but under the caption V 10N, we find 

V42 = 6.48074. 


Therefore 


V42 

Too' 


0.0648074 


and 


V 0.0042 = 0.065, correct to three decimal 
places. Arts. 


Notice that in problems like the preceding one, we bring a number 
into the range of our tables by displaying an even power of 10 as a 
multiplier or divisor. It follows from the definition of a square root of 
a positive number that 

Vab = VaVb, 


and that 


a V a 

Vb = vs* 


The student may verify these statements by squaring both sides. We 
have used the last two equations in Example 1. 

Example 2. Find the value of each of the following radicals correct 
to three decimal places : (a) ^Q.56; (6) ^5600. 


Solution: We use the same idea as in Example 1, employing powers 
of 10 that are perfect cubes. 


0.56 = 



^560 

10 


(a) 


112 Exponents and Radicals 


[Ch. 7 


In Table I, opposite 5.6 but under the caption v 100N, we read 

a/560 = 8.24257. 

Thus, 


(b) 


V0.56 = 0.S24, correct to three decimal 
places. A ns. 

v / 5600 = V (5.6) (10 3 ) = 10v / 545. 


In the same line of Table I, but under the caption ^N, 

= 1.77581. 

Hence 

we find 

EXERCISES 

V5600 = 

30 

17.758, correct to three decimal 
places. A ns. 

Find the value, correct to three decimal places, of each of the following 
expressions by using Table I : 

1. vTt 

2. V3d) 

3. Vl9 

4. v?3 

5. V490 

6. V650 

7. V 1300 

8. V5700 

9. voisr 

10. V03S 

11. V 0.003 

12. V0.016 

13. Vo. 0033 

14. V 0.0026 

15. VT2 

16. V9J 

17. a/53 

18. Vl3 

19. V0T6 

20. Voi84 

21. Vito 

22. V§50 

23. V2200 

24. V4700 

25. V63,000 

26. V91.000 

27. V0.01S 

28. V 0.031 

29. V450,000 

30. VS70,000 

31. V 0.0024 

32. V 0.0075 


33. Vl3 + V22 - V7 
35. 4\/3 -7%^ + Sa/5 
37. vCKSO - VoIT + V 0.034 
39. \ 023 + V06 - Vsl 


34. \/5S - VS2 + V43 
36. 2 v T9 + 3Vl3 + 5V77 
38. V OJS - V 0.0072 + a/29 
40. a/03 - 2 V 0.002 - Vo05 


42. Exponents 

There are many places in mathematics and its applications where it 
is important to have workable definitions of exponents which are not 
positive integers. We shall set up these definitions for rational numbers 
used as exponents. 

In our extension of the number S3 r stem to include the negative 
numbers, we were guided by the demand that the laws of operation for 
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the positive numbers should govern operations with the new numbers. 
Here also, we use a similar principle: The new exponents shall he so 
defined that operations with them will he governed hy the laws for combining 
positive integral exponents. 

The definition and the laws for positive integral exponents are listed 
below for easy reference, (m and n are positive integers.) 


Definition: a n = a • a • a a (n factors). 

Laws: 

(I) a m • a n = a m+n . 

(Ia) (a m ) n = (a n ) m = a mn . 

Illustration: (a 3 ) 2 = (a 3 ) (a 3 ) = (a 2 ) (a 2 ) (a 2 ) 


( 16 ) 

Illustration: 

(I c) 

Illustration: 

(id 


= (a 2 ) 3 = a 6 . 

(ab) m = a m b m . 

(a&) 2 = (aft) (aft) = a 2 6 2 . 

(a\ m _ c£_ 

W “ b m ' 


/ aV a a a 2 

W = b'b^W 


a m ~ n , if m 
1 ,if m 



> n; 
= n; 

< n. 


(ajfiO) 


43. Zero as an Exponent 


A useful interpretation of zero as an exponent may be obtained by a 
partial removal of the restriction on the exponents m and n in the first 
line of Law II. If we agree to use this first line for m = nas well as for 
m > Uj we should have, for a ^ 0, 

a m 

— = a m ~ m = a 0 . 
a m 

However, by the second line of Law II 
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Accordingly, in order to have, for the zero exponent, a meaning which 
is consistent with the laws for positive integral exponents, we use the 
following definition: 

(Dl) Whenever a ^ 0, a 0 = 1. 

Illustrations: (100)° = 1; 

(- 20 )° = 1 ; 

(a + b)° = 1, if a + b 5 * 0. 

44. Rational Exponents 

For greater ease in reading, fractional exponents, which we consider 
next, are printed here with the shilling-type (or slant-bar) fractions; 
for example, Yi appears in place of 

If we use Law la in performing the multiplication of a 1 ' 2 by itself, we 
find 

{aX 2 ) 2 = a ( ^ )(2) = a. 

This means that if a' /2 is to have a meaning consistent with the laws 
for positive integral exponents, it should be taken as one of the square 
roots of a. We shall take it as the principal square root, that is, 

a v * = \ a 

whenever a is a positive number. 

Following the same procedure, we shall have 

(a 1/n ) n = a (1/n)(n) = a. 

This means that a l,n is an nth root of a. Again, we agree on the follow- 
ing definition: 

(D2) Whenever a has a principal nth root, a 1/n = V a. 

Compare Property (5) in Section 39. The case where a has no real nth 
root is excluded from the present discussion. 

By using Law la, we have as the definition of the general positive 
rational exponent the following: 

(D3) a m/n = (a 1/n j m = (a m ) l ' n = (\ / a) m = Va™, 

where we assume that the fraction m/n is in its lowest terms. Observe 
that the numerator of the exponent is the exponent of the power, and the 
denominator is the index of the radical. 
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Illustrations: a H = Yi; 

a 5i = vV 2 = (v'a) 2 ; 

a 0 - 3 = a’ 10 = v'a 3 = (x^a) 3 . 

The student should study the following examples carefully to see 
that he understands in each step what definitions and laws of exponents 
have been used. 

Example 1. Evaluate (10,000)°(16) ?4 -f- (27 ) H . 

Solution : (10,000)° = 1; 

(16) 3 ' 4 = (\/Tfi) 3 = 2 s = 8; 

(27) w = (^27)* = 3 4 = 81. 

Therefore, (10,000)°(16) ?4 -s- (27) H = A Ans - 

Example 2. Using principal roots, solve the equation 

x % = 64. 

Solution: If the exponent % is applied to both members of this 

equation, we have 

(x % )^ = (64) 54 , 

or x = (V64) 3 = 8 3 = 512. Ans. 

The check is left to the student. 

Example 3. Express (2 '^) (4^) as a fractional power of 8. 

Solution: Since 2 = 8 ^, we have 

2 % = (8 h ) h = 8 ™; 

4 = 2 2 = (8 h ) 2 = 8 h ; 
and 4 n = (8 H ) H = 8 % . 

Thus, (2 % )(4 h ) = (8 % )(8 % ) = 8 ,% . Ans. 

Example 4. Perform the multiplication indicated by 

9 • Zx'Y'. 

9 x H y H • 3 x'Y = 27x (H+? V H+H) 

= 27x i y^ i . Ans. 


Solution: 
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Example 5. By factoring a — b as the difference of two squares, 
remove a factor common to the numerator and denominator of the 
a — b 


fraction • 




+ b y * 


Solution: We may think of a — b as (a A ) 2 — (b y ) 2 so that 


a — b (a y + b A ){a A — b y ) 
a* + b* = a A + b A 


a A — b A . Ans. 


EXERCISES 31 


In Problems 1 to 60 all letters represent positive numbers. 

In Examples 1 to 8 replace each radical by the equivalent exponential 
form. 


1 . V5 
5. 


2. \ 3/ — 14 

6 . 


3. </n 


4. - \/ab 2 
8. </-25x 2 


7. \/-be>u 5 

In Examples 9 to 17 rewrite each expression in radical form. 

9. 5* 10. -(23)* 11. (6x)* 

12. (c«)* 13. (-&)* 14. 8 

15. 3(-7x)* 16. 2u>*v* 17. 6a*6* 

Using principal roots, evaluate each of the expressions in Exercises 18 to 29. 

18. -8* 19. (-8)* 20. 625* 

21. (-125)* 22. (—32)* 23. 128* 

(81)* „„ 4* „„ 49* 


24. o2 , 

8 * 

27. (0.0036)* 


25, — (— 64)* 
28. (0.00032)* 


26 ‘ -(- 8 )* 

29. (-0.000027)* 


Perform the multiplications indicated in Problems 30 to 47. Leave all 
answers in exponential form with exponents simplified as much as possible. 

30. 4 c*d* ■ 2 c*d* 31. 5*%* • 3 x*?/* 

32. 6o*6* • 4a*6* 33. 7w*v* • 2 

34. (xV)(2x 2 i/) 3 35. (e 2 / 3 ) 4 (e 3 /) 6 

36. (2a*6) 7 (a*6*) 6 37. (r*s*) 8 (r*s*) 9 

38. (t 3n u n ) r (t ir u bf ) n 39. (u>” 1 2 * : ) m (wV' ! )* 

40. (x* - ?/*) 2 41. (a* + 5*) 2 

42. (u» + 2t>*) 3 43. (3x* - j/ 2 *) 3 

44. (e* - /*) (c* + e*/* + /*) 

45. (2a* - 6*) (4a 10 * + 2a*6* + 6 1 *) 

46. (c* - d*)(c* + cd* + c*d + d*) 

47. (x* + j/*)(x* — x*^* — x*!/* + ;/*) 
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Simplify the fractions in Examples 48 to 56. Remove all factors common 
to numerator and denominator, and combine and simplify exponents as much 


as possible. 

JO 12 c^-d % 

AQ 

10a 4 6 2 

/in 

50. 

14 x A y z z 7 

20e 2 d 4 

15a*&* 

S5x 2 y 8 z z 

55 a 2 b^c H 
5 30 aHc* 

52 (rV ' )4 
52 ' (r 3 s 4 ) 5 

53. 

(*V ) 5 

(xVeyHyi 

(2 a^b*) 6 
6 {-aXbXy 

55 (e ^ S)4 
(e 2r d s ) 3 

56. 

(—3a x b 2y ) z 

(a? x b 3y ) 4 


Carry out the divisions indicated in Examples 57 to 60. 


9x - 4 y 
3 + 2 y* 

27 a 2 - 86 2 
59 - 3a H _ 2 


58. 


7 u — 5v 

V7u A - VUv 1 /* 


60 . 


c — d 

c y* - d * 


In each of the following equations solve for x , using principal roots only, 1 

61. = 25 62. a** = -32 63. x% = 125 

64. 8x^ = 27 65. x* = -128 66. 64x* = 1 


45. Negative Exponents 


We shall next remove the remaining restriction on the exponents 
m and n in the first line of Law II by giving a useful meaning to negative 
exponents. If we agree to use this first line for the division of a 5 by a 8 , 
we should write 

a 5 

- = a s-8 = a - 3< 
a 8 


The third line of the same law gives 

a 5 _ 1_ 
a 8 a 3 

A similar procedure may be employed for — , where m is any 

a m 

rational number, to give 

1 a 0 

— = — = a°~ m = a~ n \ 
a m a m 

a result which justifies the following definition: 

(D4) // a * 0, <T m = 4 * 

a 
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Illustrations: 


{a) a y - = — 
a /2 


\V 


(b) 

(c) 


(32) 


-K 


1_ 

(32) ^ “ (^§2) 3 


10“ 2 = —=-!- = O.Ol. 
10 2 100 


1 

8 ’ 


The use of negative exponents makes it possible to write ordinary 
decimal fractions in a form which displays to advantage the fact that 
our number system is based on 10. For example, we may write 


0.637 = 6 • 10- 1 + 3 • lO" 2 + 7 • 10~ 3 


and 29.765 = 2 • 10 1 + 9 • 10° + 7 • lO' 1 + 6 • 10~ 2 + 5 • 10’ 3 . 


The exponents of 10 corresponding to the positions occupied by the 
digits in the number are the positive integers as we proceed to the left 
from the units’ place and the negative integers as we proceed to the 
right. The usual manner of writing a number in decimal notation 
leaves the powers of 10 to be understood. If the two numbers above 
are multiplied in a manner similar to that used for multinomials, the 
largest negative exponent of 10 will be —6. Therefore, the multipli- 
cation will yield a result with six decimal places. This illustrates a 
method for obtaining the rules commonly used in combining decimal 
fractions by means of the fundamental operations. 

We shall omit the proof that the new exponents whose meanings 
have been defined obey all five of the laws which govern positive integral 
exponents. It is important for the student to convince himself of the 
reasonableness of the definitions that we have set up, to memorize 
the definitions carefully, and to practice until he develops a considerable 
degree of facility in using the new exponents. 


x~ z y 2 z 1 ' 2 

Example 1. Simplify ~ — - — - and write the result with positive 
x-y~ z z~ x 

exponents. 

Solution : - X ^ Z " = x ~ z ~ 2 • ?/ 2 ~ (_3) • 
x-y~ z z~ l 


A ns. 
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Since division by a m is equivalent to multiplication by — , that is, 

ar m , it is clear that any factor of the entire denominator of a fraction 
may be written as a factor of the numerator by changing the sign of the 
exponent of the factor. In a similar way, a factor may be changed 
from the numerator to the denominator. 


Illustrations: (a) = — , since the factor a -2 in the numerator 

c~ l a a-d, 

may be written as the factor a 2 in the denominator, and the factor c~ l 
in the denominator may be written as the factor c in the numerator. 


(b) 


a(b + c) 2 


xy L 


= a(b + c) 2 x~ x y ~ 2 or 


1 

a~ l (b + c)~ 2 xy 2 


Example 2. 
exponents. 

Solution: 


Simplify 


a* 1 + b~ l 


a~ l + b - 1 
(a + b )- 1 


and write the result using only positive 

b -f~ a 
ab 


(a + b)~ l 1 1 


a + b 

a + b 
ab 


a + b 
(a + b) = 


(a + b ) 2 
ab 


A ns. 


Notice carefully the distinction between 

a -1 + 6 _1 = - + 7 and ( a + b) _1 = — 

a b a + o 

in the last example. 

( x 2 y ~^\~^ 2 

Example 3. Express ( ) in simplest form using positive 

\ u* / 

exponents. 


Solution: 



(: x 2 )~ Vl x~ l y 3/ * 

u 2 y'~ 


x 


Ans. 
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Example 4. Using principal roots, solve the equation 

3 X+1 = 9 X • 27 x+1 . 

Solution : In a problem of this type, it is desirable to reduce the 
equation to the form 

a u = a v 

if possible. Since only principal roots arc involved, this equation must 
imply that u = v . 

In the given equation, all the bases are powers of 3, so that the 
required reduction can be made by replacing 9 by 3 2 and 27 by 3 3 as 
follows: 

3 *+ l = ( 3 2)*( 3 3)*+l ; 

or 3 x+l = (3 2x )(3 3x+3 ); 

and 3 X+1 = 3 5x + 3 . 

Consequently, x + 1 = 5.r + 3, 

and x = — A?is. 


Check: If x = -§ 


Left Member 

Right Member 

= 3' a 

= (9- m )(27^) 


-I* 

I Ci 

II 


£ 

CO 

II 

§ 

II 


EXERCISES 32 


Replace each of Expressions 1 to 8 by an equivalent expression using 
positive exponents only. 


1 . 

3. 4a _7 6 2 

2 

5. 


2. x~ A y~ 7 
4. 5Ar 2 r~ 3 
3 


7. 


x~ b y~ A 

1 

4(ti — v)~ 2 


6 . 


8 . 


<r 6 / 7 


5(3r — 5t) 4 


Combine exponents to the same base and simplify as much as possible in 
each of Examples 9 to IS. Give answers with positive exponents only. 

9. (r*s~ A t A )° (5r 7 s~ 2 ( 5 ) 2 10. (g~Vr 2 k- b ) (2 glr 2 k 2 ) 3 
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11. 

o*6-* 

12. 

o-*6* 

13. 

/c -3 d 6 \“ 5 /c -2 d -1 \ 4 
\c _6 d 8 / \ c 2 ct~ 3 ) 

14. 

15. 

/ — 27u-V\-* 

16. 

V w~ 12 ) 

17. 

/ — 5a -3 \ -1 / 49a 4 \“* 

18. 

V 216 2 ) \1006-v 


x~y*y~ 5/ * 

x V*y-K 

/a 4 6 -5 V / a _3 6 _8 \~ 4 




In each of Exercises 19 to 22 perform the indicated multiplication. Do 
not change to positive exponents. 

19. (a- 4 + 6“ 4 )(a- 4 - 6~ 4 ) 

20. (3z -3 + 4 y -5 ) (3z -3 — 4 y~ b ) 

21. (c _1 - 2 /“ 2 ) (c~ 2 + c- l y~ 2 + ?T 4 ) 

22. (o“« + 3 b-K)(ar* - 3cr**&-*$ + 9&-#) 

Use factoring to simplify each of the fractions in Exercises 23 to 28. 
Remove factors common to the numerator and the denominator before chang- 
ing to a form with positive exponents. 


23. 

25. 

27. 


ar 6 + 8y~ 6 

24. 

25 - 4«r 2 

ar 2 + 2j/ -2 

bur 2 — 2 w~ 3 

366 6 - 49 / 1- 3 

26. 

8a~ 3 - 276- 9 

6 - 7/r 4 

2a~ 1 6“ 2 - 36“ 6 

1 - 2y- 2 

28. 

64a“* + a"’* 

2/“^ — 2y“& 

4a“ * + a - * 


Simplify each of Expressions 29 to 38 as much as you can. Write each 
result using positive exponents only. Assume that all letters represent positive 
numbers. 


29. (b z+v • 

31. [(tr 1 - l)- 1 - l]- 1 


30. (x z 


r 5d+3 


)* 


32. ( ar 2 + 2)" 2 - (ar 2 - 2) -2 


33. 


/9 y 4 — x 2 \ -1 
\3 y~ 2 - ar 1 / 


(3* + y 2 ) 


34. [(a — a -1 ) 2 + 2] -1 (a -2 + a 2 ) — 1 


35. 


1 


22 / 


a H 


i + 2jr w 


36. 


<r* - 1 


«-* 


-* + 1 
+ 1 c~* - 1 


37. V(e« - e~«y- + 4 


2x\2 ( p 2x p—2x\2 


38. V(e 2x + e~ 2x y 2 - (e : 


Using principal roots only, solve each of Equations 39 to 48 for x. 

39. ar* = 27 40. ar* = 4 

41. ar* = -128 42. 4a:* = -5 

43. 2** = -1 44. ar« = i 
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45. 2 3 ~ x ■ 4 2l_1 = 16 46. 3 4l ~ 5 • 9- 2 -* = 243 

47. 5 21 • 25 = 125 1-1 48. 2 2x ■ 4 2l “ 8 = S I+S 


The remaining problems in this set are comparatively difficult. Each 
expression should be put into simplest form using positive exponents. Assume 
that each letter represents a positive number. 


49. \b~ 3v ■ 50 . [ x 46 • x 6 ( 4_4 > • ar 4 ] 1/(!| - 2 > 

51. [;/*>— 2 • ytt+we-w . y- 2-6]i/i> 52. (u h ~ m ■ U mi • u im - h ) 1,m 

53. [2 - (a + a -1 ) 2 ] -1 (a -2 + a 2 ) + (a~- + a 2 ) 0 

54. ,f~ l + , (d- 2 - e- 2 )- 1 + 2(d-' + e -1 )° 

55. j[(c-> - I)" 1 + I]” 1 - [(c- 1 + l)" 1 - l]- 1 }- 1 

56. X ~ 1 ~ !£l + 

x ~ 2 + x~ l y~ l + y~ 2 x ~ 3 — y 3 


58. 

60. 

62. 


_ r v~ l - 9 V v~ l - 1 1 

57 ■ ]jr» - Zo» v-v - »»J v 

(32)^(2 n+l ) 4 


8 3 (16)"- 


4 


'g3n-|-l _|_ g2n+l 

+ 3 M+1 


4 " • 6 

^2n+l _J_ 2 4n + 1 


59. 


9 2 (27) 2_n 


(Sl)-»(27) 3 (3"- 1 ) 


61 

63 


n ZgT” 

* \ s n 


+ 16 2 " 


+ 32" 


'9(3 4n+1 + 9 2 ") 

0211+2 . 4 
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46. Change of Form 

A number of operations with radicals involve changes in form which 
may be made by the use of the following rules: 


(1) 

^ = a. 

(2) 

Vab = </~aVb. 

(3) 


Vb VI 


Unless otherwise indicated, we shall be concerned with real numbers 
and with principal roots only. The first of the above rules is the equiva- 
lent of the definition of the principal nth root of a, as may be seen by 
changing to the corresponding expression using exponents. Thus, 

y/ a n = a ntn = (a 1/n ) n = (v'a)" = a. 

The other two rules are obtained from the rules of exponents as 
follows: 

y/ ab = ( ab) 1,n = a 1/n • b lln = V / av' / 5; 



By the use of rules (1) and (2) above, any factor that occurs under 
the radical sign with an exponent equal to the index of the radical may 
be written as an outside factor with the exponent 1. 
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Illustration: ^48 = \ // 2 4 • 3 = = 2\ / 3. 

Example 1 . Write the radical v^324 a 6 b 9 with all factors possible 
removed from under the radical sign. 

Solution: \ / 324a 6 6 9 = < / 2°~ -3 4 • a 4 • a 2 • (6 2 ) 4 • b 

= 3|a|6 2 v / 4a 2 6. Ans. 


Since a may be positive or negative, the absolute value bars are necessary 
to obtain the principal root. 

A second useful change of form consists in replacing a factor outside 
the radical by a corresponding inner factor. Thus, 

12\/2 = V\2* • \ 2 = V (144) (2) = V288; 

and 5^2 = • v^2 = ^(125) (2) = </2b0. 

Similarly, any outside factor in a radical expression may be written as 
an inside factor if an exponent equal to the order of the radical is applied 
to it. 

Note: Operations of the type just illustrated are useful in connection 
with finding roots from tables. For example, in using Table I (see 
Appendix), the removal of the factor from inside the radical as in the first 
of the two previous illustrations would make it possible to find V 288 
(approximately) by reading V2 and multiplying by 12. With a more 
extensive table, it would be easier to read v'288 directly. 

Example 2. Replace the outside factors of 2 x 2 yy/ 5 xy by corresponding 
inner factors. Assume that x and y are positive. 

Solution: 2 x 2 y\/ 5xy = v / 2 4 (x 2 ?/) 4 * y/ 5xy 

= y/ ( 1 6x s iy*)(5xy) 

= x 9 y 5 . Ans. 


Example 3. Change the expression - 


Vo 2 " 


a T b 

as its outside coefficient. Assume that a + b is positive. 


6 2 to a radical with 1 


1 


\/ a 2 — b 2 = 


\/a 2 - b 2 
V' (a + 6) 2 


Solution: 


a + b 
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-4 

-4 


(a — b) (a + b) 


(a + b)* 


a - b 
a b 


Ans. 


When a radical has a fractional radicand, it is sometimes convenient 
to change its form so that either the denominator or the numerator is 
rational. This procedure is known as rationalizing the denominator or 
the numerator, respectively, and may be accomplished by multiplying 
numerator and denominator by a properly chosen factor. This factor 
is the expression of lowest degree and with the least numerical coefficient 
which will give exponents equal to the index of the part where the 
rationalization is to be performed. 

Example 4. Rationalize the denominator of the radical 



SMim: \i - • My 


Vq _ V6 

( 2 3)2 ~ 2 ^ = ~ 8 ~' 


Ans. 


Example 5. Rationalize the numerator of the radical 




Solution: 


(2 2 a :fy) (2 xyf) 
o{2xy-) 


2 z x z y z 


2 xy 


10 xy 2 ^10 xy 2 


Ans. 


If the entire radicand can be expressed as an exact power whose 
exponent has a factor in common with the index of the radical, the order 
of the radical may be lowered as in the following example. 

Example 6. Reduce the index of y/ 64 x 2 y 2 , assuming that x and y are 
positive. 

Solution : y/^Ax 2 y 2 = [(8xy) 2 ] u = (8xy)^ 

= ( Sxy ) 1/ “ = V8xy. Ans. 

An expression which involves repeated radicals may be simplified by 
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changing to exponential form. For instance, 

V 2\ 2 = (2 • 2 m ) h = (2 J4 ) w = 2 ? * 

= v'2 1 * 3 = v^. 


A radical is said to be in standard form if the following three condi- 
tions are satisfied: 

(1) The radicand is positive and has no factors with exponents as great 
as, or greater than, the index of the radical. 

(2) The index of the radical is as low as possible. 

(3) The denominator of the radical is rationalized. 


Thus, the standard form of V 8 is 2V2; 


that of 



3 ’ 


and that of 


^49 is \/7. 


Although the standard form is not the simplest for all purposes, answers 
to the following problems will be given in standard form unless otherwise 
specified. 


EXERCISES 33 


Assume that the letters in the following examples represent positive 
numbers. 

Change each of the radicals in Exercises 1 to IS to the standard form. 


1. V9S 

4. v' — 432 

7. V / — 96 

10. \Oox 7 y n 

13. V / — 625a 8 6 10 

16. 224a 8 6 n c 15 


2. VIOS 
5. vT62 
8 . \ 072 
11. \/360aW 3 
14. X —V2Sx b y 7 
17. 


3. ^Sl 
6. V/SO 
9. V 0.0050 
12. ^1024 mV 
15. v / 729a 10 6 18 
18. v / c 5n+3 d 2n 


Absolute value bars should be used in the answers for the next three 
problems when they are written in standard form. 

19. \/3x 2 - lSx + 27 20. V^Or - 20t> 3 + 5v 5 * 


21. V75y 3 - 30y 4 + 3y b 
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Eeplace each of the Expressions 22 to 33 by the corresponding equivalent 
radical with 1 as the outside coefficient. 


22. 2V5 

25. 3^7 


_3c^_ sfEddT 

' 5d 3 f\ 21 c 5 



5 a + b I lSa 4 6 4 
32 ‘ ~3^b r \ 25a 2 - 6 2 


23. 3V6 


24. 5"^ 3 




27. 


r 4 f 
‘ 3si \ 

* m/ y W+; 
y \ x m ~' 


162s 7 f 3 


7 « + 3 

I 


2a 3 /3& 12 
5 3 \ 4a 2 


33. 


u — 2w u 2 + + 4w 2 

a + 2iv \ a 2 — 4w 2 


Change each of the remaining radicals in this set to the standard form. 


34 


37, 


40. 


4 

■4 

4 

4 


11 
25 
54a 3 
5 b 7 c 5 


AO 

*'64 5 21 c 16 
46. V25 
49. v'625r 10 s 4 
52. v / 2v / 2 


35 . ^ 

r§ 

36. *J 

lis 

38. ^ 

f 1 

27 

39. yj 

/3 x 5 y 3 
8z 7 


/ — 6s 5 

42. *1 

1 32 m 7 

49 r 2 

125u.) 9 


+ 45 . 3 efP 

(2a — 7b)c 3 \ e- + 4 ef + 4 f 2 


47. V / 36c 2 d 10 

48. \^27 a s b 15 

50. i \ / a 2m b i0m 

51. \/c l5n d 2ln 

53> V 7 25 V5 

54 . V 9^9 



47. Addition and Subtraction of Radicals 


We found in the addition and subtraction of algebraic expressions 
that only like terms can actually be combined; the addition or subtrac- 
tion of unlike terms must be left in indicated form. The work with 
radicals involves a corresponding idea. 

Two radicals are identical only if they have the same index, radicand, 
and outside coefficient. Radicals are said to be similar if they can be 
changed in form so that their radical factors are identical; in all other 
cases the radicals are called dissimilar. Thus, V50 and V72 are 
similar radicals; for 


and 


V50 = 5 V 2, 
V72 = 6 V 2. 
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On the other hand, V50 and \^75 are dissimilar radicals; for 

V50 = 5V2, 
v'75 = 5 V 3, 

and V2 and VS cannot be made identical. 

In the addition or subtraction of radicals, similar radicals may be 
combined; the combination of dissimilar radicals can only be indicated. 
For example, we may perform the operations symbolized by 

2V a + 5 V a — Va; 

the result is 6Va; but Va + \/b and V a + ^/ a must both be left in 
indicated form. 

Example 1. Add VoO and ^64. 


Solution: VoO = 5V2, 

and ^64 = = VS = 2V2. 

Therefore, V50 + ^64 = 5V2 + 2V2 = 7\ r 2. Ans. 

Example 2. Combine the terms in the expression \ % — \/\ + 


Solution: 




1 

V2 


+ 


2V2 ' W2 

5 


V2 

1 

v 2 

5\ 2 


4v'2 


Ans. 


Example 3. Assuming that a is positive, combine similar radicals in 
the expression a\ 27 a + v^lOSa 3 — 2v / lGa 4 + av / 54a. 

Solution: a\ 27 a + \ 108a 3 — 2v 16a 4 + av'oda 

= 3a\ 3a + 6av3a — 4av2a + 3 a\^2a 
= 9a\3a — ax' 2a 
= a(9\ 3a — v / 2a). Ans. 
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EXERCISES 34 

Change the radicals in each of the following expressions to standard form 
and combine similar radicals. Assume that all the letters represent positive 
numbers. 

1. 2V§ + 4Vl2 - V75 2. 6V2 - 3V8 + V98 

3. 3V125 - 2V45 - 8V20 4. 2V54 - V21Q - 7V24 

5. 5\! / 8T - 3\/24 + ^192 6. 4v / 16 + 5>^54 - 2\ / 128 

7. SdfVdff - 3 Vdff 3 + 5dWf 

8. b 2 VQa?b 3 - 56 3 \/25o 2 6 + 6 aVtf 

9. 4z 3 v'ISOz - 2z 2 v / 20z 3 - VV 


10. 3 V 98i/ u + y 3 Vl62y 5 + 5y 5 V?2y 



17. v / 56 5 + fe'V 7 — 406 2 - 1356 s 


18. cd'f/A&cW + 2d 3 v / 6c 6 d 7 + c 2 v / -750d 16 

19. 3v / 2ti’ + Vl2^ - + t>V 48^ 

20. 64a 6 + V450 a 5 — a\/2a + a \/98a 3 

21. ^64 - Vl8 + \/l6 

22. ^375 - <^576 - 4v / 27 

23. (e - /> +~7 + V36c 2 - 36/ 2 ~ e fy[p-% e >f 

24. 2d\/(c*I 2 - d 4 ) 2 + 2c V c 4 - c 2 d 2 - V(2c 2 + 2d 2 ) (2c 4 - 2d 4 ) , c > d 

48* Multiplication and Division of Radicals 

From rules (2) and (3), page 123, it is clear that two radicals of the 
same order may be multiplied or divided by carrying out the operation 
under the radical sign. 


Illustrations: {a) (v / 2)(V / 5) = V (2) (5) = VlO. 
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When the radicals are of different orders, the use of exponents is 
advised. 


Example 1. Multiply V 2x by VZx-, given that x is positive. 

Solution: (V2x)(^Zx 2 ) = (2x) H (Zx i )' A 

= (2 w )(z m )( 3 m )(* 2 )* 

= (2 h )(x h )(Z h )(x a ) 

= f(2 2 )(3 5 )(a; 3 )(^)] H 
= v / 72x 7 = x\ / 72x. Ans. 

Note: In order to write the result of the last example by the use of 
a single radical, the fractional exponents are first written as equivalent 
fractions using the LCD of the original exponents. 

Example 2. Divide v / 2a by VSa, given that a is positive. 

. v'i a ^2a • V2a (2a) H (2a)' A 

Solution: —=. = —= — = - — — — — 

x^Sa VSa • V2a 4a 


(2 a) H 
4a 


</Z2a b 

Ans. 

4 a 


If the radical expressions V a + Vb and Va — Vb are multiplied 
together, the result is the rational expression a — b. Each of the first 
two expressions is called a rationalizing factor of the other. 


Illustrations: A rationalizing factor of 1 + \ "2 is 1-V2. A 
rationalizing factor of Vb — V3 is V6 + V3. 

Vz + \ 7 2 

Example 3. Rationalize the denominator of the fraction — — — * 

VZ — v 2 

Find the approximate value of this fraction correct to three decimal 
places. 


Solution: Multiply the numerator and the denominator by V3 + V2, 
which is the rationalizing factor of the denominator. 


(\ / 3 + V2){VZ + \ 2) 
(V3 - \ 2)(\ 3 + V2) 


3 + 2\/6 + 2 


= 5 + 2\/ 6. 


3-2 
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From Table I (Appendix )\ve read Vq = 2.44949; therefore, 

5 + 2V 6 = 9.89898 = 9.899, correct to three decimal places. Ans . 

The student should observe that an awkward long division has been 
avoided by rationalizing the denominator before using the tables. 

EXERCISES 35 


Assume in this set of exercises that the letters represent positive numbers 
and that any binomial under a radical sign with an even index represents a 
positive number. 

Perform the multiplications indicated in Examples 1 to 22. 


1. 2 V5 • V45 
3. V3- V9 

5 - VI- V%- vi 
7. VI ■ V2 


2. V 63 • 2V7 
4. V40V25 

6 • vv vs- v^ 

8 . V3 ■ V2 


9. V2 rsH ■ Vl r$st 5 • Vl4r 6 s 3 
11. 4 v / 10(3v / 2 - 2V5 + VlO) 
13. (V5 - 2V3) 2 


10. Vl0a 3 6c 2 - V 2ab 2 c ■ V5ab 7 c i 
12. 2 V21 (3 V7 — VZ - V21) 
14. (VlO - 3 V5) 2 
16. (V y + 2 + 2V3 + y) 2 


15. (Vl6 + 2x - 2V6) 2 

17. (5V2 - 3V'7)(5\ / 2 + 3VJ) 

18 . (3Vl3 + 4VTT)(3V'l3 - 4Vn) 

19. (4\/6 - V3)(V6 4- 2V.3) 

20. (0V2 + 3v / 10)(v / 2 - 2 VlO) 

21. (V7 + V5 + V3)(V? + V5 - V3) 

22. (2VlO + V2 - V7) (2 VlO - V2 + V7) 

23. Find the value of y 2 — 2y — 5 if y = 1 — V6. 

24. Find the value of z 2 — 5z + 3 if z = Vo — 2. 

V3 - 7 

25. Find the value of 2x 2 + lx — 11 if x = • 


Give the result of each of the divisions indicated in Examples 26 to 36 in 
standard radical form. 

26. 21 4 - 14 V2 27. 15 4 - 20 V5 28. Vi 4 - V2 

29. V27 4 - V9 30. Vl2 4 - V2 31. ViV -5- VTxf 



35. ( Vl4 - V21) 4 - V7 36. ( V 15 + 2V9) 4 - V3 
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Rationalize the denominator in each of Examples 37 to 45. 


37. 


40. 


VTo 


Vb - 2\/2 

2 V 3 + 4\/2 

Vc - V2 


38. 


41. 


V39 


Vl3 + \/3 
3V6 - V30 
3V5 + 2v / 6 


39. 


42. 


2\/7 - V6 
3 x/6 - 2V7 
\/ a 4“ V36 
VZa - VT 


43. 


+ y/d 2 + 


— Vd 2 + c 2 

44 ( 2^1 + 1 + 

\Vx + y — Vx/ 

46 . / Vr+j- Vf \ W 

Wr + 4 + Vr/ 

Rationalize the numerator in each of Examples 46 to 50. 


46. 


2 V3 - a/2 
5x/6 


47. 


V7 + Vs 
V7 - V5 


48. 


2V2 + V7 

15 + 4VT4 


49. 


y/ x + y — y/x 


y 


50. 


Vrt + 6 + Va — 5 
Va + 6— y/ a — b 


Rationalize the denominator of each of the following fractions, and then use 
Table I to find the value of the fraction correct to three decimal places: 


51. 


64. 


V2 + 2 y/b 

y /5 - V2 
3 


52. 


55. 


V3 - 3V5 
4V3 + 3 y /5 
V3 - 4 


53. 


56. 


2V3 + V2 
V 6 + 2 V 2 
V2 4- V 3 


VU - Vl.5 ’ (1 + V3)(\/3 - 2) ' (V2 + l)(3\/2 - 2) 


49. Equations Involving Radicals 

An equation which contains the unknown involved under one or 
more radicals can sometimes be solved by the process of rationalization 
explained in the next examples. The fundamental idea is that, if equal 
numbers are raised to the same positive, integral power, the results are 
equal. Of course, the assumption is made that there exists one or more 
values of the unknown for which the members of the given equation are 
equal; this assumption may be false in some cases. 

Example 1 . Solve the equation V x — 11 = V x — 1 . 

Solution : Square both members 

x — 11 = (V x — 1 ) 2 , 
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or x — 11 = x — 2V x + L 

2Vx = 12. 

V x = 6. 

Square both members x = 36. Arts. 

The student should check this result. 

Example 2. Solve the equation V2a; + 1 = V2x — 3. 
Solution : Square both members 

(V2x + l) 2 = 2x - 3, 
or 2x + 2V 2x + 1 = 2x — 3. 

Hence, 2V2x = —4; 

\/2x = -2. 


Square both members 

II 

<N 

or 

x = 2. Ans. 

Check: If x = 2 


Left Member 

Right Member 

= VI + l 

= vT = i 

= 3 

Does not check 


Therefore, the given equation has no root. 

The student should keep in mind that only principal roots are to be 
used because of our definition of the symbol Va. Consequently, the 
investigation of an equation like that in Example 2 may be stopped at 
the point in the analysis where \/2x = — 2, because a negative number 
is not the principal square root of any number. 

The restriction to principal roots is an advantage rather than a 
disadvantage (as the student may think). For example, we may dis- 
tinguish between the two equations 

V2x + 1 = V2x - 3 


and 


V2x - 1 = V 2x - 3. 
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The solution that results from squaring both members gives the same 
trial value, namely, x = 2, for both; but this value checks only in the 
second equation. 

EXERCISES 36 


Solve and check each of the following equations : 


2. V* + 4 + 1 = Vz + 11 
4. \T-~w + 2 - Vl3 - u 


6. Vw + 10 - 4 = Vw- 3 


1. \/.x = vx +16-2 
3. V3y + 1 - 1 = v 7 3 y - 8 
5. Vr + 7 = 5 + Vt> — 2 
7. V7x - 6 = V7x + 22 - 2 8. \/lS - 5 y = 4 + V-6 - % 

9. Vo - 33tc + 3 = Vo 6 - 33u> 10. V4x + 11 + 5 = V4x~+46 

11. V39 - £ + Vll - t = 6 12. \/5 - 2z + \/7 - 2z = 4 

13. Vx + 2c — Vc = Vx — 3c 14. VlOa — 3?/ = V— 5o — 3y+3 Vo 

15. V 4c + 1 = Vv + 4 + Vv - 3 


16. Vl2x + 1 = V3x + 3 + V3x - 2 


17. Vo?y + 16c+ Vo?/ — 11c = V20?/ + c 

18. V3x - 5c + \ 7 3x + 19c = 2 V3x + 6c 

50. Problems Involving Radicals and Fractional 
Exponents 

Practical problems frequently involve the use of radicals, as is 
indicated in the next two examples. 

Example 1. Two guv wires extend to the ground from the top of a 
vertical pole of height h ft. If one wire is fastened to a stake in the 
ground a ft from the foot of the pole and the 
second wire is fastened to a similar stake 2 a ft 
from the foot of the pole, find a formula for the 
difference in the lengths of the two wires. 

Solution: Let x = the number of feet in the 
length of the shorter wire, 
and y = the number of feet in the 

length of the longer wire. 

Fig. 32 

Figure 32 shows the pole and the two wires. 
We use the fact that the square of the hypotenuse of a right triangle 
equals the sum of the squares of the two legs. 
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From the triangle on the left, we find 
x 2 = a 2 + h 2 , 

or x = V a 2 + h 2 . 

(The negative square root has no significance in this problem.) Simi- 
larly, from the triangle on the right, we get 

y 2 = 4a 2 + h 2 , 

or y = V 4a 2 + h 2 . 

Hence, the desired formula is 

y — x = (V4a 2 + h 2 — V a 2 + h 2 ) ft. Ans. 

Example 2. Express the area A of one face of a cube in terms of the 
volume V. 

Solution: Let the edge of the cube be e units long. Then, 

V = e 3 and A = e 2 . 

From the first equation, we find e = V H . Hence, we may replace e 
in the second equation by to obtain 

A = V 2/ \ Ans . 


EXERCISES 37 

1. Express the circumference C of a circle in terms of its area A. 

2. Obtain a formula for the area A of an equilateral triangle in terms of 
a side s. 

3. Express the area A of a regular hexagon in terms of a side s. 

4. What is the volume V of a sphere in terms of its surface area S? 

5. Find a formula for the area A of an equilateral triangle in terms of its 
altitude h. 

6. What is the volume V of a cube in terms of its body diagonal d? 

7. A regular pyramid has a square base. If the side of the base is 2 a and 
the lateral edge is 3a, find the altitude and volume of the pyramid. 

8. The area of an equilateral triangle is 144 sq in. Determine the altitude 
h and the side s. 

9. The perimeter of a regular hexagon is 24 in. What is its area? 

10. The difference of two positive numbers is 27, and the difference of their 
square roots is 3. Find the numbers. 

11. Find two positive numbers which differ by 33 and which have 11 as 
the sum of their square roots. 
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12. The hypotenuse of a right triangle is m 2 -f n 2 units long and one of the 
legs is m 2 — n 2 units long. What is the length of the other leg? 

13. Express the altitude h and the volume V of a regular tetrahedron (a 
triangular pyramid with equal edges) in terms of an edge e. 

14. If the legs of an isosceles right triangle are increased by 2 ft and 5 ft, 
respectively, there is formed a right triangle whose hypotenuse is 5 ft longer 
than that of the original triangle. Find the dimensions of the first triangle. 

15. If one leg of a right triangle is increased by 2 ft and the other leg is 
decreased by 7 ft, there is formed an isosceles right triangle whose hypotenuse 
is 5 ft shorter than that of the original triangle. Find the dimensions of the 
isosceles triangle. 

51. Complex Numbers 

In our discussion of the real number system, we made the statement 
that if n is even, a negative real number has no real nth root. In other 
words, if we restrict ourselves to real numbers only, the symbols V — 2, 

>^—16, — 12, and so forth, are meaningless. However, because of the 

important part that such symbols can be made to play, not only in 
theoretical mathematics, but also in practical applications, it is desirable 
to give them a meaning. The only way in which this can be accom- 
plished is by another extension of the number system of algebra. 

The unit of real numbers, the number 1, has two square roots, 
+ 1 and — 1 . In order to have a complete analogy with this situation, 
we define the two square roots of —1 to he +i and — i, and agree always 
to replace the symbol V— 1 by the symbol i, and i 2 by —1. The number i 
is called the imaginary unit. 

Remarks: (1) In electric-circuit analysis, engineers customarily use 
the symbol j in place of i. 

(2) The traditional choice of the adjectives real and imaginary to 
describe numbers in algebra is most unfortunate. These adjectives are 
used here as technical terms to distinguish two kinds of numbers, 
neither of which is more “imaginary” than the other. 

The symbol V —a, where a is a positive number, may now be written 
V(— l)(a) = (V— 1 )(Va) — iVa. Since \fa is a real number, the 
square roots of any negative number may be expressed as products of 
the imaginary unit by a real number; this procedure should always be 
followed in order to avoid confusion. 

Illustrations: (a) The square roots of —4 are +2 i and — 2i. 

( b ) The square roots of —10 are iV 10 and —iV 10. 

Any nurqber of the form a + bi , where a and b are real numbers, 
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is a complex number. The a is the real part and the bi is the imaginary 
part of the complex number; b is the coefficient of the imaginary part. 

Illustrations: 2 + 3 i, — 3 + 4 i, 0 — 2 i, and 2 + Of are all complex 
numbers. 

If a = 0 and 6 ^ 0 in the number a + bi, the number is a pure 
imaginary number. If 6 = 0, the number is a real number. The 
complex numbers, then, include both real and pure imaginary numbers 
as special cases. We shall use the term imaginary number to mean 
that 6^0. 

The ordinary rules of addition, subtraction, multiplication, and 
division apply to complex numbers. (A discussion of this statement is 
postponed to more advanced work in algebra.) 

Example 1. Add the complex numbers 2 + V— 4, 3 + V — 25, and 
-6 - V^9. 

Solution: 2 + V— 4 = 2 + 2 i 

3 + \ /:r 25 = 3 + 5i 

-6 - V"— 9 = -6 - 3 i 

The sum = — 1 + 4 i. Ans. 

Example 2. Multiply 2 + 3 i by 5 — 4 i. 

Solution: (2 + 3f) (5 - 4 i) = 10 + 7 i - \2i 2 

= 10 + 7 i - ( 12 ) (- 1 ) 

= 22 + 7i. Ans. 

It should be noted that the multiplication is carried out as usual for 
binomials, then — 1 is put in place of i 2 wherever it occurs. 

Example 3. Show that f 6 = — 1. 

Solution: i 6 = (f 2 ) 3 = (— l) 3 — —1. Ans. 

The two numbers a + bi and a — bi are conjugate complex num- 
bers. Thus, 

2 + 3 i y 2 — 3 i; 

-4-7 i, -4 + 7 i; 

and 4f , — 4f 

are three pairs of conjugate complex numbers. 
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The fact that the product of two conjugate complex numbers is real, 
that is, 

(a + bi) ( a — hi) = a 2 + 6 2 , 

can always be used, as in the next example, to write a fraction, having 
an imaginary denominator, in the standard form a + bi. 


Example 4. Write the quotient of 2 + 3 i divided by 3 + 2 i in the 
form a + bi. 


Solution: 


2 -T 3 i 

3 + 2 i 


(2 + 3i)(3 - 2 i) 

(3 + 20(3 - 20 

6 + 5 i - 6 i 2 12 + 5 i 12 5 . 

— = = — H i. A ns. 


EXERCISES 38 


Perform the indicated operations and reduce each of Expressions 1 to 24 
to the form a + bi. 

1. (9 + +—16) + (2 + +—25) + (6 - \ —64) 

2. (13 - +—36) - (10 - +^49) + (8 + + :: 7) 

3. (-8 + V^2) - (-5 + V— 32) - (15 - 3 +-18) 

4. (10 + ++ 50 ) + (11 - +^20) - (6 + V — 80 ) 

5. (+3 + 12+5) - (4+3 - z‘4+5) + (8+3 + i3+5) 

6. (+10 - t+6 3) - (-3+10 - z*6 +7 ) - (5+10 + w7I2) 


7. 

(5 - 2 i) (1 - 4 i) 

8. 

(2 + 3 i) (3 - i) 

9. 

(7 - 3»)(-2 + 5 i) 

10. 

(-6 - 4i) (5 + 4 i) 

11. 

(V5 + i'2v / 3)(2v / 5 - t'3\/3) 

12. 

(3 V7 - iV6)(V7 - *2V6) 

13. 

i 6 _ j7 _ jlO 

14. 

(i 2 ) 3 - (i 5 ) 4 + j 17 

15. 

(2 - i) 2 + (3 + 3i) 2 

16. 

(6 - 2i) 2 - (4 - i) 2 

17. 

(2 + i ) 3 - (2 - i) 3 

18. 

(-1 ~iY 

19. 

(3 - i) H- (1 — 2 1) 

20. 

(7 - 26 i) 4- (3 - 4t) 

21. 

13 + 26i 

22. 

10 + 15* 


2 + 3 i 

6 - Si 


7 + il4\/3 

94. 

27 - i9\/2 

4iO« 

2 - iV3 


4 + *V2 

25. 

Show that —3 + 5 i and — 3 — 

5i are 

roots of y 2 + 6?/ + 34 = 0. 

26. 

Show that 6 + 2 i and 6 — 2 i are roots of z 2 — I2z + 40 = 0. 

27. 

5 

Show that 1 — 2i is a root of - 

X 

5 

x — 

2 = 2 - 
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13 13 

28. Show that 2 + 3 i is a root of — — = —4. 

V - 4 y 

2 5 

29. Show that 4 — i is a root of 1 H = • 

v — 3 v — 2 

EXERCISES 39 

Change Expressions 1 to 4 to simplest form with positive exponents only. 
Assume that the letters represent positive numbers. 

1 / 2y/ a 2 b~ 2 c~ 4 \ -3 g 9 r~ 2 s 3 t~ 5 \~ 8 

\v / 64 a _2 6 _3 c 9 / \ 3rs 2 \/t ) 

3. [4 + (2a - a’ 1 ) 2 ]" 1 -5- [4a 2 + a" 2 ]" 1 

4. 5 (a - 6)- 2 - 3 (a&)“ 2 (ft- 1 - a" 1 )" 2 

Simplify each of the following four radicals as much as you can: 

5. V32 5 + 2 25 6. "V^— 81 2 - 3 8 ~ 

7. Vl6 3 +' 2 s + 4 4 + 256 8. </3 4 + 9 2 + 8~1 

Find the positive square root of each of the following four expressions. 
[Hint: a + b + 2 Vab = (Va + V&) 2 .] 

9. 10 - 2\/2l 10. 13 + 2V42 

11. 8 + V48 12. 11 - VTl2 

Rationalize the denominator of each of the following five fractions : 

2 + V 3 -V 7 „„ V 5 + V 3 - 2 V 2 <r 12 

13. 73 73 14. — 7= 7= 7= 15. — , 

2 - V3 - V7 V5+ \/3 + 2 V2 V 3 - V3 

16. 1 - 17 = [Hint: a 3 - b 3 = (a - b)(a 2 + ab + b 2 ).] 

1 — Vh 

17. — j-zJ 1 — (See the preceding problem.) 

2 Va + V6 

Solve each of the following equations for y and check: 

18. (3 4 ^- 3 )" 2 = 27~ y ~ s 19. (a 3 ) 2 *'" 6 = (a" 2 ) 4 "*', a> 0 

20. h 2 (w + y)^ = m 2 21. n 2 z^y~^ = r 6 

22. — — £ ■: — V4?/ — l=2Vy 

v 4 y - 1 

23. V25 + \2y , 13 -- = 2\/3 y 

V2o + 12y 


Chapter 
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52. The Standard Quadratic Form 

A rational integral equation that contains the unknown to the 
second (and no higher) degree is called a quadratic equation. If x is 
written for the unknown number, such an equation may always be 
put into the standard quadratic form 

ax 2 + bx + c = 0, 

where the coefficients a, b, and c do not depend on x. If b = 0, the 
equation is a pure quadratic equation. 

Illustrations: (a) The equation (2a; + 3) 2 = {x + 8) (a; + 5) may 
be put in standard quadratic form by performing the indicated multipli- 
cations and collecting the terms. Thus we obtain 

4x 2 + 12x + 9 = x 2 + 13a; + 40; 

which becomes 3a; 2 — x — 31 = 0. 

In this equation, by comparison with the standard quadratic form, 
a = 3, b = —1, and c = —31. 

(b) 8a; 2 — 9 = 0 is a pure quadratic equation. Here, a = 8, b = 0, 
and c = — 9. 

Pure quadratic equations may always be solved by isolating x 2 on 
one side of the equation; the roots are then found by extracting the 
square roots of both members. 

Example 1. Solve the equation 4a; 2 — 25 = 0. 

140 
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Solution: 

Add 25 to both members 4x 2 = 25. 

Divide by 4 x 2 — 

Consequently, x = ± V ^ = ±f . Ans. 

Note: The sign ± is read “plus or minus.” It is easy to verify the 
fact that nothing is gained by writing =hx = zbf. 

EXERCISES 40 


Write each of Equations 1 to 6 in the form ax 2 + bx + c = 0. 

1- fy/ 2 - y + 15 = 4 — y(y + 3) 

2. x(x — 4) + 11 = (3x — 8)z 

3. (v - 6) 2 + (Sv + 2) 2 = (2t> - l) 2 

4. (2 u - 4) 2 - (2 - a) 2 = 5w 2 

5. 2(3^ + 6ft) + 10ft = 2 z(z - 5ft) - 2 2 + 6 

6. 4x (x + m) + £ (5m — 6z) = 8m — 3 

For each of Equations 7 to 10 find the equation in standard quadratic form 
which may be obtained by freeing the given equation of fractions. 


7. 


u + 5 
2 u 


9. 


3 

x + 2 


u 3 
2u — 3 = 4 
5 = 2 

a; + 1 £ — 3 


8 + 7 ?/ + 2 _ 5 

* 2 / - 1 2 6 

10 . — 1 — = — — 

z - 4 T 3 -2z z + 7 


Each of the following equations is reducible to the pure quadratic form in 
one of the unknowns x, y , or z. Solve each equation by first making this 
reduction. 


11. 3x(x - 8) = 4x(2x - 6) - 15 12. 5z(2z - 3) + 35 = 3 z(z - 5) 

13. 6 y(y + 2a) — (3 y + 2a) 2 14. (x + 2c) 2 = 4a; (c + x) 

7 _ 5 = 27 8 - 9y 2 5 = 2y 2 - 4 

9 - x 2 6 54 - 6z 2 3y 2 - 4 “ h 2 12 - V 

17. V2x + 10 = Vx - 12 + Vx + 12 

18. V6 y - 16 + V3i/ - 6 = V% + 6 


53. Solution by Factoring 


The number system of algebra possesses the important property: 
If the product of two numbers is zero , at least one of the numbers must 
be zero. 
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In symbols, we have 
if 

then 


or 

or 


A = 0 


AB = 0, 
A = 0, 
B = 0, 
and 


B = 0. 


This property is the key to the solution of equations by the method 
of factoring; for, if we can factor the left member of a quadratic equation 
in standard form , we can find its roots at once by solving the two linear 
equations obtained by putting each factor equal to zero. It is important 
to note that the right member of the equation must be zero before we 
may apply this principle. Any quadratic equation that is not in 
standard form should be put into that form before applying the method 
of factoring. 

Example 1. Solve the equation 5x 2 + 2x — 3 = 0. 

Solution: By factoring the left side, we have 
(ox - 3)(x + 1) = 0. 

At least one of these factors must be zero. If 

5x — 3 = 0, 

then, x — f . Ans. 

If x + 1 = 0, 

then, x = — 1. Ans. 

Example 2. Solve the equation x 2 + 5x = 0. 

Solution: We factor the left member to get 
x(x + 5) = 0. 

Then, x = 0. Ans. 

Or x + 5 = 0, 

and x = — 5. Ans. 

The student may verify both of these roots. Observe that if the 
members of the equation had been divided by x , the root x = 0 would 
have been lost. 
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EXERCISES 41 


Solve each of the following equations for the appropriate letter x, y } or z 
by the method of factoring : 


1. 3x 2 - Sx = 0 


2 . oz 2 + Iz = 0 
4. y 2 — 9y + 18 = 0 


3. z 2 — z — 12 = 0 
5. y(Sy + 11) = 20 
7. 4x 2 - 20x + 25 = 0 
9. y 2 — 46 2 — y — 2b = 0 
11. z 2 - 4z + 4 = 9c 2 d 2 
13. x 2 + 2 ax = Sa 2 
15. 7 y 2 — 11 hry = 6/i 4 
17. z 3 + 64z = 0 
19. x 3 + 8 6 3 - 26x(x + 26) = 0 
21. 9 y 2 — c 2 + 4cd — 4 dr = 0 
23. z 2 + 4d 2 - z + 2d = 4dz 


6 . x(6x + 7) = 3 
8 . 9z 2 + 48z + 64 = 0 


10. 

X- — 

9c 2 — x + 3c = 0 

12. 

v - 

-6 y - 16a 2 + 1=0 

14. 

Z - — 

2 bz = lob 2 

16. 

l'2x 2 

— 10 m 2 z = 12 m 4 

18. 

y 3 + 

y 1 — 12 y = 0 

20. 

27z* 

- c 3 + 3cz(3z - c) = 0 

22. 

25</ 2 

- a 2 - 96 2 - 6 a 6 = 0 

24. 

b 2 x 2 

- 4bx + 3 = 4+ - 4x 


54. Solution by Completing the Square 


We shall illustrate by examples the method of completing the square. 
This method will be used in the next section to obtain a formula for 
finding the roots of any quadratic equation. 

Example 1. Solve the equation x 2 — lOx — 24 = 0. 

Solution: Add 24 to both sides so that the terms in x are isolated. 
x 2 _ 1Qz = 24 . 

Since (x ± a) 2 = x 2 ± 2 ax + a 2 , 

it appears that in order to complete the trinomial square when the first 
two terms x 2 =b 2 ax are given, we must add a 2 . Since 

a 2 = [t (2 a)] 2 , 

the term to be added is the square of half the coefficient of x. 

In the equation above, half the coefficient of x is —5; hence, 
( — 5 ) 2 = 25 is added to both sides of the equation to give 

x 2 - lOx + 25 = 24 + 25, 

or (x — 5 ) 2 = 49. 

Extract the square roots of both members to get 


x — 5 = ±7. 
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Therefore, x = 5 ± 7 = 12 or —2. Ans. 

Example 2. Solve the equation 3x 1 2 + — 1 = 0. 

Solution: 


Add 1 to both members 
Divide both sides by 3 
Add (|) 2 = i to both sides 
or 


Extract square roots 
and 


Check : If x = 


-2 + \/7 
3 


3x 2 + 4x = 1. 
x- + fx = f . 
x 2 + ix + i = J + i, 

(x + I ) 2 = b 
X + ! = ±\Vi 

x = §(— 2 ± \ // 7). Ans. 


Left Member 


*(= a 7^' +4 


V 


(=*¥*)- 


-( 


11 - 4V7 \ 8 W7 

9 / 3 + 3 


- 1 


n _ WJ _ s Wi _ 

3 3 3 + 3 


Right Member 
= 0 


The check for x = may be obtained from the above check 

by replacing Vl by — V7. 


EXERCISES 42 


Solve each of the following equations by the method of completing the 
square: 


1. x 2 - 2x - 24 = 0 
3. rf - 6y + 7 = 0 

5 . 3 m 2 = 6 - 7 u 
7 . 7 z 2 - Uz - 6 = 0 
9 . 16 y 2 - 24 y = -5 
11. x 2 + lOx + 19 = 0 


2. t> 2 + 5v — 6 = 0 
4 . x 2 + lfb + IS = 0 
6. 2x 2 = 56 - 9x 
8. 6f 2 + 11< - 10 = 0 
10. 9x 2 - 6x = 8 
12 . 4z°- — 4z - 9 = 0 
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13 . 9v 2 - 30i> + 21 = 0 14 . 25 w 2 - 10w -8 = 0 

15 . 4 r = 3r 2 + 5 16 . 3s = 2z 2 + 7 

55. The Quadratic Formula 


The method of completing the square may be carried out in perfectly 
general form as follows. Let the equation be 



ax 2 + bx + c = 

0. (a ^ 0) 

Subtract c from both sides 

ax 2 + bx = 

— c. 


o b 

c 

Divide both sides by a 

x 2 H — x = 

. 

a 

a 

( b\ 2 

b b 2 

c , b 2 

Add ( — to both sides 

X 2 + - x + — = 

k T“ 2 ’ 

a 4 a 2 

\2 a) 

a 4 a 2 


( , b\ 2 

5 2 — 4ac 

or 


4a 2 

\ w 


b 

±V5 2 — 4ac 

Extract square roots 

x H = 

2 a 

2a 

Therefore, 


—bztVb 2 — 4i(ic 

x — 

2 a 


This is the well-known quadratic formula . It should be memorized and 
thoroughly understood by every student of algebra. It is easily shown 
by direct substitution that the values of x given by this formula actually 
do satisfy the equation. 

Example 1. Solve the equation 2x 2 — ox + 3 = 0. 

Solution: In this equation, a = 2, b = —5, and c — 3. By the 
quadratic formula 

- (-5) ± V ( — 5) 2 - 4(2) (3) 5 ± Vl 

X ~ 2(2) ” 4 

= 1 or f . Ans. 

Example 2. Solve the equation x 2 + 2x + 2 = 0. 

Solution: By the formula 

-2 =b V4 - 8 -2d=\ -l -2 ±2 i 

= 2 
= — 1 db i. Ans . 


x 


2 


2 
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Check: If x = — 1 + i 

Left Member 

Right Member 

= (-1 +i) 1 2 + 2(-l + 0 + 2 

= 0 

= 1 — 2 i — 1 — 2 + 2i + 2 = 0 



The root x = — 1 — i may be checked in a similar manner. 

Example 3. The equation Lm 2 + Rm + — = 0 occurs in electric- 
circuit analysis. Solve for m in terms of L, R, and C. 


Solution: a = L, b = R, and c = - • 


-R ± 


Therefore, 


m = 


V s ’- 


4 L 
C 


2L 


R [W 2 1 

= ± A / — - • Ans. 

2 L \4L 2 LC 


R 2 


Note: The constants R, L, and C are usually such that is less 

than — — • In this case, the roots are preferably written 
LG 


R 


m = ±7 

2 L J 




EXERCISES 43 


Each of the equations in this set is to be solved by the quadratic formula. 


1. v 2 + 4r - 60 = 0 
3. 5 z 2 - \3z + 6 = 0 
5. m 2 + 2m - 2 = 0 
7. 28 « 2 + 13z - 6 = 0 
9. x 2 = 6x — 4 
11. 53 = »(12 - 9») 

13. 25x 2 + 19 = — 40x 
15. 7m 2 - 3m + 2 = 0 
17. 5 = 16x — 4x 2 


2. x 2 - 3x - 28 = 0 
4. 12i r + 5y - 2 = 0 
6. x 2 + 6x + 10 = 0 
8. 27 if = 6y + 8 
10. 4 z(z - 5) = -29 
12 . 1 = 8x(x +1) 

14. 9« 2 + Qz - 1 = 0 
16. 4v 2 + 4 = 7v 
18. by 2 - 1 = by 
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19. z 2 + 2V3 z - 1=0 
21. y/ 5x 2 + 4a: + V5 = 0 


20. V2x 2 + 5x + 2V2 = 0 
22. 3 r 2 + VlOr +1=0 


The following equations are to be solved for the letter which occurs in 
each case after the equation : 

23. ax 2 + 2 bx + c = 0; x 24. s 2 z 2 — 2 sz — m = 0; $ 

25. 26V - by + n = 0; 6 26. r 2 x 2 + 5rx + 26 = 0; r 

27. z; 2 + 5v = 6ft — ft 2 ; ft 28. 3c 2 + cx — 2a; 2 = 2c; c 

29. s = %gt 2 + vot; t 30. Ma 2 + 2#a + K = 0; a 

31. Solve x 2 + 3 xy — y 2 — 4 = 0 for x in terms of y\iov y in terms of x . 

32. Solve x 2 — xy — 2?/ 2 + 5 = 0 for a; in terms of y ; for ?/ in terms of 

56. Factoring by Solving Quadratic Equations 

If we permit the use of complex numbers, the quadratic function can 
always be factored. We use the method of completing the square. 

ax 2 + bx + c ' ^ 


- t+* + -x + -] 

\ a a/ 

( „ b b 2 b 2 , c\ 

= a[x 2 + -x + — - — ■ + - ) 

\ a 4a 2 4a 2 a/ 

K b V £> 2 - 4acl 
X + ia) 

( b vV — 4ac\/ 6 Vb 2 — 4ac\ 

\ 2 a 2 a J\ 2 a 2 a ) 

r /~6+\/6 2 — 4ac\ir / — 6 — Vb 2 — 4ac\~| 

= v 2 a /Jr v 2 ^ Ar 

The fractions inside the inner parentheses are the roots of the 
equation ax 2 + bx + c = 0. If these roots are denoted by n and r 2 , 
respectively, we may write 

ax 2 + bx + c = a(x — n)(x — r 2 ). 

Example 1. Factor 3a; 2 + 5x + 6. 

Solution: We write the corresponding quadratic equation 

— 5 + iV 47 , -5 ~i\ 47 

3a; 2 + 5a; + 6 = 0 and find the roots to be and 


6 


6 
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Hence, 



-5 - tVlr 
6 , 


\ 

1 • Ans. 


EXERCISES 44 

Factor each of the following expressions by the method of this section: 


17. (3 b + 9)a; 2 + (b 2 + 2b - 9)x - 2b + 2 

18. (c 2 - 4 )if - (3c 2 + 5c + 2 )y - 3c 

57. The Graph of the Quadratic Function; Maximum and 
Minimum Values 

The graph of the quadratic function when a, b , c are real numbers can 
be found by writing 


and proceeding as in Section 30. The graph of a quadratic function 
is called a parabola. 

Figure 33 is the graph of the particular quadratic function y = 
x 2 — 4x + 2. We can investigate the shape of this parabola by finding 
its intersections with lines parallel to the X axis. Each of these lines 
has an equation of the form y = k, where k is the distance from the 
X axis to the line. We put y = k in the equation of the parabola 
to obtain 


1. 2x 2 - x - 28 


2. m 2 - h - 6 

4. Sv 2 - 2v - 15 
6. 15 - 8a: - 12x 2 
8. 3 u 2 — 7w — 2 
10 . 6w 2 - 2w + 3 
12. 10v 2 - v + 2 


3. 10z 2 - 23z + 12 


5. 8 + 10w - 7 w 2 
7. 5z 2 - 3z - 1 
9* 7 y 2 - y + 2 
11. 16r 2 + Sr - 5 


13. 6a; 2 — xy — \2y 2 
15. 105 2 c 2 - 17 bed + 3 <P 


14. 15u 2 — 2uv — 77v 2 
16. lSar - 9 xyz - 35y 2 z 2 


y = ax 2 + bx + c 


x 2 — 4a: + (2 — k) = 0. 


Solving by formula, we find 


x 


4 ± v 16 - 4(2 - A;) 
2 


= 2 ± Vk + 2. 
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If the quantity k + 2, which occurs under the radical, is negative, the 
corresponding values of x will be imaginary and there will be no points 
of intersection of the line y = k 
with the parabola. Now, k + 2 is 
negative if k is negative and numer- 
ically greater than 2. Hence, any 
horizontal line that lies below the 
line y = —2 has no intersection 
with the parabola. 

If k + 2 = 0, that is, if k = — 2, 
the value of the radical is zero and 
we get the one value x — 2. This 
means that the line y = — 2 just 
touches (is tangent to) the parabola 
at the point (2, —2). 

Finally, if k + 2 is positive, 
there are two values of x; the cor- 
responding points are equidistant 
from the line x = 2 (see Figure 
33). Therefore, the curve is sym- 
metrical with respect to the vertical line x = 2. This line, which is 
called the axis of the parabola, passes through the lowest point, the 
vertex, of the curve. 

This same procedure can be carried out in the general case for 
y — ax 2 + bx + c. We find that the parabola opens upward if a is 
positive, and downward if a is negative. The vertex (which is either the 
lowest or the highest point on the curve) always has the x coordinate 

— — } the first term of the quadratic formula, and the equation of the 

2a 

. . b 

axis is x = — — • 

2a 

Example 1. Find the coordinates of the vertex and make a graph of the 
parabola 2y — 2 — Sx — x 2 . 

Solution : We write the equation in standard form 
y = -§z 2 - %x + 1. 

The axis of the parabola is the line 

b_ _ _ _ _ 3 

2a ~ -1 ” 2 



Fig . 33 


X = 
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To find the vertex, we put x = — | in the equation of the curve 

y = -i(-f) 2 - !(-f) + 1 
= -l + l+i = 

Therefore, the vertex is at the point (— 

The graph is shown in Figure 34. The 
parabola opens downward because a is neg- 
ative. A ns. 

It has been noted before that the points 
where the axis intersects the graph of an 
equation of the type y = f(x) furnish us with 
roots of the equation f(x) = 0. The graph- 
ical interpretation of the nature of the roots 
of the equation 

ax 2 + bx + c = 0 



Fig. 34 


is made clear by the following analysis. We substitute 
_ _ b_ 

X ~ 2 a 

into the equation y = ax 2 + bx + c 

to obtain y = a ( — ) + b ( — ^ + c 

\ 2 a) \ 2 a) 

- _&! _ . 

4 a 2 a 

b 2 

= — — + c 
4a 

b 2 — 4 ac 
4 a 

If we assume a is positive so that the parabola opens upward, we 
find that the y coordinate of the vertex is 

(1) negative, if b 2 — 4 ac is positive; 

(2) zero, if b 2 — 4ac = 0; 

(3) positive, if b 2 — 4 ac is negative. 

The three cases are shown in Figure 35. In the first case, the roots 
of the equation a.r 2 + bx + c = 0 are real and distinct , and the parabola 
is cut in two points by the A" axis. In the second case, the roots are said 
to be real and equal; the parabola just touches the A r axis. In the third 
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case, the roots are imaginary , and this corresponds to the fact that the 
parabola does not intersect the X axis. 

It is helpful to visualize what would happen to the roots if the 
parabola starts from a position where its vertex is below the X axis and 
moves upward until its vertex is on the axis 
and then passes above it. The points of inter- 
section with the axis would move toward each 
other, become coincident, and then disappear. 
This is one reason for saying that the equation 
ax 2 + bx + c = 0 has two equal roots, rather 
than only one root, when b 2 — 4 ac = 0. 

There are certain simple problems in which 
it is useful to know the maximum or minimum 



Fig. 35 



value of a quadratic function. The following example furnishes such 
an instance. 

Example 2. A long rectangular piece of tin 10 in. wide is to be bent 
into a rectangular channel, as shown in Figure 36. How deep should 
the channel be if its cross-sectional area is to be as large as possible? 

Solution: Let the depth of the channel be x in. Then (10 — 2x) in. 
is the width. If the cross-sectional area is y sq in., 

y = x(10 — 2x) = —2x 2 + 10x. 

This is the equation of a parabola which opens downward and has the 
line x = f as its axis. The vertex is the highest point, so the largest 
value of y occurs on the axis of the parabola. The depth of the channel 
should therefore be 2.5 in. Ans. 

(This answer will give a cross-sectional area of 12.5 sq in.) The 
student may check by making a graph of the function. 
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EXERCISES 45 


Find the coordinates of the vertex of the parabola represented by each of 
Equations 1 to 8, and sketch the curve. 


1. y = x 2 - 12a: + 27 
3. 4y = x 2 + 4x + 12 
5. y = 12 + 4a: — x 2 
7. x - y 2 - Sy + 18 


2. y = 4a: 2 - 24a: + 35 
4. 2 y = 5a: 2 + 10a; + 13 
6. y = 10a* — x 2 — 17 

8. 3a; = 2 y 2 + 16?/ -f- 17 


9. Find two numbers whose sum is IS and whose product is a maximum. 

10. The lower base of a trapezoid is 4 in. longer than the upper base, and 
the sum of the two bases and the altitude is 36 in. Find the dimensions of 
the trapezoid in order that the area be a maximum. 

11 . There are 500 yd of fencing available for three sides of a rectangular 
field adjoining a straight river bank. If no fence is needed along the river, 
find the largest area that can be enclosed. 


Solve each of the following problems on pages S4-85 by the method of this 
section : 


12. Problem 27 
14. Problem 29 
16. Problem 31 


13. Problem 28 
15. Problem 30 
17. Problem 32 


58. The Character of the Roots 

We found in Section 55 that the two roots n and r 2 of the quadratic 
equation ax 2 + bx + c — 0 are given by the expressions 


r i 


— b + Vb 2 — 4 ac 


2a 


and 


r 2 = 


— b— Vb 2 — 4 ac 


2 a 


We shall restrict the discussion here to quadratic equations with real 
coefficients, that is, a, b , and c are to be taken as real numbers. In this 
case, the character of the roots is determined by the quantity under the 
radical sign in the formulas for r\ and r 2 . This quantity b 2 — 4ac is 
called the discriminant of the quadratic equation. It is clear that 

(1) If b 2 — 4 ac is positive, the roots are real and unequal; 

(2) If b 2 — 4ac is zero, the roots are real and equal; 

(3) And if b 2 — 4 ac is negative, the roots are conjugate imaginary. 

Illustrations: (a) Consider the nature of the roots of the equation 
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5x 2 — 7x + 2 = 0. For this equation, 

b 2 — 4 ac = 49 — 40 = 9. 

Hence, the roots are real and unequal. The student may check this 
result by finding the roots, which are f and 1 . 

(6) For the equation 4a; 2 — 4x + 1 = 0, 

b 2 — 4 ac = 16 — 16 = 0. 

Hence, the roots are real and equal. 

(c) For the equation 2a; 2 — x + 2 = 0, 

b 2 — 4 ac = 1 — 16 = —15. 

Hence, the roots are conjugate imaginary. 

It may be noted further that, if a, b, and c are rational numbers, the 
two roots of the quadratic equation will be rational if, and only if, 
the discriminant is a perfect square. In the first of the preceding 
illustrations, b 2 — 4 ac is a perfect square, and the equation has rational 
roots. 

Example 1. Show that x 2 + 3a; + 4 is positive for all real values of x. 

Solution: Let y = x 2 + 3a; + 4. The graph of this equation is a 
parabola with a vertical axis. Also the discriminant of the quadratic 
function is 


Hence, y cannot be zero for any real value of x. In other words, the 
parabola does not cross the X axis. Furthermore, for some particular 
choice of x, such as x = 0, y has the positive value 4. Therefore, y is 
positive for all real values of x. 

Example 2. Show that the function 2a; 2 + xy + y 2 is positive or zero 
for all real values of x and y. 

Solution: We see first that the function is zero if x = y = 0. If 
y 5* 0, we may write 


b 2 - 4ac = 9 - 16 = -7. 



Now, let 


x 

- = u. 


y 


Then. 
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is a quadratic function whose value is positive if u = 0 and whose 
discriminant is 

b 2 — 4 ac = 1 — 8 = — 7. 

Hence, the quadratic function of u is positive for all real values of u. 
Furthermore, if y = 0 and x^O, then the function becomes 2x 2 , which 
is clearly positive. It therefore follows that the given function is 
positive or zero for all real values of x and y. 

Following the procedure of the two preceding examples, we may 
show that any quadratic function ax 2 + bxy + cy 2 , where a, 6, and c 
are real, is positive or zero for all real values of x and y if its discriminant 
is negative and a is positive. 

EXERCISES 46 


For each of Equations 1 to 10 determine by an examination of the dis- 
criminant whether the roots are real and unequal, real and equal, or imaginary. 
If the roots are real, state also whether they are rational or irrational. 


1. 2 y 2 + \0y + 3 = 0 
3. 4z 2 - 36z + SI = 0 
5. 2a; 2 - 10a; + 17 = 0 
7. v 2 - 0.6v - 0.16 = 0 
9. V5 s 2 - 4s + Vo = 0 


2. 3a; 2 - 4a; + 7 = 0 
4. 5v 2 + Sv - 21 = 0 
6. 2w 2 + 2V6 w + 3 = 0 
8. x(x + 0.5) + 0.7 = 0 
10. 7r 2 + 1 = r(3r + 2) 


Show by an examination of the discriminant that each of the following 
functions is positive or zero for all values of x and y : 

11. 4a; 2 + 6 xy + by 2 12. 2a; 2 - xy + 3 y 2 

13. a; 2 + bxy + 9y 2 + 2 14. a; 2 + 4a :y + by 2 + 1 


59. Properties of the Roots 

If the roots of the quadratic equation ax 2 + bx + c = 0 are added, 
we have 

. — b + Vb 2 — 4 ac —b— Vb 2 — 4 ac —2b b 

r\ + r 2 1 = 

2 a 2 a 2 a a 

Hence, the sum of the roots of a quadratic equation is the negative of the 
ratio of the coefficient of x to the coefficient of x 2 ; that is , 

b 
a 


n + r 2 = — 


( 1 ) 
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If we multiply the roots together, we find 

/ — b + Vb 2 — 4oc\ ( — b — Vb 2 — 4 ac\ 
ri ' r2 = \ 2a / \ 2a / 

b 2 — (b 2 — 4 ac) 4 ac c 

4 a 2 4 a 2 a 

Therefore, the product of the roots of a quadratic equation is the ratio of 
the constant term to the coefficient of x 2 ; that is, 

Va = -• (2) 

a 


Example 1 . Without solving the equation, find the sum and the 
product of the roots of 5x 2 = lx — 3. 


Solution: The equation, in standard form, is 
5x 2 - lx + 3 = 0, 


so that a = 5, b = —7, and c — 3. 

Using the properties above, we find the sum of the roots is 


-b 

a 


— Am - 


and the product of the roots is 

c 

a 


3 

5 * 


Ans. 


The student may check these results by solving the equation and 
finding the sum and the product of the roots. 

Example 2. Write the quadratic equation whose roots are 2 + V3 
and 2 — V3. 

Solution: If n = 2 + V3 and r 2 = 2 — V3, 
then, n + r 2 = 4. 


Hence, = 4. 

a 

Also n r 2 = 4 — 3 = 1, 



a 


so that 
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The members of ax 2 + bx + c = 0 may be divided by a, to obtain 

b c 

x 2 + - x + - = 0. 
a a 

b c 

Using the values just found for - and - , we have 

a a 

x 2 — 4x -f 1 = 0. Ans. 

This result may be verified by actually solving the equation and 
checking with the given roots. 

Let us consider a second approach to this problem. In Section 5G, 
we factored the quadratic function ax 2 + bx + c to obtain 

a(x — n)(x - r 2 ). 

Therefore, for given roots n and r 2 , the corresponding quadratic equation 
must be 

a(x — ri)(x — r 2 ) = 0. 

Or, since a 9 ^ 0, 

(x — ri)(x — r 2 ) = 0. 

If the roots are 2 + \ 3 and 2 — V 3, we have 

[x - (2 + \/3)][* - (2 - v 3)] = 0 
and (x — 2) 2 — 3 = 0, 

or x 2 — 4.x + 1 = 0 

as before. 

Example 3. Determine the value of k so that one root of 

x 2 + 2x + k = 0 
shall be double the other root. 

Solution : Let r 1 and r 2 be the roots of the equation. Then, for the 
sum of the roots, we must have 

n + r 2 = - - = - 2, 
a 

and, since one root is to be double the other, 

r\ = 2r 2 . 
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Solving the system of linear equations for n and r 2 , we find n = — £ 

Q 

and r 2 = — § . Since ?qr 2 = - = fc, we have 

a 

k = (-f)(-|) = Ans. 

The check is left for the student. 

EXERCISES 47 

Use Properties (1) and (2) described in the preceding section to find the 
sum and product of the roots of each of the following equations: 

1. y 2 - 16?/ + 40 = 0 2. x 2 + l\x - 18 = 0 

3. v(5v - 7) - 8 = 0 4. p(7p - 12) = 14 

5. 10 = 3x(x + 6) 6. 5 = v(6 - 3v) 

7. ( a + b)x 2 + (a 3 + 6 3 )z + 6a6 = 0 

8. (c 2 — d 2 )y 2 + (c + d)i/ + c — d = 0 

9. x 2 — 6h =h( 10 + 3x) 10. my{y +6m) = 17 

For each of the following examples, form a quadratic equation that has 
the two given numbers for its roots. In each case, use both of the methods 
employed in Example 2 of the preceding section. 

11. -5, 7 12. 3, 8 13. -4, -9 

14. 4 + V5, 4 - Vo 15. -2 + 3 V2, -2 - 3V2 

16. -3 + 2 i, -3 - 2 i 17. 5 + 8i, 5 - 8 i 

18 . 6 + iV2, 6 - 1V2 19. -3 + i2V5, -3 - i2V5 

60. Roots of Special Quadratics 

We shall consider in this section the roots of the equation 
ax 2 + bx + c = 0, a 0, 

if one or both of the coefficients c and b are zero. 

(1) If b = 0 and c. ^ 0, the quadratic equation has two roots which are 
equal numerically but are opposite in sign . 

Since the equation is ax 2 + c = 0, we have 



(2) If c = 0 and b ^ 0, the quadratic equation has one zero root . 
Under the given conditions, the equation is 

ax 2 + bx = 0, 
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or x(ax + b) = 0. 

Hence, x = 0 or x = — - • 

a. 

(3) If c = 0 and b = 0, both roots of the quadratic equation are zero. 
In this case, the equation is ax 2 = 0, which clearly has two zero roots. 

Example 1. For what values of m does the equation 

x 2 + m 2 x = (2 m + 3)x + 4 

have roots that are equal numerically but are opposite in sign? 
Solution: The equation may be written in standard form 
x 2 + (in 2 — 2m — 3)x — 4 = 0. 

Then, by using (1), we must have 

b = m 2 — 2m — 3 = 0, 

that is, m — 3 or m — — 1. Ans. 

For either of these values of m , the roots of the equation are x = 2 and 
x = — 2. 

Example 2. For what values of m and n will the equation 
x 2 + (m + n — 6)z + (2m — 5n — 5) = 0 
have two zero roots? 

Solution : Using condition (3) of this section, we must have 6 = 0 
and c = 0; hence, 

m + n — 6 = 0, 
and 2m — on — 5 = 0. 

This system of linear equations is satisfied by the pair of values m = 5, 
n = 1. Ans. 

EXERCISES 48 

For each of the following equations, find for what value or values of in 
one root is zero : 

1. m 2 y 2 — 2y + 5m — 8 = 0 2. 7 u 2 + (4 — m)u + 6m — 10 = 0 

3. 3a; 2 — 14 + m 2 — 4ma; — 5m 4. ar + 30 = + m(3m + 13) 


§ 61 ] Equations That Lead to Quadratic Equations 159 


For each of the following equations, find for what value or values of ft the 
roots are equal numerically but are opposite in sign : 

5. z 2 + 7 kz - 10 = 25 z 6. 5x 2 + 4 kx = ft 2 + 12 - lSx 

7. 6x 2 + (2k 2 - 7)x = 19 + 5kx 

8. 4 u 2 + (6 k 2 + 29 k)u = 22 k + 20 

For each of the following equations, find for what value or values of k 
and m both roots are zero : 

9. llz 2 + (5 m - 3ft - 6)x + 3m - k = - 4 

10. 5mv 2 + (2m + 4 k)v + 4 m + 16k = 3y + 7 

11. 7 my 2 — (6k + 17)y — (1 — 2k) = —m(y + 3) 

12. (3ft + m)w 2 + (2m — 3 k)w + 4 m = llw + 5ft + 13 

Find the value of a, b, c, or ft in each of the following equations for the 
given condition : 

13. 6y 2 + by — 4 = 0 ; one root is 

14. lx 2 + bx — 2 = 0; one root is 

15. 3z 2 + 7z + c = 0; one root is —4. 

16. y 2 — 4:y + c = 0 ; one root is 2 — V7. 

17. az 2 = 17z — 6; one root is f. 

18. ax 2 + 15 = 26x-; one root is f . 

19. v 2 — 9v + c = 0; one root exceeds the other by 5. 

20. Sx 2 — 46z + c = 0 ; one root exceeds the other by f. 

21. (ft — 4)y 2 + 2 ky —11=0; the sum of the roots is —3. 

22. (3ft — \)x 2 = 10 — 5kx ; the sum of the roots is 4. 

23. w 2 — 17w 4- c = 0; the difference of the roots is 11. 

24. z 2 + llz + 3ft — 6 = 0; the difference of the roots is 7. 

25. 9z 2 — 15z + c = 0; one root is 4 times the other. 

26. 5y 2 + 1 8y + c = 0; the quotient of the roots is 5. 

27. 3^ 2 — \Av + 2ft + 4 = 0 ; the quotient of the roots is 6. 

28. (2ft + 6)w 2 — (8ft + 2 )w + oft = 0; the product of the roots is 

29. (ft — l)x 2 — (4ft + 3)x = 4 — 6ft; the product of the roots is - 2 ^-. 

30. 2 ky 2 + (3ft + 4 )y + 6 = 0; one root is the reciprocal of the other. 

31. Show that the roots of ax 2 — bx — c = 0 are the reciprocals of the 

roots of cx 2 + bx — a = 0. 

61. Equations That Lead to Quadratic Equations 

The student should be sure he understands the methods used for 
simplifying equations involving fractions and equations involving 
radicals before proceeding to the examples which follow. 
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Example 1. Solve the equation 

x — 2 x 3 

x 2 - x - 6 ~ x 2 - 4 ” 2(x + 2) * 

Solution: Multiply both members by the LCD, which is 
2(a?-2)(a? + 2)(a?-3), 

to obtain 

2(o? - 2) 2 - 2x(x - 3) = 3(* - 2) (a: - 3), 

or 2x 2 - Sx + 8 - 2a; 2 + 6a; = 3a; 2 - 15a; + 18. 

Hence, 3a; 2 - 13a; + 10 = 0, 

or (3a? - 10) (a? - 1) = 0, 

and x = 1 or - 1 /. A ns. 

As the student can verify, both of these values are roots of the 
original equation. When in the process of simplifying a given equation 
the two members are multiplied by an expression involving the unknown, 
it is possible that the resulting equation will possess roots that are not 
roots of the original equation. Consequently, it is urgent in such a case 
that all suspected roots be checked in the given equation. 

Example 2. Solve the equation vOo; + 1 + \ x = V 10.r + 9. 

Solution: Square both sides 

6a; + 1 + 2\/ 6a; 2 + x + x = 10a- + 9. 

Subtract 7x + 1 from both sides 

2 V 7 6a; 2 + x = 3a; + 8. 

Square both sides 24a; 2 + 4.r = 9a; 2 + 48x + 64. 

Therefore, 15a; 2 — 44x — 64 = 0, 

or (x — 4) (15a; + 16) = 0, 


and 

Check: If x = 4 

* = 4 or -|f. 

Left Member 

Right Member 

= \ 25 + V4 

= v 7 49 = 7 

=5+2=7 
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If * = -if 

Left Member 

Right Member 

~ S + 1 + \/ - 

16 

15 




1 25 
” \ 15 

9 i ^ M 


hi 

~ \ 15 Vl5 


\ 15 

13t 


Does not check. 

= v 15 




Therefore, x = 4 is the only root of the given equation. The original 
equation and the equation obtained after squaring each member may not 
be equivalent, as seen above. It is demonstrable that squaring each 
member of an equation does not cause a loss of roots; unfortunately, 
however, the new equation thus obtained may have roots that are not 
solutions of the original equation. Consequently, it is always necessaiy 
to check all suspected roots obtained by such a process; those that do not 
satisfy the given equation are frequently characterized as extraneous. 

EXERCISES 49 


Factor the left member of each of Equations 1 to 6, and then solve by any 
convenient method. 

1 . y z + 6 4 = 0 2 . 27z 3 - 8 = 0 3 . 125z 3 + 1=0 

4. z 4 - 16 = 0 5 . 6+/ 6 - 1 = 0 6. 216i> 3 - 125 = 0 

7 . Solve for V - : 21x 2 + 23 xy - 20y 2 = 0 

X 

8 . Solve for - : 20x 2 + 7 xy — Qy 2 = 0 

y 

Solve each of the following equations for x, y, or 2 by any convenient 
method : 


9. 


y - 
y - 


11. 


± _ y_jz_ 

2 y- 

2z + 11 


3 

4 

+ 



x + 2 

+ 1 


12 


z 2 - 16 


+ 


x — 1 
x — 3 


19 

6 


2 + 4 
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10 4 y + 3 18 

2 ' 2y+ l 5 


4ff 2 + 4 2y — 3 
4y 2 - 1 + 2y - 1 



4x 2 + 13* + 3 + 


4x — 1 




4z 4- 4 6^ + 4 


62 + 4 


= 0 


3 z 2 — 13 z — 10 6 z 2 — 5z — 6 


16. V2x - 2 + Vx - 5 = 2 Vx 

16. V3 — ?/ + VI — 4?/ = \/4 — 10i/ 

17. Vx + 1 + Vx + S = V5x + 9 

18. V 2 - 1 + Vz + 6 = V7« + 1 

19. Vy + 2 + V5y + 1 = V%T7 

20. Vl - 32 = 2V-1 - 2 2 - V — 6 - 22 


*£ a b x — a — b 


23. (c - d)V - (c 2 -^2 + ^ = 0 

24. ( a 2 — 4)z 2 — 2 (a 2 + 4)x + a 2 — 4 = 0 

26. — — — = 1 — — 

4k 2 - h 2 4k 2 - h n - 2kh 


62 . Equations of Quadratic Type 

It happens sometimes that an equation may be transformed into 
a quadratic equation by replacing an expression involving the unknown 
by a single letter. Such equations are said to be of quadratic type. 

Example 1. Solve the following equation of quadratic type: 


Solution : Let x 2 — 1 = y. Then the given equation becomes 


The new equation is easily solved by the method of factoring, and the 
roots are found to be y = 2 and y = 3. 


26 . — 4 — = 1 -f — 

2x 2 x — f e'e—f 


(x 2 - l) 2 - 5(x 2 - 1) + 6 = 0. 


y * - % + 6 = 0. 


Since 


y — x 2 — 1 
x 2 - l = 2, 


we have 
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which yields the roots x = ±V3. Arts. 

Also, x 2 — 1 = 3, 

which gives the roots x = ±2. Arts. 

Example 2. Solve the equation 

y* + Sy + \V + 3y - 2 = 22. 

Solution: Let Vy 2 + 3y — 2 - s. 

Then, y 2 + 3y — 2 = $ 2 , 

and y 2 + 3?/ = s 2 + 2. 

Thus, the given equation may be written 

s 2 + 2 + s = 22, 

or s 2 + $ — 20 = 0. 

The last equation has the roots s = 4 and s = — 5. Hence, we have 

VV 2 + 3y - 2 = 4, 

an equation which may be solved by first squaring both sides. We find 
y = 3 or y = — 6. Ans. 

The check is left for the student. The second value of s results in the 
equation 

\A/ 2 + 3y - 2 = —5 

which is discarded because —5 is not the principal square root of any 
number. 


EXERCISES SO 


Solve each of the following equations by the method of the preceding 
section. Use only principal roots where radicals or fractional exponents are 


involved. 

1 . y 4 - 13j/ 2 + 36 = 0 
3. u>~ 4 - 9 w~ 2 + 20 = 0 
5. v~ 8 - 17v~ 4 + 16 = 0 
7. yM — 1 — 12 y~X = 0 


2. a: 4 - 29x 2 + 100 = 0 
4. z~ 6 + 63z" 3 - 64 = 0 
6. x~ H - 26x~ 3/i - 27 = 0 
8. u» + 2 - 8 u~y* = 0 


9. £+7 — Va; + 7— 2 = 0 
10 . Vy + 20 - 4 </y + 20 +3 = 0 
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11. z- + 3z+ V? + 32 -6 = 0 

12. 2 w- - 3 w - 2V2 w~ 2 - 3 w -3 = 0 

13. 2v 2 + v — W2? + v + 4 = 1 

14. x 2 - 3x + 3 Vx 2 - 3x + 5 = 13 

15. (w 2 + 2u>) 2 - 14(ur + 2 w) - 15 = 0 

16. (2y 2 - t/) 2 - 16(2 ,/ - y) + 60 = 0 

Hint: In Exercises 17 and 18, the first two terms are the first two terms 
of a perfect square. 


17. y* - 6y 3 + 7y 2 + 6y - 8 = 0 

18. 9 z 4 - 6z 3 - 35 3 2 + 12a + 20 = 0 

19. (sx - + s(sx - D + 5 = 0 


36 


24 


20. v 2 - 12 + ~ - 4v H = 5 


21 . 


1 


tr v 

x — 4V£ 


22 . 


x — 4\/x 
18 


9 


oVy 


y 


- 5Vy 


63. Applied Problems 


The use of quadratic equations as a means for solving practical 
problems is illustrated by the following examples. 

Example 1 . A group of students rented a cabin for $160. When 2 of 
the group failed to pay their shares, the cost to each of the remaining 
students was $4 more. How many students were in the group? 


Solution: Let n = the number of students in the group. 
Then, n — 2 = the number who paid for the cabin. 


Also, 


= the number of dollars each student should have 

71 paid 


160 
n — 2 


= the number of dollars each student except two 
actually paid. 


By the conditions of the problem, we have 


160 
n — 2 


-l“ + 4. 
n 
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This equation may be simplified to obtain 
n 2 — 2n — 80 = 0; 

and n = 10 or — 8. 


The positive root is found to check, and the negative one is of no 
significance in this problem. Hence, there were 10 students in the 
group. Ans. 

Example 2. A manufacturer sells a certain article to a wholesaler for 
$50, and the same article is retailed for $100. If the retailer figures 
the same percentage gross profit on his selling price to the consumer as the 
wholesaler figures on his price to the retailer, what is the percentage 
gross profit for each? 

Solution: Let x (expressed as a decimal fraction) = the percentage 
gross profit that the retailer makes. 

Then, 100.x = the number of dollars profit that the retailer makes, 

and 100 — lOOx = the number of dollars that the retailer pays for the 
article. 


Since the wholesaler’s percentage profit is figured in the same manner, 

x(100 — lOOx) = the number of dollars in the 
wholesaler’s profit. 

(100 — lOOx) — x(100 — lOOx) = the number of dollars in the manu- 
facturer’s price. 

Hence, (100 - lOOx) - x(100 - 100®) = 50. 

Simplification of the last equation gives 
2x 2 — 4x + 1 = 0. 


Hence, 


2 ± V2 
2 

= 1.7071 or 0.2929. 


However, by the conditions of the problem, x cannot be greater than 
unity; therefore, 29.29 per cent is the required percentage profit. Ans. 

Example 3. In the design of a small machine, three wheels A , B , and 
C are to be mounted in the same plane, as shown in Figure 37. Wheel B 
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is to turn the other two wheels by means of the friction at the points of 
contact P and Q. The circumference of B is 12 in., and the circumfer- 
ence of A is to be 1 in. longer than that of 
C. It is further required that C make one 
more revolution than A while B makes one 
revolution. Find the diameter to be used for 
each of wheels A and C. 

Solution : Since the information in the 
problem concerns the circumferences of the 
wheels more directly than it does the diame- 
ters, we shall first find the unknown circum- 
ferences. 

Let x = the number of inches in the 
circumference of C. 

Then x + 1 = the number of inches in the 
circumference of A. 

While B makes one revolution, a point on the circumference of either 
A or C will travel 12 in. Hence, 

12 

— = the number of revolutions that C makes, 
x 



and 


12 

x -f 1 


= the number of revolutions that A makes while B makes 
one revolution. 


As it is required that C make one more revolution than A in this time, 
we have 


12 

x 


12 

x + 1 


+ 1 . 


By multiplying both sides of this equation by x(x + 1), we find 
12x + 12 = 12.x + x 2 + x, 
or x 2 + x — 12 = 0. 


This equation has the two roots 3 and —4. Since the negative root 
has no significance in this problem, we have found that the circumference 
of C should be 3 in. The circumference of A should then be 4 in. 
The diameter of C is 3/7 r, or 0.955 in. (approximately), and that of A is 
4/7 r, or 1.273 in. (approximately). Ans. 

The check is left for the student. 
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EXERCISES 51 

1. The sum of a number and its reciprocal is 2-§-f. Find the number. 

2. Find two numbers whose difference is 20 and such that one of the 
numbers is the square of the other. 

3. The altitude of a triangle is 10 in. shorter than the base, and the area 
is 252 sq in. Find the lengths of the base and altitude. 

4 . The area of a rectangle is 112 sq in. If one side is 6 in. shorter than 
the other, what are the dimensions of the rectangle? 

5. Find the length of the side of a square whose diagonal is 4 in. longer 
than a side. 

6. The upper base of a trapezoid is one third as long as its lower base, 
and its altitude is 3 ft shorter than its upper base. If the area of the trapezoid 
is 80 sq ft, find the altitude. 

7. A rectangular box is 8 ft long, 4 ft wide, and 1 ft high. By what 
distance must the length be shortened to decrease the length of the body 
diagonal by 2 ft? 

8. The hypotenuse of a right triangle is 5 ft longer than four times one 
of the legs. If the other leg is 40 ft long, find the length of the hypotenuse. 

9 . A 3 in. square is cut out of each corner of a rectangular piece of tin 
that is twice as long as it is wide. The ends are then turned up to make an 
open box whose volume is 324 cu in. What are the dimensions of the piece 
of tin? 

10 . A skating rink is 120 ft long and 80 ft wide. It is desired to triple the 
area by adding strips of equal width on one side and one end, and still keep the 
shape rectangular. Find the width of the strips. 

11 . A 60- by 100-ft building is surrounded by a walk of uniform width. 
Find the width of the walk if its area is 2064 sq ft. 

12 . When the radius of a spherical balloon is decreased by 6 in., the volume 
is decreased by 9367T cu in. Find the original radius. 

13 . Two spheres whose volumes differ by 156r cu in. have radii that differ 
by 3 in. What is the radius of each? 

14 . A circle whose radius is 8 in. longer than the radius of a smaller circle 
has an area three times as great. Find the radius of each circle. 

15 . An open rectangular gutter is made by bending up the sides of a strip 
of metal 14 in. wide. What is the depth of the gutter if the carrying area is 
22^ sq in.? 

16 . A bathroom floor is covered with 972 square tiles. If each tile were 
^ in. longer on a side, it would take 768 tiles to cover the same area. Find the 
length of the side of one tile. 

17 . Two planes are flying at the rate of 300 mph on courses at right angles 
to each other. One plane is 54 miles from the crossing of their courses when 
the other is 62 miles from the same point. How many minutes later will they 
be 40 miles apart? How do you interpret the two different answers? 

18 . At 2 p.m. one ship is 8 miles south of another ship and is sailing south 
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at the rate of 24 mph. The second ship is sailing east at the rate of 15 mph. 
When will the ships be 26 miles apart? 

19. A jet pilot, in flying 1200 miles, would have decreased his time by 25 
min if he had flown 96 mph faster. Find his speed. 

20. A person traveled 275 miles in an automobile. If his average speed 
had been 5 mph faster, his time for the trip would have been 30 min less. 
What was his average speed? 

21. A group of students rented a bus for SSO. If there had been 8 more 
students, the price per student would have been 50 cents less. How many 
students were in the group? 

22. A certain large crew of men can do a job in 16 days less time than it 
takes another smaller crew. Together the two crews can do the job in 6 days. 
How long would it take each crew alone to do the job? 

23. Two pipes running simultaneously can fill a tank in 20 min. The 
larger pipe, running alone, can fill the tank in 9 min less time than it would 
take the smaller pipe. How long would it take each pipe running separately 
to fill the tank? 

24. A retailer paid S408 for a number of tires. When all but 10 tires had 
been sold at a profit of S5 each, the retailer had received the amount he paid 
for all of the tires. How many tires did the retailer buy? 

25. A contractor agrees to do a certain construction job for S1200. It 
takes him 5 days less than he expected, and he therefore receives Si 2 more 
per day than he anticipated. In how many days did he expect to finish the 
construction? 

26. A stone dropped from the top of a vertical cliff is heard striking the 
rocks at the base of the cliff 12 sec later. How high is the cliff? (Hint: Use 
the formula s = 1 6£ 2 for the distance s in feet traveled by a falling body in t 
sec, and assume that sound travels 1100 ft per sec.) 

27. A stone is dropped from the top of a building and is heard striking the 
pavement 6 sec later. Find the height of the building. (See the preceding 
problem.) 

28. A lighthouse is 3 miles away from the nearest point P on a straight 
shore line. A man starts from point A on the shore line 16 miles from P and 
walks at the rate of 5 mph toward P. At a point B , between A and P, he 
boards a motor boat and goes straight to the lighthouse at the rate of 10 mph. 
If it takes 2 hr and 54 min to go from A to the lighthouse, locate the point B. 

29. A large pole is supported by several guy wires, two of which are 
attached at a point 40 ft above the base. One of these wires is S ft longer 
than the other and is anchored to the ground at a point 12 ft farther from the 
base than the other. Find the length of each of these two wires. 
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64. Ratio 

The ratio of a number a to a number 6 is the indicated quotient 
a -r 6, that is, 

a 

The ratio of a to b = - • 
b 

Illustration: Let a line 12 units long be divided into two segments 
7 units and 5 units long, respectively. Then the ratio of the first segment 
to the second segment is the ratio of the first segment to the whole 
line is T V ; and that of the second segment to the whole line is T V 

Example 1. If the ratio of a to b is f, find the ratio of 2a + 36 to 

4 a - 6. 

a 2 

Solution: We have given - = - , and are to find the value of 

o 3 

2a + 36 
4a - 6 * 

If we divide the numerator and the denominator of the last fraction by 
6, we obtain 



169 


170 Ratio , Proportion , and Variation 


[Ch. 10 


Using the value given for - , we have 

b 


+ 3 


1 


4 + 9 13 

_ — . 4 ns# 

8-3 5 


Two physical quantities of the same nature are frequently compared 
by taking their ratio. Whenever this is done, the two quantities should 
be expressed in the same units. 

4 

Illustrations : (a) The ratio of 4 ft to 5 yd is — , since 5 yd are 

15 

equivalent to 15 ft. 

(6) The ratio of 2 hr to 15 sec is or because 2 hr are equiva- 

15 1 

lent to 7200 sec. 

We sometimes wish to divide a number into three or more parts that 
bear given ratios to each other. Thus, the statement that a number is 
divided into three parts in the ratio a :b : c, read “a to b to c,” means 

that the first and second parts have the ratio 7 , the second and the 

b 

b a 

third parts - , and the first and third - . If the given number is A\ 
c c 

and we let the three parts be ax, bx, and ex, where 

ax + bx + cx = N, 

N 


we have 


x = 


a + b + c 


The three parts can now be found by multiplying this fraction by a, b, 
and c, respectively. It should be clear that this process yields the 
correct ratios. 


Example 2. Divide $135 into three parts in the ratio 3:5:7. 

Solution: From the preceding discussion, we see that 135 may be 
divided by the sum of the three members in the required ratio, and the 
result multiplied by each member, respectively, to obtain the required 
parts. Hence, we have 

135 135 

3 + 5 + 7 15 
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and (3) (9) = 27, (5) (9) = 45, (7) (9) = 63, 

so that the required division is $27, $45, and $63. Ans. 

EXERCISES S2 


Find the value of each ratio in Exercises 1 to 6. 


1. 3 pt to 8 qt 2. 6 oz to 8 lb 

3. 1 hr 5 min to 24 sec 4. 720 cu in. to 5 cu ft 

5. 154 cu in. to 3 gal 6. 7 sq yd to 6 sq ft 

7. Divide 636 into 3 parts in the ratio of 1 to 2 to 3. 

8. Divide $1800 into 3 amounts so that they are in the ratio of 3 to 5 to 7. 

9. Find four numbers whose sum is 1280 and whose ratio is 2 : 4 : 5 : 9. 

10. Divide $1750 into four amounts in the ratio 4 : 7 : 11 : 13. 

11. Find the ratio of 6a + b to 4a + 56 if % = - • 

b 4 


12. Find the ratio of 2c — 7 d to 5c + 7d if = —2?. 

a 

13. If 27z 2 + 24 xy — 35 y 2 — 0, find the ratio of x to y. 

14. If 12r 2 — 4 rst — 33s 2 £ 2 = 0, find the ratio of r to st. 


15. If t = 3 = 7 , show that 


la + me + ne 


b d f lb - f- md -f~ Tif 

la 


a 

b 


c 

d 


e 

r 


(Hint: 


the ratios are all equal, let —■ = 7 = r and form equations such as la 

lb b 

for each ratio. Then add these equations.) 


Since 
= Ibr 


65. Proportion 


An equation in which both members are ratios is called a proportion. 
Thus, the statement 


a 

b 


c 

d 


is a proportion. This special type of equation is sometimes read “a is 
to b as c is to d” 

The numbers a and d are the extremes and b and c the means in 
the proportion. 

The number d is termed the fourth proportional to a } 6 , and c. 

If the means of a proportion are equal, as in 

a b 
b = c’ 
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the number c is termed the third proportional to a and b; and the number 
b is termed a mean proportional between a and c. 

The next examples show how we may obtain simple properties of 
proportions by the direct algebraic manipulation of the equations 
involved. 

Example 1 . Show that if four numbers are in proportion, the product 
of the means is equal to the product of the extremes. 
ct c 

Solution: If - = - , we may multiply both sides by bd to obtain 


Example 2. Show that if the product of two numbers is equal to the 
product of two other numbers, either pair may be taken as the means, 
and the other pair as the extremes, of a proportion. 


ad = be. 



b d' 


Similarly, 


a b 
c d 


d b 


c a 


and so forth. 


a c 

Example 3. If 7 = - show that 
6 d 

0 + 6 c + d 
b = d 


Solution: Since 


a + b a 
b “ b + ’ 


and 



a c 

we add 1 to both sides of the equation - = - to get 


6 d 
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or 


a + b _ c + d 
b = d 


( 1 ) 


The last example is often stated : If four quantities are in -proportion , 
they are in proportion by addition. 

ct c 

If 1 is subtracted from both sides of the equation 7 = - , then, in a 

b a 

manner similar to that in Example 3, we obtain 

a — b c — d 


d 


(2) 


The four numbers in the above equation are said to be in proportion by 
subtraction. 

If we divide the members of 

a T b c T d 
b = d 

by the corresponding members of 

a — b c — d 
b = ~~d~~ ’ 


we have 


a b c -f- d 

a — b c — d 


0 ) 


The four quantities in the last equation are said to be in propor- 
tion by addition and subtraction. 

The student may show con- 

i 1 1 . a> c 

versely that the proportion 7=7 

b d 

may be derived from any one of 
Equations (1), (2), or (3). 

Proportions are of consider- 
able use in geometry in connec- 
tion with similar figures, that is, 
roughly speaking, figures of the 
same shape. In particular, we say that two figures whose edges are 
straight lines are similar if their corresponding angles are equal and 
their corresponding sides are proportional. In Figure 38, ABC and 
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AiBiCi are two similar triangles. This means that 

angle A = angle A h 
angle B = angle B h 
angle C = angle C h 

. a b c 

and — = — = —* 

CL\ bi C\ 

It is shown in geometry that if two triangles have their corresponding 
sides proportional, their corresponding angles are equal; that is, the 
triangles are similar, and conversely. 

Example 4. A triangle has sides a, 5 in. long; b, 7 in. long; and c, 8 
in. long. A second triangle, which is similar to the first, has corre- 
sponding sides a h b h and Ci. If ai is 15 in. long, find the lengths of 
6i and c\. 


Solution : Since 

a 

b 


ai 

bi 9 

we have 

5 

7 




15 

bi’ 

and 

&i 

= 21. 

In the same way, 

a 

c 



ai 

Cl 


5 

8 

or 

— 

= y 


15 

Cl 

and 

Ci 

= 24. 


Therefore, the two sides bi and c\ are 21 and 24 in. long, respec- 
tively. Ans. 

The Pythagorean theorem, which states that the square of the 
hypotenuse of a right triangle equals the sum of the squares of the other 
two sides, may easily be derived by means of proportion. Thus, in 
Figure 39 let ABC be a right triangle with legs a and b and hypotenuse c. 
Let CP be the perpendicular dropped from C to the hypotenuse. 
Clearly, A PC and BPC are right triangles. In the triangles ABC and 
A PC, the angle A is a common angle, and the right angle at P is equal 
to the right angle at C. Consequently, the angles ACP and CBA are 
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equal, the triangles are similar, and the corresponding sides are propor- 
tional. Hence, 


x 

b 


b 

c 


(4) 


In the same manner, triangles BPC and BCA may be used to find 
c — x a 
a c 


(5) 


Now, from Equation (4), we find 
cx = b 2 ; 

and, from Equation (5), 
c 2 — cx = a 2 , 
or c 2 = a 2 + cx. 



Fig . 39 


By combining these results, we obtain the Pythagorean theorem, 
namely, 

c 2 = a 2 + b\ 

For two similar triangles with bases hi and b 2) respectively, and 
corresponding altitudes hi and h 2) we have for the areas 

Ai = \bihi and A 2 = %b 2 h 2 ; 

Ai bihi 

A 2 b 2 h 2 

hi _ bi 
h 2 b 2 

A 2 b 2 


hence, 
Since 
we find 


This result is a special case of the important rule that corresponding areas 
of similar figures are proportional to the squares of corresponding lines . 

It is further shown in geometry that the volumes of similar solids are 
proportional to the cubes of corresponding lines. 

Example 5. What is the ratio of the areas of the bases of two similar 
pyramids of altitudes 2 in. and 3 in., respectively? 

Solution: From the preceding discussion, we find that the areas of 
the bases are proportional to the squares of the altitudes of the two 
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pyramids, that is, 

Bi = K 
B 2 hi ' 

Consequently, the given values of hi and h 2 result in 

B i _ 22 _ 4 

Bo~ 3 2 _ 9 


AtlS. 


EXERCISES S3 


”i 


2. If“ = £ 

b d’ 

3. If®-* 

6 d’ 

4. If“ = - C 

6 d’ 

5. If5_* 

6 c } 


show that 


show that 


show that 


show that 


a + 46 c -f 4d 


a — 46 c 


4 d ’ 

5 a + 36 

5c 


3d 

2a - 76 " 

2c 

— 

Id * 

a 2 — c 2 

b 2 

- 

d 2 

a 2 + 3c 2 “ 

b 2 

+ 

3d 2 ‘ 

3a6 + 2 cd 

3& 2 

+ 2d 2 

ab — cd 


6 2 

- d 2 


a 2 6a 2 +116 2 
show that - = WTTI? 


6. Find the fourth proportional to (a) S, 12, and 18; (6) 0.3, 0.4, and 
0.75; (c) x 2 — y 2 , x — y, and mx + my\ ( d ) r, s, and t. 

7. Find the mean proportionals between the two numbers in each of the 

following pairs: (a) 75 and 5; ( b ) 63 and 2S; (c) e — / and e 3 -/ 3 ; 

(d) 25 c + 25d and 4c 2 - 4d 2 . 

8. Find the third proportional to (a) 75 and 15; (6) 0.0S and 0.24; 
(c) a 2 and 6 2 ; (d) 9e 5 and IS ef 2 . 

9. The sides of a triangle are 15, IS, and 30 units long, respectively. If 
the shortest side of a similar triangle is 10 units long, what are the lengths of 
the other sides? 

10. Two triangles with sides a h b h Ci and « 2 , & 2 , c», respectively, are 
similar. Show that a triangle with sides + 2«2, &i + 2 b 2) C\ + 2 Co is similar 
to the given triangles. 

11. A man 6 ft tall is 20 ft from the point directly beneath a street light. 
What is the length of his shadow if the light is 34 ft above the street? 

12. Two similar polygons have sides which are in the ratio of 3 to 2. If 
the area of the smaller polygon is GO sq in., what is the area of the larger 
polygon? 

13. If the surface areas of two spheres are Si and s 2 , the radii n and r 2 , and 

2 j2 

the diameters d x and d 2 , respectively, show that ~ ^ ^ • 

14. Compare the surface areas of two spheres whose radii have the ratio 

(«) f; (b) f 
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15. Compare the radii of two spheres whose surface areas are in the ratio 
(a) 25 : 64; ( b ) 81 : 121. 

16. The diameter of the planet Jupiter is 11 times that of the earth. 
How many times larger is the surface of Jupiter than that of the earth? 


17. Show that for two spheres Jr = , 

V 2 n dl 


where V stands for volume, 


r for radius, and d for diameter. 

18. Compare the volumes of two spheres whose radii have the ratio 

(*) i; (b) f. 

19. Compare the radii of two spheres whose volumes are in the ratio 
(a) 1 : 8; ( b ) 125 : 216. 

20. The diameter of the sun is approximately 109 times that of the earth. 
Compare the surface areas and the volumes of the two bodies. 


66. Variation 


Suppose that a coil spring hangs in a vertical position from a support 
at its upper end. A weight, attached to the lower end and allowed to 
fall slowly to a position of equilibrium, will cause the spring to extend, 
the length of the extension depending on the magnitude of the weight. 
Within certain limits, it is found that W, the number of units in the 
magnitude of the weight, is proportional to 5, the number of units in 
the length of the corresponding extension. Thus, if W\ and W 2 are 
two different values of W, and si and s 2 are the corresponding values of s, 
then 

Wi _ W 2 

Si $2 

Hence, the ratio of any value of W to the corresponding value of s is 
a constant, say k, wdiich is called the modulus of the spring. Within 
the limits mentioned above, we may write 

W = ks. 

If the value of k for a given spring is known, the weight needed for a 
given extension may be found. For example, if k is 25 lb per in., we have 

W = 255, 

a formula for W in pounds in terms of s in inches. 

There are many places in science and technology where the student 
will encounter ideas similar to those in the preceding paragraph. Since 
it is usual to state these ideas in the language of variation , we shall 
explain and use some of the more common phrases. 
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1. Direct Variation. The statements 
y varies as x, 
y varies directly as x, 
and y is proportional to x 

are all equivalent. Each is translated into the equation 

y = hx f 

where k is a constant of proportionality . 

Since y = kx is equivalent to 

- = k, ( x 0 ) 

x 

it is clear that the constant of proportionality may be found if a pair of 
corresponding values (x h yi), where Xi ^ 0, is given. Furthermore, if 
(xi, yi) and (x 2} yi) are two pairs of corresponding values, we have 

Vi = V* * 

Xi X 2 

Illustration: If a gas such as air is enclosed in a container of fixed 
volume, the pressure of the gas on the walls of the container varies 
directly as the absolute temperature of the gas. If P is the pressure in 
pounds per square inch and T is the temperature in degrees Fahrenheit 
absolute, then 

P = kT. 

(Absolute temperature is measured from the so-called absolute zero. 
The zero point is approximately 460°F below 0°F or 273°C below 0°C.) 

Note: The looser statement “y varies with x” means only that y is a 
function of x; the kind of function is not specified. 

Example 1. The air in a closed cylinder exerts a pressure of 5 lb per 
sq in. when the absolute temperature is 4G0°F. Find the value of the 
constant of proportionality. What will be the pressure if the tempera- 
ture is raised to 5G0°F absolute? 

Solution: From the illustration above, we have 
P = kT. 

Since P = 5 when T = 4G0, we must have 

5 = fc(4G0), 
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or 


k = 


460 92 

For this particular situation, the relation between P and T is 


P = — T. 
92 


If T = 560, 



approximately. 


Hence, the pressure will be 6.1 lb per sq in. at a temperature of 560°F 
absolute. A ns. 

When the value of k is not required, it may be easier to work as 
follows: If P is taken as the unknown pressure, T the corresponding 
temperature, and Pi and Ti as the given pressure and temperature, 
respectively, then 


that is, 


so 


P_ _ T_ 

Pi ~ Pi ' 

P 560 28 

5 ~ 460 _ 23 ’ 

140 

P = = 6.1 approximately. 


2. Inverse Variation. The statements 


y varies inversely as x, 

and y is inversely proportional to x 

are equivalent; they are translated into the algebraic statement, 


y = 


h 

x 


where k is a constant. 

If (xi, yi) and (x 2 , yl) are two pairs of corresponding values, we have 

k 

2/i = — or xiyi = k, 

Xi 


and yo — — or x 2 y 2 = k. 

x 2 


Hence, 


xiy i = x 2 y 2 . 
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Illustration : If the temperature of a gas such as air is held constant, 
its pressure varies inversely as its volume. If P is the pressure and V 
the corresponding volume, we have 



or PV = k. (This is Boyle’s Law.) 

Example 2. A pressure of 1760 lb per sq ft is exerted by 2 cu ft of air 
in a cylinder fitted with a piston. If the piston is pushed out until the 
pressure becomes 1320 lb per sq ft, what will be the volume of air if 
there is no change in temperature? Find the value of the constant of 
proportionality. 

Solution: From the preceding illustration, we have 

PV = k. 

Hence, k = (2) (1760) = 3520. Ans. 

(P must be in pounds per square foot and V in cubic feet for this value 
of k.) 

Thus, the general relation between P and V is 

PV = 3520. 


If P = 1320, 


3520 3520 8 

~P~ ~ 1320 “ 3 


That is, the volume will be 2§ cu ft when the pressure is reduced to 
1320 lb per sq ft. Ans. 

3. Joint Variation. The statements 


z varies jointly as x and y 
and z is proportional to x and y 

are equivalent. The translation of either statement into algebraic 
symbolism is 

z = kxy , 

where k is a constant of proportionality. 

Remark: The student must observe the warning that the word 
“and” in the language of variation usually indicates a multiplication as 
in joint variation. 

Example 3. The lifting force P in pounds exerted by the atmosphere 
on the wings of an airplane varies jointly as the area A of the wings in 
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square feet and the square of the plane’s speed V in miles per hour. If 
the lift is 1200 lb for a wing area of 100 sq ft and a speed of 75 mph, find 
the formula for P in terms of A and 7. 

Solution: The statement of the problem is translated 



P = kAV*. 

Hence, 

1200 = fc(100)(75) 2 ; 

that is, 

Jb = 4 • 

1875 

Thus, the desired formula is 

4AV\ 

1875 


Notice in problems such as the last one that the constant of propor- 
tionality is determined for the particular set of units stated in the 
problem. For example, from the formula P = kAV 2 , in Example 3, 
we have 

AV* 

Since P is in pounds, A in square feet, and 7 in miles per hour, k is 
measured in the units 

lb 

(ft 2 ) (mi/hr) 2 

In general, the value of k will depend on the set of units used for the 
other quantities; hence, the student should always make certain that 
the units he uses are consistent with those for which the formula is 
derived. 

Example 4. Newton’s law of gravitational attraction states that the 
force F with which two particles of mass m x and m 2 , respectively, attract 
each other varies directly as the product of the masses and inversely as 
the square of the distance r between them. Write this in the form of an 
equation. If one of the masses is doubled and the distance between the 
masses is also doubled, what happens to the force? 

Solution: F = k mi ™ 2 . Ans. 

Let Fi be the force when the mass mi is doubled and the distance r is 
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also doubled. Then 

(2mi)m 2 mom 






By comparison with the previous force F, we see that 


Fi _ _ 2? _ 1 

F i morii 2 

rC “ 


77117712 


That is, the force is halved if one mass and the distance between the 
masses are both doubled. Ans . 

EXERCISES 54 

1. If z is proportional to v 2 and z — 80 when v — 4, find z when v = 9. 

2. If y varies inversely as x 2 and y = 72 when x = 6, find y when x = 12. 

3. If w is proportional to the product of u 2 and £ 3 , and w = 384 when 
u = 4 and t = 2, find a; when u = 6 and £ = 3. 

4. If 2 varies directly as z 3 and inversely as y 1 ^, and z = 108 when a; = 6 
and y = 8, find 2 when x = 3 and y = IS. 

5. If p varies directly as s 2 , and if s varies directly as t 3 , show that p varies 
directly as f 6 . 

6. If u varies inversely as v 2 y and if v varies inversely as w 2 y show that u 
varies directly as w 4 . 

7. The kinetic energy of a moving body is proportional to the square of 
its velocity. Compare the kinetic energy of a skier when he skis at 15 mph 
with his kinetic energy when he skis at 60 mph. 

8. The weight of a model dam varies directly as the cube of its height. 
What would be the weight of a model dam 64 in. high if a similar model 12 in. 
high weighs 243 lb? 

9. The amount of sediment which a stream will carry is directly pro- 
portional to the sixth power of its speed. How much more sediment will a 
stream carry if its velocity is increased fifty per cent? 

10. If the temperature of a gas remains constant, the pressure P varies 
inversely as the volume V. A gas at a pressure of 16 lb per sq in. and having 
a volume of 500 cu ft is compressed to a volume of 25 cu ft. What is the final 
pressure if the temperature remains constant? 

11. The wind force F on a vertical surface varies jointly as the area A of 
the surface and as the square of the wind velocity V. When the wind is blow- 
ing 20 mph, the force on 1 sq ft of surface is 1.8 lb. Find the force exerted 
on a surface 2 ft square when the wind velocity is 60 mph. 

12. The horsepower that a rotating shaft can safely transmit varies jointly 
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as the cube of its diameter and the number of revolutions it makes per minute. 
If a 2-in. shaft rotating at 1400 rpm can safely transmit 500 hp, what horse- 
power can a 4-in. shaft transmit at 2100 rpm? 

13 . A group of thirty-five men can do a certain piece of work in fifteen 
8-hr days. How many men can do the same work in twenty-four 7-hr days? 

14 . On a certain truck line, it costs $9.80 to send 5 tons 7 miles. How 
much will it cost to send 12 tons 18 miles? 

15 . The force of attraction between two spheres varies as the product of 
their masses and inversely as the square of the distance between their centers. 
If, for a given distance, the force of attraction between two spheres is 360 
dynes, what is the attractive force when the distance is tripled? What is the 
attractive force when each mass is quadrupled and the distance is doubled? 

16 . The force with which the earth attracts an object above the earth's 
surface varies inversely as the square of the distance from the center of the 
earth. How much will a 72-lb meteorite weigh when it is 1980 miles above the 
earth's surface? How far above the earth's surface will it be when it weighs 
18 lb? (The radius of the earth is approximately 3960 miles.) 

17 . The distance d in miles that a person can see to the horizon from a point 
h ft above the surface of the earth varies approximately as the square root of 
the height h. If for a height of 600 ft the horizon is 30 miles distant, how far 
is the horizon from a point which is 1176 ft high? 

18 . If in the preceding problem, the original height is nine times as great,, 
how much farther can the observer see? 

19 . The / numbers on a camera lens and shutter vary inversely as the- 
diameter of the aperture, provided that the distance setting is infinity. If, 
for a given lens, the aperture diameter is J in. when the / number is 8, what is 
the / number for a diameter of ^ in.? for a diameter of 2 in.? 

20 . The time of exposure necessary to photograph an object varies as the 
square of the distance d of the object from the light source and inversely as 
the intensity of illumination I. For a given setup the correct exposure is 

sec when the light is 5 ft from the object. What must be the distance of 
the object from the light source if the light intensity is doubled and the expo- 
sure time is increased to T V sec? 

21. The pressure P of a gas varies directly as its absolute temperature T 
and inversely as its volume V. A gas whose volume is 600 cu ft and whoso 
temperature is 47°C has a pressure of 150 lb per sq in. The gas is allowed to 
expand until its pressure is 15 lb per sq in. and its temperature is 7°C. What 
is its final volume? 

22. The volume and the absolute temperature of a gas are each trebled in 
value. What change is there in the pressure? If the original pressure is 
doubled, and the absolute temperature is decreased to one half of its original 
value, what is the ratio of the final volume to the original volume? 

23 . The quantity of water Q that flows from an orifice in a given time is 
proportional to the area A of the orifice and the square root of the depth h of 
the orifice below the surface. There are two orifices in the side of a reservoir 
which is kept at a constant level. The ratio of their areas is 3.5 : 1 and the 
ratio of their depths is 2.25 : 1. Compare the quantity of water which passes 
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through the larger orifice with that which passes through the smaller orifice 
in a given time. 

24. Kepler’s third law states that the square of the time it takes a planet 
to make one circuit about the sun varies as the cube of its mean distance from 
the sun. The mean distance of the earth from the sun is 92.9 million miles, 
and the mean distance of Venus from the sun is 67.2 million miles. Find the 
time it takes Venus to make one circuit about the sun. 

25. The illumination I in foot-candles upon a wall varies directly as the 
intensity i in candlepower of the source of light and inversely as the square of 
the distance d from the light. If the illumination is 5 ft-c at a distance of 
10 ft from a light of 500 cp, what is the illumination at a distance of 15 ft from 
a light of 3000 cp? 

26. How many times as great is the illumination on an object 5 ft distant 
from a 200 cp light as it is upon an object 20 ft distant from a 10-cp light? 

27. The strength S of a horizontal beam of rectangular cross section and 
of length L when supported at both ends varies jointly as the breadth b and 
the square of the depth d and inversely as the length L. A 2- by 4-in. beam 
8 ft long and resting on the 2-in. side will safely support 600 lb. What is the 
safe load when the beam is resting on the 4-in. side? 

28. A 4- by 6-in. beam 12 ft long and resting on edge will support 4000 lb. 
What weight would be supported by a 6- by 10-in. beam 16 ft long and resting 
on edge? Assume that the second beam is made of the same material as the 
first. (See the preceding problem.) 

29. The electrical resistance of a wire of uniform cross section varies 
directly as its length and inversely as its cross-sectional area. A solid cube of 
copper 1 in. on a side has a resistance of 6.85 X 10 -7 ohms at 20°C. At the 
same temperature, what is the resistance of a copper wire 200 ft long and 
0.02 in. in diameter? 

30. What is the diameter of a copper wire 1000 ft long whose resistance is 
2 ohms? 

31. If the resistance of a wire 700 ft long and 0.01 in. in diameter is 20 
ohms, what is the resistance of a wire of the same material 2100 ft long and 
0.04 in. in diameter? 

32. A piece of aluminum wire is six times as long as another piece of alumi- 
num wire, and its radius is one fifth as large. The resistance of the first wire 
is how many times as great as the resistance of the second wire? 

33. The cost of gasoline per hour for running a plane is proportional to the 
square of the speed and is $80 per hour when the speed is 200 mph. Other 
charges per hour total $50 regardless of speed. Find the expression for the 
cost per mile as a function of the speed v . 
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67. Approximate Numbers 

In making scientific computations, the computer must always be on 
guard against the tendency to present results with an appearance of 
accuracy that they actually do not possess. The possibility of obtain- 
ing such false accuracy is always present when the data in the problem 
involve approximate numbers. 

A number that is the direct result of a measurement invariably 
represents the measured quantity only approximately. For instance, 
suppose we measure the length and width of a rectangular table top, 
correct to the nearest tenth of an inch , and we find the measurements to be 
50.2 in. and 29.6 in., respectively. All that we can say with assurance 
is that the actual length of the table is closer to 50.2 in. than it is to 
50. 1 or to 50.3 in. ; so the dimension is somewhere between 50. 15 and 50.25 
in. That is what we mean by “correct to the nearest tenth of an inch.” 
Similarly, the width is somewhere between 29.55 and 29.65 in. Any- 
one who objects to this lack of precision has only one recourse— to 
measure the distances more accurately. If we obtain a better measure- 
ment of the length, as 50.23 in., correct to the nearest hundredth of an 
inch, we know that the actual length lies somewhere between 50.225 
and 50.235 in. Although we may narrow the interval in which the 
length must lie, we still do not know the “true” length. Our knowledge 
of this distance is limited by the precision of our measuring instru- 
ments; and, no matter how precise these are, we can never know beyond 
all doubt the exact value of the measured quantity. 
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68. Addition and Subtraction of Approximate Numbers 


The last remarks lead at once to very important qualifications to be 
placed on quantities computed from approximate data. For example, 
let it be required to find the perimeter of the table top of the preceding 
discussion. Suppose that the best value known for the length is 50.23 
in., and for the width is 29.6 in. Twice the sum of these two distances 
is 159.66 in. However, the hundredth’s digit in the width is unknown; 
consequently, the corresponding digit in the answer is of little value. 
The result should therefore be rounded off to 159.7 in.; even now, the 
last digit 7 is of doubtful accuracy. (The student should review the 
rules for rounding off given in Section 41.) 

In the same manner, the difference between the length and the width 
should be written 5a23 _ 29 .6 = 20.6 in. 


The digit 3, which is obtained by actual subtraction, is discarded. 

The preceding discussion contains the essential ideas of the general 
procedure which leads to the rule: The result of an addition or subtraction 
of approximate numbers must never be given to more decimals than is 
possessed by that one of the numbers with the fewest decimal places. We 
usually give the result to the largest number of decimal places that is 
compatible with the rule. 

Example 1 . Add the approximate numbers 21.262, 23.75, and 39.6. 
Solution: 21.262 

23.75 

39.6 

84.612 

The answer, correctly rounded off, is S4.6. 

Note: Some computers retain all the given digits in the intermediate 
work; others round off the data to one or two more places than are to 
be retained in the answer. In either case, the final result must be 
rounded off according to the preceding rule. 

Example 2. Subtract the third number in Example 1 from the sum of 
the other two. 

Solution: 21.262 

+23.75 

45.012 

-39.6 

5.412 

The answer, correctly rounded off, is 5.4. 
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EXERCISES 55 


Each number in these exercises is approximate and is to be taken as correct 
only to the stated number of decimal places; answers are to be rounded off 
accordingly. 

Add the numbers in each of the first eight examples. 


1. 6.09 

2. 92.33 

3. 1.962 

4. 0.1562 

5.4 

4.785 

0.3427 

0.87 

849. 

3.5 

2.441 

0.591 

7.01 

7.13 

3.29 

2.81 

5. 93.57 

6. 37.53 

7. 0.003 

8. 4.24 

9.132 

6.81 

1.4729 

197.3 

70.00 

14.9 

0.051 

2.148 

87.4 

53.0 

0.126 

61.42 

Subtract the lower number from 

the upper number 

in each of the following 

9. 54.17 

10. 7.314 

11. 295.36 

12. 57.7 

6.3 

2.53 

52.8 

1.36 

13. 26.85 

14. 0.081 

15. 4.317 

16. 0.3275 

3.726 

0.0969 

0.120 

0.68 

69 . 

Significant Digits; 

Multiplication 

and Division 


Before the rule which covers multiplication and division can be 
stated, it is necessary to define significant digits. 

(1) The digits 1, 2 1 8, 4, 5, 6, 7, 8, and 9 are always significant . 

(2) The digit 0 is significant if it is preceded and followed by other 
significant digits. 

(3) The digit 0 is never significant when its only function is to place 
the decimal point. 

Illustrations: All five digits in each of the numbers 20,675 and 3.0069 
are significant. 

The number 0.00261 has only three significant digits: 2, 6, and 1; 
the zeros in this number have no function except to place the decimal 
point. 

It is generally agreed that, when an approximate number has a 
decimal part, final zeros are to be regarded as significant. For exam- 
ple, a measurement given as 5.60 ft is to be considered to have three 
significant digits. Notice that the position of the decimal point has 
nothing to do with the number of significant digits. 

There is one ambiguous case left; for example, how many significant 


188 Approximate Numbers 


[Ch. 11 


digits does the number 53,200 have? This question cannot be answered 
without further information about the nature of the final zeros. In 
order to avoid this difficulty, we use the procedure of writing a number 
as a number between 1 and 10 , in which all significant digits are displayed , 
multiplied by a power of 10. Thus, we would write 53,200 in the form 

5.32 X 10 4 , if only three digits are significant ; 

5.320 X 10 4 , if only four digits are significant; 

5.3200 X 10 4 , if all five digits are significant. 

We shall call this way of writing numbers standard notation; in 
standard notation, the decimal point is invariably placed immediately 
after the first digit on the left. The power of 10 which is to be used 
can always be written by inspection. Since a multiplication by 10 moves 
the decimal point one place to the right and a division by 10 moves the 
point one place to the left, the exponent of 10 is always the number of 
places the decimal point is displaced from standard position in the given 
number. The sign of the exponent is positive if the point is to the right of 
standard position , and negative if it is to the left of standard position . 

Illustrations: G7932 = 6.7932 X 10 4 ; 

10.237 = 1.0237 X 10 1 ; 

0.00500 = 5.00 X 10A 

Remarks: A rule equivalent to the one just given for the determina- 
tion of the exponent of 10 is as follows: 

(a) If the given number has an integral part , the exponent of 10 is 
positive or zero and is equal to one less than the number of digits to the left 
of the decimal point. 

(b) If the given number has no integral pari , the exponent is negative 
and is numerically equal to one more than the number of zeros between the 
decimal point and the first nonzero digit. 

Thus, in the preceding illustrations, the exponent 4 corresponds to 5 
digits to the left of the point; the exponent 1 corresponds to 2 digits to 
the left of the point; the exponent — 3 corresponds to 2 zeros between 
the point and the digit 5. 

One value of this type of notation should now be clear inasmuch as 
the significant digits in any approximate number are exactly those used 
to the left of the multiplication sign when the number is written in 
standard notation. 


§69] 


Multiplication and Division 


189 


(This notation is also called scientific notation. It is frequently 
used for writing very large or very small numbers. For example, the 
nucleus of an atom has an estimated diameter of less than 3 X 10~ 12 cm; 
there are approximately 6.02 X 10 23 molecules in 22.4 liters of any gas 
at 0°C and under a pressure of 76 cm of mercury.) 

Let us now continue to a consideration of the multiplication and 
division of approximate numbers. Suppose that it is required to use the 
measurements 50.2 in. and 29.6 in. to find the area of the table top of 
Section 67. We find that 

(50.2) (29.6) = 1485.92. 

How much of this result is dependable? We may answer this question 
in the following way: 50.2 is a measurement of some number between 
50.15 and 50.25; 29.6 represents in the same way a number between 
29.55 and 29.65. Hence, the required number must lie between 

(50.15) (29.55) = 1481.9325 
and (50.25) (29.65) = 1489.9125. 

The first three digits, 1, 4, and 8, of these two products agree. If 
we round off our original result to its first three digits, we get 1490, 
which, by comparison with the last two results, has a possible error of 
not more than one unit in the digit 9. Hence, we have sufficient justifi- 
cation for presenting our result as 1.49 X 10 3 sq. in. Notice that we 
had three significant digits given in each dimension, 50.2 in. and 29.6 
in., and we found that the first three digits of the result 1490 were 
reasonably dependable. 

The student should try examples in division as well as other examples 
in multiplication of approximate numbers to see that the following rule 
gives results that are fairly satisfactory: The result of a multiplication or 
a division of approximate numbers must never be given with more significant 
digits than are possessed by that one of the numbers which has the fewest 
significant digits. 

We generally state the result with as many digits as possible without 
violating the rule. However, a detailed analysis such as that in the 
preceding discussion may be made whenever it is desirable. 

Example 1 . Find the product of the approximate numbers 0.00227 
and 35.63. 

Solution: (0.00227) (35.63) = 0.0809. Ans. 

This answer is rounded off to three significant digits from 0.0808801. 
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Notice that the position of the decimal point is not involved in deter- 
mining the number of significant digits in the result. 

Example 2. Find the diameter of a circle whose circumference is 
measured as 6.2 ft. 


Solution: The formula for the circumference C of a circle of diameter 
D is 


Hence, 


C = 7rD. 

D = - = = 2.0 ft. Ans. 

7 T 3.14 


This answer is rounded off from 1.97. It should be observed that the 
approximation of 7r was taken to three significant digits, one more than 
it was proposed to keep in the final result. 

Note: In calculations, exact numbers have no influence on the 
accuracy of the result. Numbers whose decimal approximations are read 
from tables, or numbers such as 7 r, should be read with enough signifi- 
cant digits so that the accuracy of the given data is not invalidated. In 
the intermediate calculations, at least one extra digit should be carried 
whenever possible. 
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Write each of the following numbers in standard notation. Assume that 
no final zeros are significant. 


1. 600,000 
5. 7293 
9 . 0.243 
13 . 0.03648 


2. 12,000 

6. 824,500 
10 . 0.00157 
14 . 0.0000S2 


3. 56,710,000 

7 . 64,000 
11 . 0.0592 
15 . 0.0408 


4 . 3,825,000 

8. 218,350 
12 . 0.000458 
16 . 0.0000007 


Assuming that all final zeros are significant, perform the following multi- 
plications and divisions and write the answers in standard notation: 


17 . (2,000) (8.00) 

20 . (4.00) (0.030) 

23 . (7.6) (2.95) 

26 . (0.12) (0.3) (649) 

28 . (5.60) (12.88) (6.032) 
30 . 0.00700 20.0 

32 . 4800 0.12 

34 . 4S.00 0.1200 

36 . 82.4 -r 2500 


18 . (0.120) (6.00) 19 . (700.0) (0.40) 

21 . (456) (0.00500) 22 . (3413) (0.0002) 

24 . (8.91) (3.72) 25 . (5.68) (0.1527) 

27 . (3.6) (8.3) (42.4) 

29 . 90,000 3.0 

31 . 0.0420 -r- 0.14 
33 . 48.0 -4- 1.20 
35 . 3.95 2.24 

37 . 0.04562 4- 0.000240 
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In each of the following problems, assume that the data are correct only 
to the stated number of significant digits : 

38 . Find the area of a triangle whose altitude is 7.8 in. and whose base is 
13.5 in. 

39 . Compute the area of a trapezoid whose altitude is 19.8 mm and whose 
bases are 3.4 mm and 34.2 mm, respectively. 

40 . Calculate the volume and the surface area of a cube 9.6 ft on an edge. 

41 . What is the area of a circle whose radius is 4.54 in.? 

42 . Find the volume and the surface area of a sphere whose radius is 
6.72 cm. 

43. Find the altitude of a triangle whose base is 32.6 in. and whose area 
is 834 sq in. 

44 . A glass jar holds 596.7 cu in. of liquid. What is the capacity of the 
jar in gallons? (By law, a gallon is equivalent to 231 cu in.) 

45 . If the circumference of a circle is 45.20 ft, what is its radius? 

46 . A plane flies for 1 hr 24 min 36 sec at an average speed of 312 mph. 
What distance does the plane fly? (Assume the time to be correct to the 
nearest second.) 

47 . What is the average speed of a plane which flies 946 miles in 2.8 hr? 
If the timing were required to be correct to three significant figures, by how 
many seconds could it vary? 
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70. Logarithms 

An examination of the following table of powers of 2 reveals certain 
facts that are of particular importance to us in this chapter: 


2 1 = 

2 

2 6 = 

64 

2 2 = 

4 

2 7 = 

128 

2 3 = 

8 

2 s = 

256 

2 4 = 

16 

2 9 = 

512 

2 5 = 

32 

2 10 = 

1024 


If we use the base 2, the exponent 2 corresponds to the number 4, the 
exponent 3 corresponds to the number 8, and so on. 

Furthermore, 



(8) (32) = (2 3 )(2 5 ) = 2 3+5 = 


(8) (32) = 25G, 

and 

2 8 = 256. 

Again, 

(4) (256) = (2 2 ) (2 8 ) = 2 2+8 = 


(4) (256) = 1024, 

and 

2 10 = 1024. 


Thus, the addition of the exponents 3 and 5 corresponds to the multipli- 
cation of the numbers 8 and 32; and the addition of the exponents 2 and 
8 corresponds to the multiplication of the numbers 4 and 256. Similarly, 

1024 -v* 16 = 2 10 4- 2 4 = 2 10 ~ 4 = 2 6 , 

1024 -*• 16 = 64, 
and 2 6 = 64. 
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Hence, the subtraction of the exponent 4 from the exponent 10 corre- 
sponds to the division of 1024 by 16. 

These correspondences suggest that we replace the operations of 
multiplication and division by the addition and subtraction of exponents, 
a procedure that is extremely useful in many arithmetical computations 
as well as in theoretical demonstrations. 

In order to carry out this idea it is necessary to have a more con- 
venient terminology than we have previously used. We substitute 
the name logarithm for exponent and say, for example, the logarithm 
of 8 to the base 2 is 3, in place of “if we use the base 2, the exponent 3 
corresponds to the number 8.” Similarly, the logarithm of 27 to the 
base 9 is 1.5 means “if 9 is used as the base, the exponent which corre- 
sponds to 27 is 1.5.” More generally, we use the following: 

Definition: The logarithm of a number N to the base b is the exponent 
which must be applied to b to give N. The abbreviation log b is used for 
“logarithm to the base 6.” Thus, the equation 

log b N - x 

means N = b x . 


Illustrations: (a) Since 2 5 = 32, log 2 32 = 5. 
( b ) Since 27** = 81, log 2 7 81 = 

1, logioO.Ol = — 2. 


log 5 125 = 3. Ans. 

the equation log 32 64 = f in exponential form. 
(32 ) h - 64. Ans . 

is the logarithm of 1,000,000 to the base 10? 

Since 10 6 = 1,000,000, 
logio 1,000,000 = 6. Ans. 
number has the logarithm if the base is 8? 
Solution: This question is equivalent to finding x from the equation 
8 * = x. 


(c) Since 10 -2 = 

Example 1. 

Write 

Solution: 


Example 2. 

Write 

Solution: 


Example 3. 

What 

Solution: 


Example 4. 

What 


x = 16. Ans. 


Hence, we have 
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Example 5. What base is used if log*, 216 = f? 

Solution: This is equivalent to finding b from the equation 

b % = 216. 

Therefore, b = (216)* = 6 2 = 36. .4ns. 

EXERCISES 57 

Write each of the following equations in logarithmic form : 


1. 2 5 = 32 

fcO 

CO 

II 

00 

3. 49°- 5 = 7 

4. 27 * = 81 

6. 10 4 = 10,000 

6. 10- 5 = 0.00001 

7. 343 ^ = 7 

8. 64 ^ = 2 

9_ ^00.30103 _ 2 

10. io 1 - 47712 = 30 

11. M = a 4 

12. N = 6 -5 

Write each of the following equations in exponential form: 

13. log, 49 = 2 

14. logs 125 = 3 

15. log,^ = -4 

16. log 6 tts = — 3 

17. logi6 8 = 

0.75 

18. log32 2 = 0.2 

19. logio 200 

= 2.30103 

20. logio 4000 = 3.60206 

21. logio 5 = 

0.69897 

Find the value of each of the following logarithms : 


22. log 3 27 

23. log 7 343 

24. log 30 900 

25. log 3 Sl 

26. log 2 64 

27. logs 625 

28. log4g 1 T 

29. logio 100,000 

30. logio 0.000,001 

Find the value of the letter in each of the following equations: 

31. log 3 x = 4 

32. log 5 iv = 4 

33. log 25 V = 1.5 

34. log i 9 u = 0.5 

35. log 8 i x = 0.75 

36. logio N = — 4 

37. logio M = 5 

38. logg25 R = 0.5 

39. log 49 T = -1.5 

40. logi28 t = - f 

41. logo. 04 z = -2 

42. logo.oi V = —3 

Find the base of each of the following logarithms : 


43. log « 125 = 3 

44. logs 64 = 6 

45. log* 243 = 5 

46. log„ 64 = 3 

47. log c 11 =0.5 

48. log* 27 = 0.6 

49. log„ 9 = § 

50. log* 3 = \ 

51. log m 5 = —0.5 

62. log rf 10 = 0.2 

53. log! 64 = -0.75 

54. log&O.l = —0.5 


71. General Properties of Logarithms 

From our work on exponents, it follows that, if b is any real, positive 
number and x is any rational number, the symbol b x is fully defined. 
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For example, 


5 2 = 25; 



81 ’ 


and 


( 27 )-** = 


1 

(^ 27)2 


1 

9 * 


The meaning of such symbols as 5 V2 and 3 T has not been defined. We 
shall assume here what is proved in much more advanced mathematics, 
namely : 

(1) Irrational exponents can be so defined that they obey the same 
laws as rational exponents. 

(2) By the use of enough digits from the decimal approximation to 
an irrational exponent, it is possible to make as close an approximation 
to the indicated power as is desired. Thus, may be approximated 
as closely as necessary by the use of enough digits from the decimal ap- 
proximation to V2. This means that 5 1 , 5 1 * 4 , 5 1,41 , 5 1 - 414 , 5 1 - 4142 , • • • is a 
sequence of constantly improving approximations to the number 5 V2 . 

With these assumptions, it is clear that b z will always stand for a 
definite number if b is positive and x is real. In fact, with the restric- 
tion to principal roots in case of fractional exponents, b x is always a real 
positive number. 

It can also be shown that if b is positive and not equal to 1 and N 
is positive, the equation b x = N has a single real solution for x. This 
result is a further assumption that we must make. 

It is thus possible to use any real positive number except 1 as the 
base of a system of logarithms. However, since the only bases of 
actual importance are greater than 1, we shall restrict our discussion to 
this case. In the remainder of this chapter, the base b is to be under- 
stood to satisfy the condition b > 1. 

The following properties and theorems are essential in the work with 
logarithms. (The student may observe that the restriction to bases 
greater than 1 is not always needed.) 

(1) The logarithm of 1 is zero. 

This property follows at once from the fact that 5° = 1 (6 9 ^ 0). 

(2) The logarithm of the base is 1. 

Since b 1 = 6, we have log& 5 = 1. 

(3) The logarithm of any number greater than 1 is positive; the log- 
arithm of any number between 0 and 1 is negative. 
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Illustrations: log* 4 = 2; log 3 27 = 3; log* t = — 2; logs 4r = —3. 

(4) The number zero has no logarithm. 

This is a restatement of the fact that b x = 0 is satisfied by no value 
of x. 

(5) Negative numbers have no real logarithms. 

This statement is a consequence of the fact that any real power of a 
positive number is a positive number. The student should recall the 

restriction to principal roots in the 
case of fractional exponents. 

Note: In advanced mathe- 
matics, logarithms are so defined 
that every number except zero has 
an unlimited set of logarithms to 
a given positive base. Each posi- 
tive number, however, has exactly 
one real logarithm. 

The five preceding properties 
are displayed in Figure 40, which 
is a graph of the equation 
V = log* x. 

The use of logarithms in com- 
putation depends upon the fol- 
lowing three theorems which are 
restatements of the laws of exponents. It is to be understood that the 
same base is used throughout. 

Theorem 1: The logarithm of a product of two numbers is the sum of the 

logarithms of the factors. 

Thus, logb MN = log 5 M + log* N. 

Proof: Let x = log& M and y = log& N. Then, b x = M and b y = N . 
Now, 

MN = (&*)(&») = b*+y. 

Hence, log 6 MN = x + y = log 6 M + log fe N. 

Illustration: log* 4 = 2 and log* 8 = 3. Therefore, 



log* 32 = log 2 [(4) (8)] = 2 + 3 = 5. 

Theorem 2: The logarithm of the quotient of two numbers is the logarithm 

of the dividend minus the logarithm of the divisor. 

M 

lo % b 77 = lo Sfc M ~ lo % b N ' 


Thus, 
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The proof, which is quite similar to that of Theorem 1, is left to the 
student. 

Illustration: logo 32 = 5 and log 2 4 = 2. Therefore, 
logo -^ = 5 — 2 = 3. 

Check: log ?. = i 0 g 2 8 = 3. 

Theorem 3: The logarithm of a power of a number is the product of the 
exponent and the logarithm of the number . 

log b M p = p log b M. 

The proof is again left to the student. Hint: ( b x ) p = b px . 

Illustrations: (a) log 2 4 3 = 3 log 2 4 = 6. 

Check : logo 64 = 6. 

(i b ) lo g3 V81 = logs (81) H = i logs 81 = |(4) = 2. 
Check: log 3 9 = 2. 


Example 1. Show that 
log& 

Solution : 
log6 


■4 


MN 1 

— = - (log 6 M + log 6 N - log 6 P - log 6 Q). 


= logi 


/MN' 

\PQ 


\ H 1 , MN 

j -5 1os ‘P9 


I MN 
' \ PQ 

l0g6 ff = log6(MAr) “ log6 (PQ) - 

logi, MN = logt M + logt N. 
logi PQ = logi P + logi Q- 


Hence 


, \MN 
• logl V PQ 


(Theorem 3) 
(Theorem 2) 
(Theorem 1) 


MN 1 

= 2 ^ log6 M + lo§6 N ~ lo§6 P ~ log6 


Example 2. When the base 10 is used, the logarithm is abbreviated 
to log with no base indicated. Given the approximate values: 
log 2 = 0.30103; log 3 = 0.47712; log 5 = 0.69897; find the corre- 
sponding values of (a) log 12; ( b ) log (c) log Vs. 


Solution: (a) 12 = (2 2 )(3). 

Hence, log 12 = 2 log 2 + log 3. 
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Add 

(b) 

Hence, 


Subtract 


(c) 

Hence, 


2 log 2 = 0.6020G 
log 3 = 0.47712 
log 12 = 1.07918. Ans. 

25 5 1 2 

3 " 3 ’ 

25 

log j = 2 log 5 - log 3. 

2 log 5 = 1.39794 
log 3 = 0.47712 
25 

log — = 0.92082. Ans. 

3 

VI = 3 h . 

log Vd = 5 log 3 = 0.23856. Ans. 


EXERCISES 58 


Given log 2 = 0.30103, log 3 = 0.47712, log 5 = 0.69S97, find the value 
of each of the logarithms listed. As in Example 2, above, the base is 10 when 
it is not indicated. 


1. log 24 

4 . log 360 

7 . log 0.54 

10 . log (1.35) 4 

13 . log Vh2 


2. log 72 
5. log -Tft 

8. log 0.025 
11. log V4.S 
14 . log V 1 .25 


3. log 75 
6- logf£ 

9. log 12 3 
12. log Vl50 
15 . log v / 0A6 


Use the properties of logarithms to transform the left member into the 
right member in each of the following equations. Note that any positive base 
may be used except in Problems 26 and 27 ; these two equations are valid only 
if 10 is the base. 


16 . log ^ + log ^ - log ff = log 7 

17 . log f - log -V~ + log = -log 6 

18 . log a 4 — log -y=- q. i 0 g Gv^ = 5 log a 

n 2 

19 . log c 3 — log ^ + log Vc 3 + log = 8 log c 

20. f log h — 4 log k — j log h + J log k = £ log ^ 

21. 2 log c + log d — f log c — log d = ^ log c 2 d 5 

22 ' l0g ' yHy* -16) = * l0g ~ ^ ~ log (i/ + 4) - 3 log y 
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23. lo s ^+-8 = log (x + 2) ~ log <* “ 4) 

24. log ^ =4 log (1 + z) + 4 log (1 — z) — 4 log t 


25. log — ■— = £ log (x - a) - \ log (x + 


a) 


26. log — 105 " = 5 log (y + 3) + By - y 3 


10 “ 


27. log 


i> 3 • 10' 
10 "' 


= 3 log v + v 2 — 2v 


28. 5 log (w + 6) + § log (w — 2) — ■§ log (w + 6) = log Vw 2 + 4u> — 12 

29. log (5x - 2) + i log (* + 7) - | log (5x - 2) - f log (x + 7) 

_ 1 , ^ ~ 2 ) 4 
6 ° S (x + 7) 3 


30. log 


c + Vc 2 + X 2 


= log 


Vc 2 + Z 2 — c 


= -log 


c + Vc 2 + , 


31. i log g + A + log d = log (g + Vz 2 - d 2 ) 

* z — Vz 2 — d 2 


72 . Logarithms to the Base 10 

For purposes of computation, the most important set of logarithms 
is the one that uses the base 10; this system is called the common 
system of logarithms. We shall follow the customary procedure of 
omitting the base from the abbreviation log for common logarithms. 
Since 10 is the base, we have 

log 10 = 1. 

Before attempting to understand how to use a table of common 
logarithms, it is necessary to consider the implications of the fact that 
any number written in ordinary decimal notation can be written as a 
product of a number between 1 and 10 and a power of 10. Thus, we 
may write 

3967 = 3.967 X 10 3 ; 

287.2 = 2.872 X 10 2 ; 

3.34 = 3.34 X 10°; 

0.98 = 9.8 X 10- 1 ; 

0.00989 = 9.89 X 10" 3 ; 
and so on. 
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As previously indicated in Section 69, we call this way of writing a 
number standard notation. In standard notation, the decimal point is 
invariably placed immediately after the first digit on the left. As a supple- 
ment to the discussion of Section 69, it is convenient to note that the 
exponent of 10 has a numerical value equal to the number of places that 
the decimal point in the given number is displaced from standard position ; 
the sign of the exponent is positive if the point is to the right , and negative 
if it is to the left of standard position. 

Illustrations : (a) In order to write 5289.6 in standard notation, we 
note that the decimal point is three places to the right of standard 
position; hence, 5289.6 = 5.2896 X 10 3 . 

(i b ) In the number 0.000523, the decimal point is four places to the 
left of standard position. Therefore, 0.000523 = 5.23 X 10 -4 . 

In standard notation, two numbers that have the same sequence of 
digits can differ only in the power of 10 that is used. Thus, the numbers 

5376 = 5.376 X 10 3 ; 

53.76 = 5.376 X 10 1 ; 

0.5376 = 5.376 X 10" 1 ; 

and 0.005376 = 5.376 X 10~ 3 

differ only in the exponent applied to 10. 

The logarithm of 5376 may now be written as 

log 5376 = log(5.376 X 10 3 ) = log 5.376 + log 10 s 
= log 5.376 + 3 log 10 = log 5.376 + 3. 

Similarly, 

log 53.76 = log 5.376 + 1; 

log 0.5376 = log 5.376 — 1; 

and log 0.005376 = log 5.376 — 3. 

AVe have log 1 = 0 and log 10 = 1, 

so that the logarithm of any number, say N, between 1 and 10 must be 

a number between 0 and 1, that is, log N is a decimal with no integral 
part. For instance, log 5.376 = 0.73046, approximately. Hence, the 
common logarithm of any positive number can be written as the sum of 
two parts: (1) a decimal less than 1, and (2) the exponent applied to 
10 when the number is written in the standard notation. 

The decimal part of the common logarithm of a number is called 


§ 73 ] 


- 10 Notation for Negative Characteristics 201 


the mantissa. Our discussion shows that the mantissa depends only 
on the particular sequence of digits in the number. It is independent 
of the position of the decimal point. 

The exponent of 10 which is the integral (whole-number) part of 
the logarithm is called the characteristic. The characteristic depends 
only on the position of the decimal point in the number. It is independent 
of the sequence of digits. 

The rule for finding the exponent of 10 when writing the number in 
standard notation is exactly the rule for the determination of the charac- 
teristic of the logarithm. The student should study the following brief 
table to make certain he understands how the characteristics are ob- 
tained. 


Number 

Characteristic of Logarithm 

34728. 

4 

92.345 

1 

3.681 

0 

0.278 

-1 

0.00532 

-3 


EXERCISES 59 


Give the characteristic of the logarithm of each of the following numbers : 


1. 4.1402 

4 . 53.964 

7 . 1868.37 

10 . 784.11 

13 . 6.7432 X lO" 1 * * * 5 


2 . 520.82 

5 . 0.37235 

8. 0.00457 
11 . 93.816 
14 . 3.3648 X 10" 4 


3 . 21076 

6. 0.08779 

9 . 0.12038 
12 . 4.57 X 10 4 
15 . 8.625 X 10 8 


73* The —10 Notation for Negative Characteristics 

In order to keep the mantissa of a logarithm positive, as is customary 
for ordinary computations, we do not combine the mantissa and charac- 
teristic when the latter is negative. Thus, if 

log 2 = 0.30103, 
log 0.002 = 0.30103 - 3. 

This difference is ordinarily left in indicated form (rather than as 
— 2.69897, which is the actual negative value). This is done in order to 
make easy reference to tables that give only positive mantissas. 


250 — Five-Place Common Logarithms — 300 



250 — Five-Place Common Logarithms — 300 
202 
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It has become a fairly uniform practice among computers to add and 
subtract a number from the logarithm so that it is written as a positive 
number minus 10 or an integral multiple of 10. Thus, the previous exam- 
ple would be written 

log 0.002 = 0.30103 - 3 
= 7.30103 - 10. 

Observe that 7 has been added and subtracted so that only the form and 
not the value of the logarithm has been changed. It is apparent that 
any such change is legitimate. In fact, if log v / 0.002 is to be found, we 
may write 

log v / 0.002 = I log 0.002 = I (0.30103 - 3) = | (27.30103 - 30) 

= 9.10034 - 10. 

The number 27 has been added and subtracted in order that the division 
may yield the —10 form. In this last result, the characteristic is 
9 — 10. The student should examine the following brief table to 
observe how characteristics may be written in the — 10 form. 


Number 

Characteristic of Logarithm 

0.25 

9-10 

0.0378 

8-10 

0.000069 

5-10 


EXERCISES 60 


Give the characteristic of the logarithm of each of the following numbers. 


Use the —10 notation. 



1 . 0.83927 

2 . 0.00284 

3. 0.06926 

4 . 0.00004 

5 . 0.07525 

6. 0.31713 

7 . 0.05079 

8. 1.8467 X 10- 2 

9. 3.9052 X 10 _l 

10 . 6.1109 X 10" 3 

11 . 2.639 X 10- 4 

12 . 5.0046 X IQ" 5 


74. The Use of Tables 


The opposite page is reprinted from Table II (see Appendix), which 
gives five-place mantissas for the numbers from 1.000 to 9.999 at inter- 
vals of 0.001. The principles involved in the use of these tables are the 
same as for four-, six-, or ten-place logarithm tables, as well as for many 
other tables that the computer will use. 
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Decimal points are customarily omitted in such tables; they are to 
be supplied by the user. The first three digits of the number are given 
in the column at the left under the caption N. The fourth digit of 
the number occurs at the top of the table in the same line as N. The 
first entry in the opposite table gives log 2.500 = 0.39794. The next 
entry in the same line is log 2.501 = 0.39811. In each case, the mantissa 
obtained directly from the table is the entire logarithm, since the char- 
acteristic is zero. Notice that the first two digits of the logarithm are 
printed only in the first column of mantissas, and then only when a 
change occurs. For example, from 2.510 to 2.520 there is a change from 
39 to 40 for the first two digits in the mantissa. 

In order to read log 2.846, follow down the column under N to the 
number 284. Go across the line to the column under 6. Then read 

log 2.846 = 0.45423. 

In order to read log 2.957, the same procedure is used. Notice this 
time that the last three digits of the mantissa are starred; the star means 
that the first two digits are to be read from the following line of the 
table. Thus, 

log 2.957 = 0.47085. 

The number that corresponds to a given logarithm is often referred 
to as the antilogarithm. For example, the last displayed statement 
may be written 

antilog 0.47085 = 2.957. 

The instructions for reading antilogarithms are exactly the reverse of 
those already given for logarithms. Thus, antilog 0.42749 is found by 
following down the first column of mantissas until the digits 42 occur. 
An examination of this section of the table shows 42749 in the line with 
N = 267 and in the column under 6. Hence, 

antilog 0.42749 = 2.676. 

In all the illustrations above, the characteristics have been zeros. 
When this is not the case, the location of the decimal point in the num- 
ber and the determination of the characteristic of its logarithm must be 
handled according to the discussion in the preceding sections. 

Example 1 . Find (a) log 277.8; ( b ) log 0.02778. 

Solution: Since these two numbers have the same sequence of digits 
2778, their logarithms will have the same mantissas. From the table, 
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we find log 2.778 = 0.44373. Hence, 

(a) log 277.8 = 2.44373. Arts. 

(b) log 0.02778 = 8.44373 - 10. Ans . 

Example 2. Find (a) antilog 3.43072; ( b ) antilog 6.43072 — 10. 

Solution: Both the logarithms have the mantissa 0.43072, which 
from the table is found to have an antilogarithm of 2.696. Hence, 

(a) antilog 3.43072 =' 2696. Ans. 

(b) antilog 6.43072 - 10 = 0.0002696. Ans. 


EXERCISES 61 


From Table II read the logarithm of each of the following numbers : 


1. 74.48 
4 . 3.046 
7 . 0.1283 
10 . 257.5 
13 . 0.06737 


2 . 952.0 
5 . 0.04371 
8. 3.632 
11 . 0.008606 
14 . 9.444 X 10" 4 


3 . 1837 
6. 50.18 
9 . 164,200 
12 . 0.01004 
15 . 8.319 X 10 5 


From Table II read the value of N in 


16 . log N = 1.26764 

18 . log N = 2.57967 

20. log N = 0.76716 

22 . log N = 8.03463 - 10 

24 . log N = 4.68178 

26 . log N = 1.16673 

28 . log N = 0.85022 

30 . log N = 9.32777 - 10 


each of the following : 

17 . log N = 0.44091 
19 . log N = 3.65040 
21. log N = 9.83046 - 10 
23 . log N = 7.31154 - 10 
25 . log N = 8.98014 - 10 
27 . log N = 2.56205 
29 . log N = 6.94002 - 10 
31 . log AT = 1.00130 


75. Interpolation 


A five-place table of logarithms can be used to find mantissas of 
five-digit numbers with sufficient accuracy for ordinary purposes. The 
process of placing numbers between successive entries of the table is 
known as interpolation. 

Suppose it is required to find log 2.7243. We know that this loga- 
rithm must lie between log 2.7240 and log 2.7250. Since a very short 
section of the logarithmic curve is involved here, we obtain a sufficiently 
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good approximation by replacing the curve by a straight line. This is 
very much magnified in Figure 41. 

Let h be the number which must be added to log 2.7240 to give 
log 2.7243. Using the similar triangles PQS and PRT, in the figure, we 
have 

h _ 2.7243 - 2.7240 _ 3_ 
d ~ 2.7250 - 2.7240 ” 10 ’ 

that is, h = *i% d. 

The number d is called a tabular difference; it is the difference 
between two successive entries in the table. The use of the similar 

triangles is equivalent to the as- 
sumption that the differences in 
the numbers are proportional to 
the differences in their logarithms. 

Omitting the decimal points, 
we have 

d = 43537 - 43521 = 1G 

and h = -j%- d = 4.8. 

Since the table gives no information 
about the sixth digit of the man- 
tissa, it would be pointless to extend any logarithm beyond five places. 
We therefore round off 4.8 to 5 and add this amount to 43521 to obtain 

log 2.7243 = 0.4352G. 

In the right margin of the table, the student will see tabulations of 
proportional parts for tabular differences occurring on the same pages. 
For the difference 1G, the numbers under 16 are, respectively, T V, to, 
to, * * • , tu of 1G as indicated by the boldface numbers at the left. 

Example 1. Find log 2.9357. 

Solution: From the table, omitting decimal points, we have 
Number Mantissa 



T29350 

46761~| 


7 

X 

10 

L29357 

467? ?J 


293 GO 

46776 


From the proportional parts table under 15, we read T V(lo) = 10.5. 
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This is added to 46761 to give 46771.5, which is rounded off to give 
log 2.9357 = 0.46772. Ans. 

In this example, the rounding off is done so that the final result 
ends in an even digit. This procedure is in accord with the rules on 
page 110. 

Antilogarithms of mantissas that do not occur in the table can be 
found by reversing the interpolation process described above. For 
example, to find antilog 0.44800, we first locate two consecutive man- 
tissas, one on each side of 44800. From the table, we have 


Mantissa Number 



[" 44793 

280501 


7 

x 

16 

L44800 

2805 ?J 


44809 

28060 


By using the same idea of proportion as before, we find 


x 

10 


16 ° r * 


4.4-. 


Therefore, antilog 0.44800 = 2.8054. 

All antilogarithms should be rounded off to not more than the num- 
ber of digits given in the mantissa. 

The result of the preceding example can be checked by inspection of 
the proportional-parts table for d = 16. Under 16, the number nearest 
the difference 7 is 6.4, which is opposite 4. Hence, 4 is the fifth digit 
of the antilogarithm, as was found above. 

Example 2. Find antilog 0.40251. 

Solution: From the table, we find 


Mantissa Number 


" i" 40243 
8 L40251 

252601 

2527 ?J 

40261 

25270 


In the proportional-parts table under 18, the number nearest 8 is 7.2, 
which is opposite 4. Hence, x = 4, and 

antilog 0.40251 = 2.5264. Ans. 

As a general rule, in writing logarithms, the student should write 
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the characteristic first and then employ the table to find the mantissa. 
Interpolation is to be used when necessary and should be done mentally. 

EXERCISES 62 


Find the logarithm of each of the following numbers: 


1. 471.55 

4 . 2.4236 

7 . 0.036361 
10 . 0.77294 
13 . 6.1852 X 10~ 5 


2. 72.658 

5 . 0.12574 

8. 2.0067 X 10~ 3 
11 . 10.942 
14 . 3.5004 X 10~ 4 


3 . 8042.3 

6. 57,579 

9 . 9S8.36 
12 . 2.6398 X 10~ 2 
15 . 1.0297 X 10 6 


Find the value of N to 5 significant digits in each of the following: 


16 . log N = 0.35240 

18 . log N = 3.49283 

20 . log N = 8.88016 - 10 

22 . log N = 0.40117 

24 . log N = 1.54890 

26 . log N = 4.23535 

28 . log N = 9.00175 - 10 

30 . log N = 2.87562 


17 . log N = 1.65517 
19 . log N = 9.74431 - 10 
21. log N = 2.13395 
23 . log N = 7.84533 - 10 
25 . log N = 6.95024 - 10 
27 . log N = 8.58776 - 10 
29 . log N = 3.5246S 
31 . log N = 0.22027 


76. Computations with Logarithms 

At this point, the student should again make sure that he under- 
stands the theorems on combination of logarithms. By means of these 
theorems, multiplication is replaced by addition, division by subtrac- 
tion, and raising to a power by simple multiplication. 

Before any computation is done in a problem, it is important to 
analyze the problem and to construct a well-thought-out form for the 
calculation. The characteristic of the logarithm of each given number 
should be written in the proper location in the form as is illustrated in 
the following examples. 


Example 1 . Find the value of (0.6532) (92.94) (214.1). 


Solution: Let x = (0.6532) (92.94) (214.1). 


Then, log x = log a + log b + log c, 

where a, b } and c denote the three factors, respectively. 

A convenient form for performing this computation is the first one 
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below. This is filled in with the data that are available before using 
the tables. 


a 

0.6532 

log 

9. - 10 

b 

92.94 

log 

1 . 

c 

214.1 

log 

2. 

X 


log 



The same form, completely filled in, appears next. 


a 

0.6532 

log 

9.81505 - 10 

b 

92.94 

log 

1.96820 

c 

214.1 

log 

2.33062 

X 

12998 

log 

4.11387 


Example 2. 


Find the value of 


(0.30125) (6.2457) 
(93.468) (0.04837) * 


Solution: Let x = 


(0.30125) (6.2457) 
(93.468) (0.04837) 


ab _ N 
cd D 


Then, 


log x = log N — log D, 


log N = log a + log b, 


and 


log D = log c + log d. 


Again, a suitable form, not completely filled in, is given. 


a 

0.30125 

log 

9. -10 

c 

93.468 

log 

1 . 

b 

6.2457 

log 

0 . 

d 

0.04837 

log 

8. -10 

N 

D 

Ans. x 


log 

(-) 

log 

log 


D 


log 



The dotted lines are put in spaces where the number is not required. 
The form represents exactly the analysis of the computation which was 
made above. Notice the symbol (— ) which occurs between log N and 
log D in the first column of logarithms. This is to remind us that a sub- 
traction is to be performed; addition is to be understood where ( — ) is 
not used. It is always most efficient to use the tables to find the man- 
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tissas for all the given numbers before any other computations are done. 
The computation appears in completed form below. 


a 

0.30125 

log 

9.47892 - 10 

c 

93.468 

log 

1.97066 

b 

6.2457 

log 

0.79558 

d 

0.04837 

log 

8.68458 - 10 

N 

D 

Ans. x 

0.41616 

log 

(-) 

log 

log 

0.27450 

0.65524 
9.61926 - 10 

D 


log 

0.65524 


In the subtraction of log D from log N, we have regarded log N as 
10.27450 — 10; this device keeps the decimal part of log x positive. 


Example 3. Find the value of (0.7234) 5 . 

Solution: Let x = (0.7234) 5 = a 5 . 

Then, log x = 5 log a. 

The computation is as follows: 


a 

0.7234 

log 

9.8593S - 

10 




X 

5 

Ans. x 

0.19811 

log 

9.29690 - 

10 


When log a is multiplied by 5 to obtain log x , the characteristic comes 
out 49 — 50 which is mentally reduced to 9 — 10. 


Example 4. Calculate the value of V 0. 11023. 
Solution : 


Then, 


Let VO. 11023 = Va. 
log Va = % log a. 


a 

0.11023 

log 

19.04230 - 20 




x h 

Ans . \f~a 

0.33201 

log 

9.52115 - 10 


The characteristic of log a was written 19 — 20 in preparation for 
the division by 2. This is to make the result appear in — 10 notation. 


Example 5. Find the value of 


— 992.7 
■v 7 0 . 2358 
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Solution: The required result is negative by inspection. We tem- 

porarily disregard signs and let x = — = • 

v 6 


Then, log x = 4 log a — J log b. 


a 

992.7 

log 

2.99682 

i log 
(-) 

0.59936 

b 

0.2358 

log 

29.37254 - 30 

i log 

9.79085 - 10 

X 

6.4344 



log 

0.80851 


Hence, the required result is —6.4344. Ans. 
Example 6. Find the approximate value of (1.03) 20 . 
Solution: 



a 

1.03 

log 

0.01284 

X20 

Ans. 

X 

1.806 

log 

0.2568 


Comments: (1) In the last example, the answer is given to only four 
significant digits even though 1.03 may be considered as exact. The 
multiplication of log 1.03 by as large a number as 20 leaves the fifth 
decimal place in log x unknown. This statement is in accord with our 
discussion of computation with approximate numbers, since log 1.03 
= 0.01284 is an approximation that has been given correct to five 
decimal places, but to only four significant digits. 

(2) As a general rule, five-place mantissas allow not more than five 
significant digits in the result of a logarithmic computation, even 
though the data are exact. However, the computer should follow the 
rules thathave been given for handling approximate numbers. 

(3) If a number with more than five significant digits occurs in the 
data, many computers round off the number to five significant digits 
before interpolating in the table. The answers for all logarithmic com- 
putations in this book were obtained by following this procedure. 

(4) Although negative numbers have no real logarithms, we can 
read by inspection the sign of the result of a computation as was done 
in Example 5. The computation may then be accomplished as though 
all numbers were positive, and the correct sign may be prefixed to the 


answer. 
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EXERCISES 63 


Use logarithms to perform the following computations. Assume that the 
given numbers are exact and obtain each answer as accurately as you can. 

1 . ( 6 . 544 ) ( 10 . 98 ) 2 . ( 97 . 53 ) ( 81 15 ) 

3. (- 7 . 2 S 6 ) ( 184 . 37 ) 4. ( 0 . 0034 S 51 ) ( 39 , 520 ) 

6 . ( - 23 , 594 ) ( 0 . 0004 S 532 ) 6 . (- 0 . 0026312 )(- 45 . 78 ) 

7. 67.42 -I- 57.99 8. 32.33 -4- 435.67 

9. - 0.0043227 4- 0.94538 10. - 8.1525 4- 0.0025461 

11. ( 402 . 14 ) ( 0 . 0071863 ) ( 1 . 3647 ) 

12. ( 0 . 1 1179 ) ( 0 . 066312 ) ( 8 . 4513 ) 

13. ( S 2 , 074 )( — 0 . 074313 ) ( — 0 . 0016139 ) 


14. 


16. 


( 60 . 13 ) ( 422 . 9 ) 
( 318 . 5 ) ( 2 . 838 ) 
( 0 . 09124 )(- 7 , 560 . 3 ) 
( 0 . 16342 ) ( 37 . 45 ) 
18. ( 2 . 357) 2 
21. ( 0 . 04 S 17) 2 
24. V 51.816 


15. 


17. 


19. ( 3 . 418) 3 
22. ( 0 . 79132) 3 


( — 3 . 674 ) (— 0 . 4863 ) 
( 0 . 0005198 ) ( 121 . 1 ) 
( 52 , 1 S 7 ) ( 0 . 0034716 ) 
( 14 , 693 ) ( SI , 432 ) 

20 . ( 10 . 057) 4 
23. ( 7 . 5103) 5 


27. >^00084137 
30. ( 0 . 012745 ) 

33. ( 25 . 109) 0 - 2 
36. v '' ( 100 . 05 ) ( 469 . 13 ) 
38. v^57 V8i92 
V 91.85 


25. 

28. 


V 0. 13221 
V 0.032469 
31. ( 0.4231 ) r 'o 
34. ( 25 . 109) -0 - 2 


26. V - 119.03 
29. ( 04 . 45)* 4 
32. ( 0 . 21516 )^ 
35. ( 0 . 018372) 0 - 6 


37. V ( 683 . 34 ) ( 0 . 2456 ) 
39. V- 0.0506 v 0.1234 


40. 


V 35,976 


41. 


V 0.05319 


42. 


Vs 4 2. 9 
V — 4373 


43. yj- 


( 32 . 53 ) ( 2 . 068 ) 


68.53 
45. ( 4 . 92) 3 - 21 
48. ( 0 . 347) -0 - 562 


V- 0.2032 

3 /( 122 . 74 ) ( 0 . 05612 ) 

44. yj v 

( 61 . 38) 0146 


7T 

46. ( 61 . 38) 0 * 146 47. ( 0 . 0724)- 3 - 04 

49. ( 0 . 347) 0 ' 562 50. ( 0 . 0724) 3 04 

Not?:: Additional problems involving logarithmic computation may be 
taken from the exercises at the end of the next section. 


77. Cologarithms 


Computations involving division can be further simplified by making 
use of the fact that division by a number is equivalent to multiplication 
by its reciprocal. Thus, if 

MN 

PQ ' 


X = 
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x may be thought of as the product 


Hence, 


<M)(Ar W 

log X = log M + log N + log ^ + log y- 


The logarithm of the reciprocal of a number is called the cologarithm 
of the number, that is, 


log - = colog P . 


Furthermore, the cologarithm of a number may be read from the table 
almost as easily as the logarithm itself, for 

colog P = log = log 1 — log P. 


Since log 1 = 0 = 10 — 10, we have 

colog P = 10 — log P — 10. 

(The device of writing 10 — 10 in place of 0 is used to keep the decimal 
part of the cologarithm positive.) 

In order to find colog P, we have only to subtract log P from 10 — 10. 
This can easily be accomplished mentally as is explained in the follow- 
ing examples. 

Example 1 . Find colog 27.32. 

Solution : In the table we find log 27.32 = 1.43648, which is to be 
subtracted from 10 — 10. The result is 

colog 27.32 = 8.56352 - 10. Ans . 

The student's mental subtraction is aided by visualizing the first 
10 as 9.9999(10) written above log 27.32 in the table; thus, 

9.9999(10) - 10 
1.4364 8 
8.5635 2 - 10. 

This corresponds to the arithmetic process of “borrowing” and enables 
the computer to write the cologarithm from left to right by subtracting 
each digit, except the last one in the logarithm, from 9. The last 
nonzero digit is to be subtracted from 10. 
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Example 2. Find colog 0.2904. 

Solution : Using the tables, we have 

[" 9.99(10)00 - 10 1 

L log 0.2904 = 9.46 3 00 - 10 J 
colog 0.2904 = 0.53 7 00 . Ans, 

The bracketed lines should not be written down. The student should 
practice until he can write cologarithms accurately and with facility 
directly from the table. 


Example 3. Using cologarithms, compute the value required in 
Example 2, of the preceding section. 


Solution: 


a 

0.30125 

log 

9.47892 - 10 

b 

6.2457 

log 

0.79558 

c 

93.468 

colog 

8.02934 - 10 

d 

0.04837 

colog 

1.31542 

X 

0.41616 

log 

9.61926 - 10 


The student should compare this computation with the previous 
calculation for the same problem. Notice the advantages gained by 
using cologarithms: 

(1) The numbers N and D are not needed. 

(2) There is no subtraction of logarithms. 

(3) The entire computation is handled in a simpler schedule of 
operations. 


Example 4. 


Compute the value of 


(2.3725) (34.69)^ 
(46.7) (0.5926) M * 


Solution: 


a 

2.3725 

. . . 


log 

0.37520 

b 

34.69 

log 

1 . 54020 

! log 

1.02680 

c 

46.7 



colog 

8.33068 - 10 

d 

0.5926 

colog 

0.22724 

T colog 

0.05681 

, X 

0.61587 



log 

9.78949 - 10 


Note: There is no advantage gained by the use of cologarithms 
unless more than two numbers are involved in the computation. For 
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example, it is hardly worth while to use eologarithms to divide one 
number by another. 


EXERCISES 64 


Perform the computations in Examples 1 to 16 with the use of cologarithms. 


1 . 


3 . 


(493.71) (18.804) 
(6.1739) (51.265) 
96,433 


(0.071479) (61,331 ) (0.82613) 
(17, 407)(406.15) (0.83824) 
(74,293) (0.012457) (3231.1) 


9 . 


m 

Vo - 1 

4 / 0 

\( 0 .' 


2334) (471.62) 


11 . 


13 . 


15 . 


6049) (9.3826) 
(1728.4) (38.405) 
051143) (952.98) 
(43. I) 2 


2 . 


4 . 


8 . 


10 . 


(3.6508) (8095.7) 

(0.72854) (958.09) 

58,417 

(29.528) (0.80136) (37,048) 
(64.296) (8.7532) (0.32923) 
(0.00716) (5.8024) (984.17) 


4 


016158) (8.3547) 


(3.0014) (it) 


(1.728) 4 (9.516) 3 
r 576.4 f 
L(4.8133) (10.28) J 


V38,350 


</0 . 14832 ^73.618 


12 . 


14 . 


16 . 


(466.25) (0.28491) 
(4585.2) (147.02) 
(16.47) 4 

(2.843) 3 (0.3415) 2 
T (34.78) (6.173) 
L(580.9) (44,170) J 

(2.6294) 4 (496.25)^ 


In each of the following problems, the data are to be considered as accurate 
to the stated number of digits. Perform the computations with five-place 
logarithms, then round off each answer to the number of significant digits 
allowed by the data. 

17 . A steel rod is 0.6250 in. in diameter and 60.00 in. long. If steel 
weighs 489 lb per cu ft, calculate the weight of the rod. 

18 . How many steel ball bearings 0.3125 in. in diameter will it take to 
weigh 1 lb? (A cu ft of steel weighs 489 lb.) 

19 . A spherical shell whose outside diameter is 6.00 in. is made of copper 
sheeting 0.0625 in. thick. Calculate the weight of the shell if copper weighs 
556 lb per cu ft. 

20. The area of a triangle may be calculated by using the formula 


A = Vs($ — a)(s — b)(s — c) y 

where s is one half of the perimeter and a, b f and c are the sides of the triangle. 
Calculate the area when a = 733.6 ft, b = 871.4 ft, and c = 328.8 ft. 

21 . A formula for the horsepower H developed by a steam engine is 

— — — , where the denominator is exact and the numerator consists of 

oOjUUU 


H = 
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measured quantities. Calculate H if P = 150, L = 3.00, A = 300, and 
.V = 146. 

22. The period (time for one complete osci llation ) of a simple pendulum 

is given by the approximate formula t ~ 2 tt , where l is the length of 

the pendulum in feet and t is the time in seconds. Find the period of a pen- 
dulum 8.2083 ft long. 

23. In thermodynamics, the volume V and the pressure P of a given mass 
of air are frequently assumed to obey the equation PT 71 - 405 = C , where C is a 
constant. If 27.48 cu ft of air at a pressure of 14.72 lb per sq in. is com- 
pressed to a pressure of 32.3 lb per sq in., what is the new volume if the above 
equation holds? 

78. Natural Logarithms and Change of Base 

Besides the system of common logarithms, there is another system, 
which is of practical importance. This is the system of natural log- 
arithms whose base is the irrational number 2.71828 ■ • • , denoted by 
the letter e . It is shown in calculus why e is used in this manner 
It will have to suffice here to state that natural logarithms occur in 
many physical and engineering problems, as well as in many branches 
of theoretical mathematics. In place of log e , we shall use the ab- 
breviation In for natural logarithm. 

The relation between logarithms to different bases can be obtained 
directly from the definition of a logarithm. It follows first from the 
properties of exponents that any positive number a may be considered 
as a power of a second positive number b (b 5 * 1), that is, 

a = b k . (1) 

Next, suppose that a and b are used as bases for two systems of loga- 
rithms. Then, for any positive number N, let 

log b N = x or b x = N; (2) 

and logo N — y or a y — N. (3) 

By equating the expressions for N in (2) and (3), we have 

b x = a y . 

If we now replace a by b k from Equation (1), we find 

b x = (b k ) y = b ky . 
x = ky. 


Therefore, 


( 4 ) 


§78] 


Natural Logarithms and Change of Base 217 


The last equation is an important result which may be stated in the 
words : The logarithms to a specified base are proportional to the correspond- 
ing logarithms to any other base. 

In order to find the relation between logarithms to specific bases, we 
need only evaluate k in Equation (4). This evaluation can be accom- 
plished by using for x and y any pair of corresponding logarithms, one 
from each system. 

For the case where the two bases are 10 and e, we have from (4), 
log N = k In N. 

Therefore, if we choose TV = e, 

log e = k In e, 
or, since In e — 1 , k — log e. 

From the tables we find 

log e = log 2.71828 = 0.43429. 

Hence, log N = 0.43429 In N. (5) 

If Equation (5) is solved for In N, we find 

In N = 2.3026 log N. (6) 

Equations (5) and (6) are the equations for converting natural 
logarithms to common and common logarithms to natural, respectively. 
The numerical coefficients are both correct to five significant digits. 

An inspection of Table III (see Appendix), which is a short table of 
natural logarithms, shows that no system of characteristics and man- 
tissas is involved as there is in our analysis of common logarithms. This 
is made clear from the fact that In 10 = 2.3026, which may be verified 
by letting N — 10 in Equation (6). This result shows that both the 
integral and the decimal parts of natural logarithms are involved in the 
placement of the decimal point of the antilogarithm. Because of this 
somewhat more complicated situation, natural logarithms are not used 
for computations of the type considered in the preceding sections of this 
chapter; they are of value chiefly in various theoretical considerations. 

Example 1. Find In 25 by using five-place common logarithms. 

Solution: From Equation (6), we have 
In 25 = 2.3026 log 25. 
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Table II gives log 25 = 1.39794, so that 

In 25 = (2.3026) (1.39794). 


a 

2.3026 

log 

0.36222 

b 

1.3979 

log 

0.14548 

X 

3.2188 

log 

0.50770 


Hence, In 25 = 3.2188. Ans. 

Example 2. Find In 25 by using Table III. 

Solution: Since 

In 25 = In (2.5) (10) = In 2.5 + In 10, 
we have from Table III 

In 2.5 = 0.9163 
In 10 = 2.3026 

Hence, In 25 = 3.2189. Ans . 

This answer is slightly more accurate than the preceding one. The 
discrepancy is accounted for by the fact that the use of five-place tables 
does not guarantee five-figure accuracy. 

Example 2 illustrates the practical method for finding natural 
logarithms of numbers lying outside the range of the table. In general, 
if x does not lie in the correct range, we write 

z = (A0(10”0, 

and In x = In N + m In 10 

= \nN + m (2.3026), 

where m is a positive or negative integer so chosen that N is a number 
that lies in the range of the table. The value of In x can then be ob- 
tained by adding m times 2.3026 to the tabular value of In N. 

Example 3. Use both methods thus far described to find In 0.012. 

Solution — First Method: Using common logarithms we have 

In 0.012 = 2.3026 log 0.012 

= (2.3026) (8.07918 - 10) 

= (2.3026) (-1.92082). 
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a 

2.3026 

log 

0.36222 

b 

1.9208 

log 

0.28348 

X 

4.4228 

log 

0.64570 


Hence, In 0.012 = -4.4228. Arts. 

Second Method: Using Table III, we write 
In 0.012 = In (1.2) (10“ 2 ) 

= In 1.2 - 2 In 10; 

-2 In 10 = -4.6052; 

In 1.2 = 0.1823. 

Therefore, In 0.012 = —4.4229. Ans. 

Example 4. Find the value of P if In P — 3.9375. Use two methods. 
Solution — First Method : From Equation (5), we have 
log P = 0.43429 In P 

= (0.43429) (3.9375). 


a 

0.43429 

log 

9.63778 - 10 



b 

3.9375 

log 

0 . 59522 



Ans. P 

51.29 

log log 

0.23300 

log 

1.7100 


In this computation, the addition of log a and log b gave log (log P). 
The antilogarithm of this result is log P. In using logarithms in this 
manner, the student should bear in mind that logarithms are numbers 
with properties like any other numbers. 

Second Method: Examination of Table III shows that 3.9375 is larger 
than any logarithm tabulated there. This fact means that P is greater 
than 10. Hence, we must subtract In 10 from In P enough times to 
give a value in the tabulated range. Thus, 

In P - In 10 = 3.9375 - 2.3026 

= 1.6349. 

P 

Also, In P — In 10 = In — > 
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so that 


In — = 1.6349. 


By interpolating in the table, we find 

75 = 

Hence, P = 51.29. Ans . 


EXERCISES 65 


Use the two methods of this section to find the approximate value of each 
of the following natural logarithms : 


1. In 28.41 

4 . In 0.05234 
7. In x 2 


2. In 2.S41 

5. In 0.1273 
8. In i 


3. In 15.36 

6. In 0.0004 
9. In V^S.IS 


Find the value of x in each of the following equations in two ways : 

10. In x = 0.SS50 11. In x = 1.5426 

12. In x = 2.0763 13. In x = 4.8344 

14. In a; = 3.2752 15. In a: = -0.3185 

16. In a; = -2.4316 17. In a: = -1.5372 

18. Show that the relation between logarithms to the base b and logarithms 
to the base 10 is given by the equation 

log N 


lo g b N = 


log b 


Use common logarithms and the equation in the preceding problem to 
find the approximate value of each of the following logarithms : 


19. log2 7 

22. log 9 105 


20. logs 9 

23. logo. 4 0.9 


21. log3 76 

24. logo. 3 0.5 


Evaluate each of the following expressions : 

25. In 32 — In } — In 16 26. In 48 + In - In 12 

27. 3[ln(4 - VTS) - In (4 + vTs)] 

28. 10[ln(\/7 + V2) - \n(Vl - V2)] 

p v — pr t 

29. - — ^ if v = 1.34 

p x 4 - p~ x 

30. if z = 1.67 

31. A formula for the charge on a condenser is Q = CE( 1 — e~ {t ‘ CR) ), 
where Q is the charge in coulombs, C is the capacity of the condenser in farads, 
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E is the applied voltage, R is the resistance in ohms in series with the con- 
denser, and t is the time in seconds after the voltage is applied to the circuit. 
Find Q if C = 8.00 X 10“ 5 /, R — 500 ohms, E = 120f, and t = 0.0300 sec. 

32 . The atmospheric pressure p, in pounds per square inch, at an altitude 
h, in feet above sea level, is given by the formula p — pae~ kh , where pa is the 
pressure at sea level, k is a constant, and e is the base of the natural system of 
logarithms. If pa = 14.72 and the pressure is 13.68 lb per sq in. at an altitude 
of 2000 ft, find the value of k correct to three significant digits. 

33 . The equation of the probability curve is y = ae~ bx% . Find the value 
of b if a = 2 when x — 0.6 and y = 0.346. 

79. Logarithmic Solution of Equations 

The use of logarithms not only simplifies the solution of certain types 
of equations, but also makes it possible to solve equations which cannot 
be solved by any other methods studied in algebra. The following 
examples illustrate the ideas that must be used here. 

Example 1. There are many places in chemistry, physics, and engi- 
neering where equations of the type v lAl = 32.3 must be solved. Such 
equations occur particularly in the important science of thermodynamics. 
Solve this equation for v. 


Example 2. If a sum of money, say P dollars, is invested at a rate of 
interest r, compounded annually for n years, the total accumulation A 
is given by the formula A — P(1 + r) n . If the rate of interest is 3 per 
cent, find approximately how long it would take for P dollars to be 
doubled. 

Solution: Under the conditions of the problem, 



and 


v — 11.76. Ans. 


and 


A = 2 P, 
r = 0.03 


so that we have to solve the following equation for n: 

2 P = P(1.03) n , 
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or (1.03)* = 2. 

Upon taking logarithms of both members of the last equation, we 
obtain 

n log 1.03 = log 2, 


or 


= log 2 
log 1.03 


_ 0.30103 
” 0.01284 

= 23.44. 


Ordinarily, interest is not compounded for a fraction of an interest 
period; the compound interest formula is used for the number of entire 
periods, and the final amount is then computed at simple interest for 
the remaining fraction of a period. Hence, it is sufficient here to give 
as the result 23.4 yr approximately. Ans. 

An equation in which the unknown occurs in an exponent is called 
an exponential equation. The preceding problem involved the solution 
of an exponential equation. 

Example 3. Solve the exponential equation 2 X = 3 x ~h 
Solution: Take logarithms of both sides to get 
x log 2 = (x — 1) log 3. 


Solve for x 


log 3 _ 0.47712 

log 3 — log 2 _ 0.47712 - 0.30103 


0.47712 

0.17609 


2.7095. Ans. 


If logarithms of expressions in the unknown are involved in an 
equation, it is called a logarithmic equation. 

Example 4. Find N if log N = 0.724 + log ( N - 3). 

Solution: From the tables, we find 0.724 = log 5.2966. Therefore, 
the given equation may be written 

log N — log 5.2966 + log ( N — 3), 

log N = log [5.2966 (A - 3)] 

= log (5.2966A - 15.890). 


or 
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If a and b are positive numbers, it follows from the equation 
log a = log b that a = b. Hence, if N and 5. 29GGA r — 15.890 are 
positive numbers, we have 

N = 5.2966 N - 15.890, 
or 4.2966IV = 15.890, 

and N = 3.6982. Ans. 


EXERCISES 66 


Solve each of Equations 1 to 20 for the approximate value of the unknown 
letter. 


2. 5 U ~' = 3 y 
4. V* • 5 2_1 = 35 
6. 4 -w = 6” +2 
8 . 11 _1/I = 42 
10. 15 2b • 2 l ~ Sy = 58 
12. (0.04) 2 * = 0.008 
14. 8 = log a 10 
16. In (4x - 15) = 3 


1. 3 Z = 7 
3. 3*- 1 • 2 3s = 11 
5. 9 2-31 = 12* 

7. 7 2/ ' = 61 
9. 5H* 1 . 32V+3 = g3y— 4 

11. (0.3)* = 0.7 
13. 2.4 = In x 4 
15. In (2z + 13) = 4 

17. log w — log (w + 4) = — 1.23518 

18. log (x — 6) — log (x + 6) = -0.92304 

19. In (y + 10) - In (y - 10) = 0.60000 

20. In (5z - 2) — In (x — 1) = 0.30000 

In each of the next two problems, find an approximate solution of the 
system of equations. 

21. 2 x+2y = 32 22. 0 x+y = 4 3x_l 

3 x ~ y = 12 8 Z = 3 y 

23. How many digits are there in 5 20 ? 

24. How many digits are there in 12 24 ? 

In Exercises 25 to 30 solve the equation for the letter which appears in 
each case after the semicolon. 


25. 3 In y = 2 In x + In c; 
e 2z + e~ 2x 

27. y — \ x 


y 


26. 4 In y = 2x + In c ; y 


28. r = 


e° — e~ 


(Hint: Solve first for e z .) 

29. I = |(1 — «-<“«); t 

u 


(Hint: Solve first for e s .) 

30. Q = CE(1 - e<-‘ /c ">); R 
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80. The Binomial Theorem for Integral Exponents 

From our previous work in algebra, we may list the following results: 


(a + b) 1 = a + b; (1) 

(a + by = a 2 + 2 ab + b 2 ; (2) 

(a + by = a 3 + 3 a 2 b + 3 ab 2 + b\ (3) 

Furthermore, the multiplication of both sides of (3) by a + b gives 

(a + by = a 4 + 4a 3 b + 6a 2 b 2 + 4 ab 3 + b 4 . (4) 


These four identities are special cases of a general formula for the 
expansion of (a + b) n . Before attempting to write this formula, we 
may note the characteristics which appear to be common to the four 
special cases. If n = 1, 2, 3, or 4, 

(1) The first term is a n and the last term is b n . 

(2) The exponents of a decrease by 1 from term to term; the 
exponents of b increase by 1 from term to term; and the degree of each 
term in the two letters a and b is n. 

(3) If the coefficient of any term is multiplied by the exponent of a 
in this term and divided by the number of the term, the coefficient of the 
next term is obtained. 

For verification of (3), we find that the second term in each case has 

71 

the coefficient - , that is, the exponent of a in the first term divided by 1^ 


224 
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the number of the first term. Similarly, the third term in (2), (3), and 


Assuming that the same characteristics are maintained for all 
positive integral values of n, we should have 


This identity is called the binomial formula. The binomial theorem 
is the statement that the formula holds for all positive integral values 
of n. For the present, we shall assume the validity of this theorem; 
the proof is postponed to the end of this chapter. 

In addition to the statements in (1), (2), and (3) above, it may be 
noted that 

(4) The expansion of (a + b) n has n + 1 terms. 

(5) The coefficients are symmetric, that is, the same coefficients are 
obtained counting from the left end as from the right. 

Example 1 . Expand (a + b ) 5 . 

Solution: By the binomial formula, 





and 





(a + b) 5 = a 5 + y a A b + ^ a z b 2 + j ^ ^ a 2 b z 


5 - 4 • 3 • 2 
+ 1 • 2 • 3 • 4 


ab A + 


5 • 4 • 3 • 2 * 1 
1 • 2 • 3 • 4 • 5 


= a 5 + 5a 4 fr + 10a 3 & 2 + 10a 2 & 3 + 5a6 4 + b 5 . Arts . 


226 Binomial Theorem — Mathematical Induction [Ch. 13 


Example 2. Expand 


«-»)' 


Solution : Let a = — and b = — 2y in the binomial formula; then 
/x 2 V /x 2 \ 4 4 /x 2 \ 3 4 • 3 /x 2 \ 2 

( 2 - 2 ») -(2) +1(2) ‘-« + ri( 2 ) <- W 


+ 


4 • 3 • 2 / x 2 \ , „ x , ,4 -3 -21 , n w 


1 • 2 • 3 • 4 


= x 6 y + 6x 4 y 2 — 16 x 2 y z + 16 y 4 . Ans. 

16 


In order to avoid confusion, the student should make no simplifica- 
tions until he has written down the expansion completely. 

Example 3. Use the binomial formula to find the value of (1.01 ) 10 
correct to five significant digits. 

Solution: We write (1.01 ) 10 = (1 + 0.01) 10 and make a = 1, 

b = 0.01, and n = 10 in the binomial formula to obtain 

( i . o i ) 10 = i + t (° 01 ) + (°- 01 ) 2 

1 1 ' A 

+ yYI (0 - 01)3 + • • • + (°- 01 ) 10 

= 1 + 0.1 + 0.0045 + 0.000120 + • • • 

= 1.1046, correct to five significant digits. Ans. 

The student may verify the fact that the terms omitted in this 
calculation do not affect the accuracy of the result as given. 


EXERCISES 67 


Expand the following expressions by the binomial formula : 

1. (x +* 3) 4 2. (w - 2) 4 3. (a 2 - 26) 4 

4. (3x 2 + 2 y 3 ) 4 5. (2d 3 - 3c 5 ) 4 6. (ou~ 2 -f ±v~ 2 ) 4 

7. (or 2 - b~ 2 ) 4 8. (3 - y 2 f 9. (x 2 + y ) 5 
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10. (s 2 + 2i 2 ) 5 

“• ( 2 ‘ + 1)' 


13. (u 2 - 2) 6 

14. (r 2 - y 3 ) 6 

-(MT 

i6. (x + j ,y 

17. (2 - py 

is. (z- 4 - y y*y 

19. + mV 5^ 

20. - — Y 

21. ( 2a 2 b 3 - ±Y 


V Z / 

V 2a/ 

22. (Vx - Vy) 8 

23. (u 2 - u + l) 4 

24. (x 2 + 2x - l) 4 

Use the binomial formula 

to find the value of 

the following expressions 

correct to five significant digits : 


25. (1.02)® 

26. (1.01) 8 

27. (1.03) 9 

28. (1.04) 9 

29. (0.98) 6 

30. (0.99) 6 


81. The Coefficients in the Binomial Formula 


In obtaining the expansion of (a + b) 4 from that of (a + 6) 3 in the 
preceding section, we multiplied by a + b. It is instructive to repeat 
this multiplication, paying particular attention to the formation of the 
coefficients. 

a 3 + 3 a?b + 3 ab 2 + b* 

a + b 

a 4 + 3 a*b + 3 a 2 ^ + ab* ~ 

a*b + 3 a 2 b 2 + Sab 3 + fr 4 

a 4 + (3 + l)a 3 6 + (3 + 3)a 2 6 2 + (1 + 3)a6 3 + b A 

If we write the coefficients in the first and last lines of the multipli- 
cation as follows: 


y\ 


+ y\ +3 /\ + 




it becomes clear how the binomial expansion for any integral exponent 
may be obtained from the expansion for the preceding integral exponent. 
For example, from the coefficients for n = 4, the coefficients for n = 5 
may be obtained; thus, 




+ v \i + 1 /' \i + «/ ' '■*! + 
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This discussion explains the arrangement of coefficients in the 
following array, which is called Pascal’s triangle: 

1 

1 1 

1 2 1 

13 3 1 

14 0 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 


The boldface numbers in each horizontal line indicate the exponent to 
which the coefficients in that line belong. The 1 at the top for (a + 6)° 
has been added for the sake of symmetry. If the exponent n is not too 
large, the Pascal triangle furnishes a simple scheme for finding the coeffi- 
cients. In the proof of the bionomial theorem, we shall make use of the 
rule by which one line of the array is formed from the preceding one. 

We shall need the formula for the general term of the binomial 
expansion. This term may be obtained from inspection of Formula (5) 
in the preceding section. For any term after the first, say term number 
k + 1, we should have 

k factors 

A. 

n(n - l)(n - 2) • • • (n - k + 1) „ 

■ a n ~ k b k . 


If is a positive integer, the product 

1-2-3 (k - l)k 

is symbolized by k\ y and is read “factorial k.” For example, 

5! = 1 - 2-3 -4-5. 

The general binomial coefficient is often indicated by the symbol 


/n\ 

(j)> defined by the equations 

| /n\ _ n(n — 1) (n —2) • • • (n — ft 4- 1) 

W “ k\ 


, k =1,2,3, • • • . 
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In terms of this definition, we may write 

(a + b) n = Q a" + Q cT l b + Q a n ~ 2 b 2 




( 7 ) 


The student should notice that the number of the general term has been 
taken as k + 1. 

Example 1 . Write and simplify the sixth term of the expansion of 
(ox - 1 \y) u . 

Solution: k + 1 = 6; k = 5. Hence, the sixth term is 

= — - x 7 y 5 . Ans. 

4 y 

Example 2. Find the term which involves no letter in the expansion of 
Solution: The general term of the expansion of the given binomial is 

The power of c in this expression is 

,, 20-2 k 


(Ak 


— r 20-5k 


If no letter is to be involved, we must have 

20 - 5k = 0, 

or k = 4. 

The required term is the 5th term, namely, 
10 


(_2V 

1-2-3-4 K J \ c 3 / 
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EXERCISES 68 


In Examples 1 to 6 the indicated term in each expansion is to be found 
without writing the preceding terms. 

1. (y — 2) 13 ; 7th term 2. ( z 2 + 4) 10 ; 6th term 

3. ( u 3 + v 4 ) 12 ; 8th term 4. (2a -4 — 6 -2 ) 11 ; 7th term 


6 . 


/ X 2 2 \ 14 

6. f — f- — J ; 9th term 

/ 2 \ 

7. Find the coefficient of z 14 in f z 3 + — ) 

/ l v 

8. Find the coefficient of y~ 8 in — —y 

/3 _ rf\ 12 
\x 2 9/ 


(2 u _ *4 V 3 
V v 2 u) ; 


10th term 


2y 3 

IV 2 


9. Find the middle term of 


10. Find the middle term of 


(i - -r 


( 1 2v 2 Y 4 

” — 7 — ) * 

4 y A 3 / 


12. Find the term which involves 6 -10 

13. Find the term which involves no x in 


in 




(h + lx ' 

/I \ 2 ° 

14. Find the term which involves no z in f — (- z A J • 

1K q* r , 8! Hi (5!) (7!) 

15. Simplify: — ; 


)“ 


16. Simplify: 


6! * 7\ ' (10!) (3!) 

(n + 2)1 (k — 3) ! (s — 3) ! 

* («-D! 


n\ ’ kl 

82. The Binomial Series 


If a = 1 and b — x in the binomial formula, we have 

(1 + x) n = 1 + nx + Q * 2 + (3) ** + * • • + (j) ^ + * * * • ( 8 ) 

In the case where n is a positive integer (or zero), Equation (8) will 
be the binomial formula for the special values of a and b ; the expression 
on the right will terminate after n + 1 terms, the last one being x 11 . 
This appears by inspection of the formula 

/n\ n(n — 1) • • • (n — k + 1) 
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In this formula, is a positive integer. Hence, the value zero can be 
obtained only if n is a positive integer. 

If n is not a positive integer or zero, the expansion may be continued 
without end. The result so considered is called the binomial series. 
It is shown in calculus that if x is numerically less than 1, the binomial 
series represents (1 + x) n in the following sense: The sum of the first 
s terms of the series may be made to approximate (1 + x) n with any 
desired degree of accuracy by taking $ sufficiently large. That is, if 
x has any value between 1 and —1, we may find the value of (1 + x) n 
as accurately as we please by taking enough consecutive terms of the 
series. 

Example 1. Find the first four terms of the binomial series for 

: • Assume that a is positive and that x 2 < a 2 . 

V a 2 — x 2 


Solution: 


1 


2 \ — M 


V a 2 — x 2 


1 _ 1 / _ x*V 

I ^ ~ a \ a 2 ) 

V - 7 * 

a L 1 \ a 2 / 1-2 \ a*/ 

(-*)(-!)(-*) -(-^j + ...J 


1 


1-2-3 

\~ 

x 2 3x* 

5x 6 

-J- -j- -}~ 

+ 

2a 2 8a 4 

16a 6 

x 2 3x 4 ox 6 



:+••• 


Ans. 


Example 2. Find the value of (1.02) -1 correct to four decimal places. 
Solution: The binomial series for n = — 1 is given by 


+ 


( — 1 ) ( — 2) 


(-1 -k + 1 ) 


kl 


x k + 


= l—a; + a ; 2 — + — 
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We may now replace x by 0.02 to obtain 

(1.02)- 1 = 1 - 0.02 + 0.0004 - 0.000 008 + • • • 

= 0.9804, correct to four decimal places. Ans. 

It is beyond the scope of this book to treat the error committed by 
breaking off the binomial series as we broke it off in the example above. 
In the exercises that follow, where the values of x to be used are small, 
calculations should be carried to at least one place beyond the number 
required, the final answer being obtained by rounding off. 

Example 3. Find v^G20 correct to five decimal places by using the 
binomial series. 

Solution: v'020 = (625 - 5) M = [625(1 - 
= 5(1 - 0.008) u 

= 5 [l + ^ ( — 0.008) + (— 0.008) 2 H J 

= 5(1 - 0.002 - 0.000 006 - • • •) 

= 5(0.997 994) = 4.98997. Ans. 


EXERCISES 69 


In each of Exercises 1 to 8, first factor the given binomial to obtain a 
binomial of the form (1 + x) n , where |x| < 1 ; then expand to four terms by 
employing the binomial series, and simplify. (Compare with Example 1 of 
the preceding discussion.) 

1. (1 + 2x)" 3 , \2x\ <1 2. (3 - 4 y)~\ |4y| < 3 

3. (6 + 5z)-\ \5z\ <6 4. (1 - 3 w)~* |3w| < 1 

5. (u- 4 + v~ A )K u~ A > ir 4 6. (x~ 3 + jT 8 )*, |x~ 3 | > |tr 3 | 

/a 4 \-H /*6 \-H 

7 ' Cl6 " b ~J ’ ^ > 166 " 6 8< (§7 “ V ' > 27 


Use the binomial series to find the value of each of the following radicals 
correct to four significant digits : 


9. VL04 
12. a/37 

15. ^9 

18. -1= 

vTs 


10 . VL2 

13. vT23 

16. ^26 
1 

vW 


11. V097 
14. V79 

17. ^33 

2 

^239 


19. 


20 . 
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21. For small values of d, the difference v'l + d — Vl — d is given 

approximately by the expression d + d 3 . Obtain this result by means of 

the binomial series and check for d = 0.1. 

22. For sufficiently small values of the ratio | h/x\, the difference 

_1_ \ may be approximated by — -r? . Obtain this approximation 

Vi .. vi + h 

by means of the binomial series and check for x = 27, h — 1. 

83. Mathematical Induction 

We shall illustrate the type of reasoning called mathematical induc- 
tion by proving the compound-interest formula 

A = P(1 + r) n . 

This formula gives the amount A to which an original principal P 
would accumulate in n years if invested at an interest rate r, compounded 
annually. The phrase “compounded annually” means that at the end 
of each year the interest is added to the principal and is itself allowed 
to earn interest. 

During the first year the principal P earns interest Pr; so the new 
principal at the beginning of the second year is 

P + Pr = P( 1 + r). 

During the second year the new principal earns the interest 

P(1 + r)r. 

Thus, the principal at the beginning of the third year is 

P(1 + r) + P( 1 + r)r = P(1 + r) (1 + r) = P(1 + r) 2 . 

The student may carry out the same argument to show that at the 
beginning of the fourth year the total accumulation is 

P(1 + r) 3 . 

While the evidence presented here makes the given formula quite 
plausible, nothing has actually been proved beyond the fact that the 
formula is correct for n = 1, 2, and 3. There is always the possibility, 
for example, that a proposed formula may be valid for n = 1, 2, 3, • • • , 
1000 and then fail for n = 1001. 

However, suppose that we could derive a type of inheritance property, 
namely, that the validity of the formula for any integral value, say 
n = s, carries with it the validity of the corresponding formula for the 
succeeding integral value n = s + 1. Then, we could argue that if 
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the formula has been verified for some integral value, say n = 3, the 
inheritance property makes the corresponding formula valid for n = 4. 
The validity for n = 4 carries over to validity for n = 5, and so on. 

In order to be able to apply this argument to the proposed compound- 
interest formula, we assume that the formula is valid for n = s, that is, 
we assume that the total accumulation at the end of s years is 

P(1 + r) s . 

Now, during the (s + l)th year, the interest earned would be P(1 + r)*r. 
The total accumulation at the end of this year would be 

P(1 + r) s + P(1 + r) s r = P(1 + r) 5 (l + r) 

= P(1 + r)*+ l . 

This result shows the existence of the inheritance property; this formula 
is the one we would obtain if s + 1 were put in place of n in the proposed 
formula. In other words, if the proposed formula is valid for n = s, it 
must be valid for n = s + 1. 

The argument may be completed as follows. The formula 
A = P(1 + r) n has been verified for n = 1, 2, and 3. By the inheri- 
tance property, it must be correct for n = 4. Since it is correct for 
n = 4, it must be valid for n = 5, and so on for any positive integral 
value of n. 

Mathematical induction is used frequently in proving the validity of 
a proposed formula or theorem which involves positive integers. We 
may summarize the steps in the reasoning as follows: 

(1) The proposition is verified for some specific value of n (usually 
n = 1). 

(2) The inheritance property is shown. This means that from the 
assumption of the validity of the proposition for n = s, the validity for 
n = s + 1 is derived. 

(3) The preceding steps are recapitulated in the statement that 
since the proposition holds for n = 1, the inheritance property makes it 
hold for n = 2; then, since it holds for n — 2, it must hold for n = 3; 
and so on. This statement is not logically necessary but is inserted to 
round out the discussion and to help the student make certain that he 
has not omitted either step (1) or step (2). 

Example 1. Prove that the sum of the first n even integers is n (n + 1 ), 
that is, 

2 + 4 + 6 + * * • T - 2?i = n(n -f- 1). 
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Solution — Step (1): If n — 1, the formula is easily verified, for the 
left side becomes 2 and the right side becomes 1 (2) = 2. 

Step (2) : Assume that for some integral value of n, say s, we have 

2 + 4 + 6 H h 2s = s(s + 1). 

Now, add 2s + 2, the even integer following 2s, to both sides. 

2 + 4 + 6 + • • ♦ + 2s + (2s + 2) = s (s — |— 1 ) — |— (2s -f- 2) 

= s(s+ 1) + 2(s+ 1) 

= (s + 1) (s + 2). 

This is the proposed formula with n replaced by s + 1; hence, the 
inheritance property is established. 

Step (3): The formula has been verified for n = 1. By step (2), it 
must hold for n = 2. Again, by step (2), it must be valid for n = 3, 
and so on to any desired positive integral value of n. 

Example 2. Prove that x 2n ~ l + y 2n ~ l is exactly divisible by x + y for 
any positive integral value of n. 

Solution — Step (1): If n = 1, we have 

x 2n i + y 2n ~ l = x + 2 /, 

which is obviously exactly divisible by x + y. If n = 2, we have 
x? + y 3 , which is also exactly divisible by x + y. 

Step (2) : Assume that the proposition is correct for integral values 
$ and s — 1. This means that we are assuming 

x 2s ~ l + y 2s ~ l = (x + y)Q x , (1) 

and x 2a ~ 3 + y 2s ~ 3 = (x + y)Q 2 , (2) 

where Qi and Q 2 are rational integral expressions. Let us now try to 
operate on these equations and combine them in such a manner that we 
obtain an expression for x 2s+1 + y 2s+l . 

First, multiply both members of Equation (1) by x 2 . Then 

x 2s+1 + x 2 y 2s ~ l = x 2 (x + y)Q\. 

Then, multiply both sides of the same equation by y 2 . 

y 2 x 2s ~ l + y 2s+1 = y 2 (x + y)Q x . 

Add the last two equations. 

x 2 s+i _j_ x 2 y 2s ~ l + y 2 x 2 *~ l + y 2s+1 = x 2 (x + y)Q\ + y 2 (x + y)Qi, 

= (x + y) (x 2 + y 2 )Qi. 
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Subtract x 2 y 2s ~ l + y 2 x 2s ~ l from both sides. 

x 2s+l yU+i = + y 2 )Qi ~ x 2s ~ l y 2 — x 2 y 2s ~ 1 

= (x + y)(x 2 + y 2 )Qi - x 2 y 2 (x 2s ~* + y 2s ~ z ). 

Since by Equation (2) the expression within the last parentheses is 
equal to ( x + y)Q 2 , we have 

x 2s +' + y 2 *+ l = (x + y)(x 2 + ?/ 2 )Qi - x 2 y 2 (x + y)Q 2 
= & + y)[(x 2 + y 2 )Qi - xhy 2 Q 2 ]. 

Because of our assumptions, the expression in brackets must be a 
rational integral one. Hence, this conclusion indicates that x 2s+1 + y 2s+l 
is divisible by x + y if x 28 ~ l + y 2s ~ l and x 2s ~* + y 23-3 are divisible by 
x + y. This establishes the inheritance property. 

Step (3): The proposition has been verified for n = 1 and 2. By 
step (2), it must hold for n — 3. Since it holds for n = 2 and 3, it 
must hold for n — 4, and so on. 

Note: The slight change in the form of the assumption in this 
example constitutes no change in the fundamental reasoning; in fact, we 
may start by assuming the proposed formula to be valid for all integral 
values of n from 1 to s, inclusive, without changing the essential ideas 
of a proof by mathematical induction. 

Comments: The importance of carrying out both steps (1) and (2) 
may be emphasized by the following discussion: Step (2) may easily be 
carried out with the false proposition that n 2 + n is always an odd 
integer. If it is assumed that the proposition is valid, we have, on 
replacing n by n + 1, 

(ft + l) 2 + (n + 1) = n 2 + 2n + 1 + n + 1 
= (?i 2 + n) + 2 n + 2. 

Since 2 n + 2 is always even, the expression ( n 2 + n) + 2n + 2 is odd 
if n 2 + n is odd. (The sum of an odd and an even integer is always 
odd.) However, n 2 + n = n(n + 1) is always even; it is the product 
of an odd and an even integer. Hence, the original proposition is 
patently false. This illustration shows that step (2) alone is not enough. 

Another simple illustration shows that step (1) alone is also not 
sufficient. Consider the proposed formula 

1 + 3 + 5 + • • • + (2n - 1) = ?i z - on 2 + llw - 6. 

We find by substitution that the formula gives correct results for n — 1, 
2, and 3. This verification might tempt us to assume the validity of 
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the formula for all integral values of n. However, step (2) of the mathe- 
matical induction proof cannot be carried through. For the formula is 
wrong for every value of n except n — 1, 2, and 3. For instance, 
putting n = 4, we find on the left side 

1 + 3 + 5 + 7 = 16; 
whereas on the right side 

4 3 - 5(4 2 ) + 11(4) - 6 = 22. 


EXERCISES 70 


Prove each of the following statements by mathematical induction. 
The letter n stands for a positive integer throughout. 


1. 1 + 2 + 3 + 


+ n = - (n + 1) 


2. 3 ~ 1~ 7 ~ F 1 1 “F ... — 1 ~ ( 4 ^ — 1) = n(2n + 1) 

3. 6 k + 12 k + 18k + • • • + $nk = 3ft(ft 4- 1)& 

4. r + (r + 2) + (r + 4) + • • * + (r + 2n — 2) = n(r + n — 1) 

5. 1+3 + 54 b (2ft - 1) = ft 2 

+ (4 n — 3) = n(2n — 1) 

■ , !■ _ 4 (4" ~ 1) 


6. 1 + 5 + 9 + - 


7. 4 + 4 2 + 4 3 + 

8 . 6 + 6 2 + b 3 + 

9. 2-4 + 4- 6 + 6- 8 + 
10. 3-3+6-4 + 9- 5 + 


4 - 7 ? 

+ 2n(2n + 2) = y(n + l)(n + 2) 
+ 3 n(n + 2) = — (n + l)(2n + 7) 


11. I 2 + 2 2 + 3 2 + 


4 - n 2 = - (ft + l)(2n + 1) 
o 


12. 2 • 5 + 5-8 + 8* 11 + ■ 

13. 1 * 6 + 4 • 9 + 7 • 12 + 


14. 

15. 

16. 


+ 


__L _i 1_ -J— + 

1 * 2 t 2 ' 3 ' 3 * 4 ‘ 

rr 3 + 3^5 + W + ‘ + (2 n — 1)(2 n + 1) 


+ (3 n - 1) (3ft + 2) = n(3n 2 + 6 n + 1) 
+ (3 n - 2) (3n + 3) = 3ft(ft 2 + 2ft - 1) 

1 ft 


ft(ft + 1) ft + 1 

1 


ft 


J- + ^- + -J- 

1 ■ 5 o • 9 ^ 9 ♦ 13 


+ ... + 


1 


2ft + 1 

n 


17. 1 + 2 • 2 + 3 • 2 2 + 4 • 2 3 + 

18. 1 + 2 • 3 + 3 • 3 2 + 4 • 3 3 + • 


(4n-3)(4n + l) 4n + 1 
■ + n2 n ~ l = 1 + (n - 1)2" 

• + ns-.- 


4 
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19. I 3 + 2 3 + 3 3 + • • • + n 3 = - (w + 1)2 = (l + 2 + 3 + • • • + n) 3 

20. I 3 + 3 3 + 5 3 + • • • + (2 n - l) 3 = n 2 (2n 2 - 1) 

21. x — y is a factor of x n — y n 

22. x + V is a factor of x 2n — y 2n 

23. Show that the formula 
l+2 + 3 + -*-+ft 

= | (n + 1) + (n - l)(n - 2 )(n - 3) • • • (n - 1000) 

is valid for the first thousand values of n but is wrong for any other value of 
n. (Hint: Use the result of Problem 1.) 

84. The Proof of the Binomial Formula 


At the beginning of this chapter, we verified the binomial formula for 
n - 1, 2, 3, and 4. We now assume that the formula is correct for some 
integral value n = s, that is, 

(a + b) 8 = a 8 + a 8 ~ l b + (^j a 8 ~ 2 b 2 + • • • 

+ (a- 1 i) a 8_ * +I 6 t_1 + Q a’~ k b k + • • • + Q b «. 


Multiplying both sides of this equation by a + b, we obtain 


(a + b)’ +l = I “ ) a s+1 + 


+ 


[G-i) + (0]“'-“ 6 ‘ 


+ ... + 


+ 


6 *+>. 


(Recall the 

scheme for obtaining PascaPs triangle.) 

Now, 

CH 

':v) 

1 = 1, by definition; 

also, 

0 - s -! - 1 

and 

A+l\ («+D! 

W s! 

\s + 1/ (s + 1) ! 

Moreover, 





= l. 


/ s \ / s\ _ s(g — 1) • • • (g — k + 2) s(s — 1) • • • (g — A + 1) 

\k- ~ (A; -1)1 + A! 


s(s — 1 ) • • • (s — A" + 2) / s — A' + 1 \ 
(A- - 1)! \ + A ) 
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«(«- 1) •••(«- ft + 2) s+1 
(ft — 1) ! ‘ft 

_ (s+l)(s)(s- l)---[(8+l)-fc+l] 

ft! 

=(T)- 

Hence, if the binomial formula is correct for n = s, we must have 
(a + 6)*+* = ( S o 2 ) flS+1 + (* t 0 a ‘ b + C 2 0 a ‘-' b2 + ‘ ' ‘ 

+ +...+(»+;) 

which is the binomial formula for n = s + 1. This shows the inheri- 
tance property and completes the proof of the formula for positive 
integral exponents. 


Chapter D41 




85. Sequences 

In algebra, we define a sequence as a set of numbers arranged 
according to some law that determines which number is first, which is 
second, etc. For instance, the digits 1, 2, 3, • • • , 9 arranged in natural 
order furnish a simple example of a sequence. Other illustrations are 

(1) The positive even integers from 2 to 10 arranged in order of 
increasing magnitude: 2, 4, 6, 8, 10. 

(2) The reciprocals of the positive integers from 1 to 7 arranged in 

order of decreasing magnitude: 1, i, y. 

The numbers in a sequence are called terms and are spoken of as 
the first term , the second term , and so on, according to their placement 
in the sequence. We shall be concerned in this chapter with the 
properties of two very special types of sequences known as progressions. 

86. Arithmetic Progressions 

An arithmetic progression is a sequence in which each term after the 
first is formed by adding the same fixed number to the preceding term. 
The number which is added in this manner is called the common 
difference. 

Illustrations: (a) The sequence 2, 4, 6, 8, 10 is an arithmetic progres- 
sion in which each term after the first is formed by adding 2 to the pre- 
ceding term. 

(b) The sequence 0.3, 0.2, 0.1, 0.0, —0.1, —0.2 is an arithmetic 
progression in which the common difference is —0.1. 

In order to describe an arithmetic progression completely, we specify 

240 
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the following numbers : 

a lf the first term, 
d, the common difference, 
and n, the number of terms. 

Thus, if = 4, d = 3, and n = 5, we have the progression 
4, 7, 10, 13, 16. 

Similarly, for ai = § , d = — |, and n = 4, we have the progression 

2. 1 A JL 

3? 3? 3* 

In general, the first n terms of an arithmetic progression may be 
written 

a h ai + d, ai + 2d, ai + 3d, • • • , ai + (n — 1 )d. 

Two other numbers of interest in the arithmetic progression are 
a n , the nth term, 

and S n , the sum of n terms. 

The five numbers a h a n , d , n, and S n , often called the elements of the 
arithmetic progression, bear certain important relations to each other. 
For example, the formula 

a n =ai +(n - 1 )d (1) 

is a relation which is obtained directly from the law of formation. This 
is seen from the fact that the second term is obtained by adding d to 
the first term; the third term by adding 2d to the first term, and so on; 
the number of times d is added to a\ always being the number of the 
term diminished by 1. 

The sum of n terms is by definition 

S n — + ( &i T - d) + ( gl\ d~ 2d) + * * • + {d n — 2d) + (a n d) + a n , 

where a few terms have been written from each end in an obvious 
fashion. 

We may rearrange the right side of the preceding equation so that 
the terms are in reverse order, thus: 

S n — d n + ( a n — d) + (a n — 2d) + • • • + (c&i + 2d) + ( a\ + d) + «i. 

The addition of the members of the last two equations gives 2 S n on 
the left. On the right, the terms d, 2d, and so on, will be annulled and 
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the quantity a x + a n will occur n times. (Why?) Therefore, 


nth terms. 

Example 1 . Find the twentieth term and the sum of the first twenty 
terms of an arithmetic progression whose first term is 1 and whose 
common difference is 9. 

Solution: a x = 1, d = 9, and n = 20. Hence, by Equation (1), 


Example 2. For an arithmetic progression, the sum of the first ten 
terms is —3.875, and the tenth term is 0.625. Find the first term and 
the common difference. 

Solution: From (2), we have 


2 S n = n(a x + a n ), 


01 



(2) 



& 2 o = cii T - (n — l)d 

= 1 + (19) (9) = 172. Ans . 


Furthermore, by Equation (2), S 2 o = n 




Ans. 



and 


or 


— 0.775 = ct\ + 0.625, 
a x = —1.4. Ans. 


Also, by (1) 


0.625 = — 1.4 + 9d, 

9 d = 2.025, 
d = 0.225. Ans. 


or 


and 


Example 3. How many terms are there in the arithmetic progression 
for which a x = 3, d = 5, and S n = 255? 


§86] 


Arithmetic Progressions 243 


Solution: From (2), we have 

or 510 = n( 3 + a n ). 

From (1), a n — 3 + (n — 1)5 


— bn — 2. 


Hence, 510 = n(3 + 5n — 2), 

and 5/i 2 + n - 510 = 0. 

Since n must be a positive integer if this problem has a solution, we may 
expect to solve this equation by factoring. Thus, 

(bn + 51) (n - 10) = 0, 

n = 10. Arts. 


The terms of an arithmetic progression which occur between a\ and 
a n are called arithmetic means. The student may show easily that 
the arithmetic mean between two numbers is the ordinary average 
of the two numbers. 


Example 4. Insert five arithmetic means between 2 and — 16. 

Solution: Counting the given terms, we must set up the arithmetic 
progression whose first term is 2 and whose seventh term is —16. 
Therefore, using (1), we write 

(X r i — (Zi 6 d } 

that is, —16 = 2 + 6 d. 

This equation gives d = —3, so that the required means are — 1, 
— 4, — 7, —10, and —13. Ans. 


EXERCISES 71 


1. Determine which of the following sequences are arithmetic progres- 
sions, and find the common difference d for each such progression : 

(a) 7, 12, 17, 22 ( b ) 67, 54, 41, 28 

(c) 6.4, 5.6, 4.8, 4.2 _ (d) 9c 2 , 16c 2 , 23c 2 , 30c 2 

(e) 2 + 7V5, 3V5, -2 - 7V5 (/) a 2 - 46 2 , 2 a? - b \ 3a 3 + 26 2 

(: g ) We + 7 f, le + 2 f, 3e - 3f ( h ) 11* + 6m, 6k + 13m, 

20* + 20 »t 


244 Progressions 


[Ch. 14 


2. Find the thirteenth and twenty-fourth terms of the arithmetic pro- 
gression -13, — 6 , 1, S, • • • . 

3. Find the fifteenth and thirty-third terms of the arithmetic progression 
19, 17J, 15i 13f> 

4. Find the eleventh and seventeenth terms of the arithmetic progression 
a + 24e f 4 a -f- 20e, 7a + 16e, 

5. Find the tenth and sixteenth terms of the arithmetic progression 
7v 2 - 4 z, 2v 2 + 72, —3v 2 + 18*, 

6. Find S i 4 for the arithmetic progression 

-13 + 4V2, -9 + 7V2, -5 + 10\/2, • • • . 

r? T 7 - a q f -,i , ■ . 6 3a + 1 6a - 4 

7. Ima £9 lor the arithmetic progression — > — > — . • • • . 

5c 5c oc 

In each of Problems 8 to 16 certain elements of an arithmetic progression 
are given. Find the indicated elements whose values are not given. 

8. ai = 5, d = 8; a l3 ; S xh . 

9. ai = —8, d = 6, a n = 112; n; S n . 

10. ai = 17, $ig = 2601; d\ ais. 

11* d = — /, S2h = 400; ai ; a25. 

12. aj = 27, a n = 48, S n = 1500; n; d, 

13. ai = 15, d = — |, S n = 28^; n; a n . 

14. d — — 4j, Sn = 136; aij an. 

15. o.\ = 20, *8 20 = 20; d; 020. 

16. a 2 g = 10 , d = a^ > 829 . 

17. Find the arithmetic mean of k 2 — 7 km + m 2 and k 2 + 7 km — 3m 2 . 

18. Find the arithmetic mean of x 2 + 4a6 — y 2 and y 2 + 2 ab — x 2 . 

19. The eleventh and twenty-ninth terms of an arithmetic progression are 
54 and ISO, respectively. Find the forty-second term. 

20. The twenty-seventh and sixty-first terms of an arithmetic progression 
are 238 and 40S, respectively. Find the forty-first term. 

21. The thirteenth and twenty-third terms of an arithmetic progression 
are 60 and 75, respectively. Find the thirty-seventh term. 

22. The seventh and fifty-first terms of an arithmetic progression are 15 
and —18, respectively. Find the twenth-third term. 

23. Insert five arithmetic means between 7 and 79. 

24. Insert six arithmetic means between —4 and 27. 

25. Insert four arithmetic means between —10 — 24x/3 and — 4\/3. 

26. Insert three arithmetic means between a — 45 and 7a — 2b. 

27. How many numbers between 15 and 600 are exactly divisible by 13? 
Find the sum of these numbers. 

28. How many numbers between 6 and 500 are exactly divisible by 11? 
Find the sum of these numbers. 
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29 . A harmonic progression is a sequence of numbers whose reciprocals, 
form an arithmetic progression. Insert three harmonic means between 5 and 9. 

30 . If x 2 , y 2 , and z 2 are in arithmetic progression (note Problem 29), show 
that x + y } z + x, and y + z form a harmonic progression. 

31. A club raffles a gun by selling one hundred sealed tickets numbered in 
order 1, 2, 3, * • • . These tickets are drawn at random by purchasers who 
pay the number of cents equal to the number on the ticket. How much 
money does the club receive? 

32 . It is estimated that a certain property, now valued at $40,000, will 
depreciate as follows: $1450 the first year, $1400 the second year, $1350 the 
third year, and so on. Based on these estimates, what will be the worth of 
the property fifteen years from now? 

33 . An interesting type of sale is often conducted at a certain camera shop. 
The price of an article is decreased 1 cent the first day, 2 additional cents the 
second day, 3 additional cents the third day, and so on until either the article 
is sold or the sale ends. Until what day of the sale must a customer wait to 
purchase an article originally priced at $9.31, if he is willing to pay $7.00 for it? 

34 . On a certain construction project a contractor was penalized for taking 
more than the contractual time to finish the project. He forfeited $75 the 
first day, $90 the second day, $105 the third day, and so on. How many 
additional days did he need to complete the project if he paid a penalty of 
$1215? 

35 . A man is offered a position at a salary which starts at $4600 a year 
and increases yearly by $250. How much would his total earnings amount 
to if he worked 12 years under this salary schedule? 

36. The rungs of a ladder decrease uniformly in length from 2 ft 8 in. to 
18 in. What is the total length of the wood in the rungs if there are twenty- 
five of them? 

37 . A man invests $500 at the end of each year for fourteen years. How 
much money will he have at the end of that time if his money draws 2 per cent 
simple interest? 

38 . The sum of three numbers in arithmetic progression is 36. Find the 
numbers if the sum of their squares is 482. (Hint: Use x — d, x, x + d for 
the numbers.) 

39 . Prove that the sum of the first n positive integers divisible by 6 is 
3 n{n + 1). 

40 . A body starting from rest falls 16.1 ft in the first second, 48.3 ft in the 
next second, 80.5 ft in the third second, and so on. How far does it fall in 
the eleventh second? How far does it fall in 22 seconds? 

41 . A rack in the form of an equilateral triangle is filled with balls so that 
there are eleven on a side. Another layer of balls is placed on this layer so 
that there are ten on a side ; a third layer of balls with nine on a side is then 
placed on the second layer; and so on. Thus a pyramid of balls is formed, 
with one ball on top. How many balls are there in the bottom layer? How- 
many balls are there in the pyramid? 
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87. Geometric Progressions 

A geometric progression is a sequence in which the ratio of any term 
to the preceding term is a fixed number called the common ratio. 

Illustrations: (a) The sequence 2, 4, 8, 16, 32 is a geometric progres- 
sion whose common ratio is 2. 

(b) The sequence 1, —0.1, 0.01, —0.001, 0.0001 is a geometric pro- 
gression whose common ratio is —0.1. 

A geometric progression may be completely described by specifying 
the following numbers : 

a lf the first term, 
r, the common ratio, 

and n, the number of terms. 

With the use of these numbers, the first n terms may be written: 

air, a ir 2 , air 3 , • • • , air n ~ l . 

Besides the three numbers above, 

a n , the nth term, 

and S n , the sum of n terms, 

are of interest here as in the arithmetic progressions. An important 
relation among four of the five elements a 2 a n , r , n, and S n of a geometric 
progression is 

a n = air"" 1 . (3) 

This formula is obtained directly from the definition; for the second 
term is obtained from the first by multiplication by r, the third from the 
first by multiplication by r 2 , and so on, the number of multiplications 
of a { by r always being the number of the term diminished by 1. 

The sum of n terms is given by the equation 

S n — Oi + air + a^ 2 + * • • + air n “ 2 + air"~ l . 

If we multiply both sides of this equation by r, we get 

rS n = air + r 2 + air 3 + • • • + air n_1 + air n . 

The subtraction of the members of the second equation from those of 
the first yields 

Sn - rSn = ai - air n , 

or aS„( 1 — r) = ai(l — r n ). 
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Now, if r 9^ 1, we have 


<»i(l - r n ) 
1 - r 


(4) 


(If r = 1, the progression will consist of n terms, each equal to a\. In 
this case, S n = na\.) 

Example 1 . Find the tenth term and the sum of the first ten terms of 
the geometric progression whose first term is 1 and whose common 
ratio is 2. 


Solution: Using (3), we have 

aio = air 10 ” 1 = (1)(2 9 ) = 512. Ans. 


Also, from (4) we have 


ai(l — r n ) 
1 — r 


1(1 - 2 10 ) 

1 - 2 


-1023 

-1 


1023. Ans. 


Example 2. The sum of the first five terms of a geometric progression 
is If, and the common ratio is — Find the terms. 

Solution: From (4), we have 

11 _ ai[l - (-m , 

8 1 — (— f) 

11 11 

or — = — clu 

8 16 

Hence, ai = 2, and the progression is 2, —1, f, — f, f. Ans. 

The terms which occur between a\ and a n in a geometric progression 
are called geometric means. The student may show that a single 
geometric mean between two numbers is the same as a mean propor- 
tional between the two numbers. 

Example 3. Insert three geometric means between 16 and 81. 

Solution: Counting the two given terms, we must have a progression 
of five terms, where a x = 16, and a 5 = 81. 

Hence, 81 = 16/ 4 , 



or 
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and 


r 


3 

2 


or r 


3 

2 


Thus, the required means are 24, 36, 54 or —24, 36, —54. Ans. 

EXERCISES 72 

1. Determine which of the following sequences are geometric progressions 
and give the value of the common ratio for each such progression : 


2. Find the eighth and twelfth terms and the sum of the first twelve 
terms of the geometric progression 6, 12, 24, 48, • • • . 

3. Find the sixth and eighth terms and the sum of the first eight terms 
of the geometric progression 2, 6, IS, • • • . 

4. Find the eighth term of the geometric progression 


In each of Examples 6 to 14 certain elements of a geometric progression 
are given. Find the indicated elements whose values are not given. 

6. ai = 16, r = \ } n = 7; a 7 ; S- t . 

7 . ai = 5, £4 = 200; a 4 ; r. 


15 . Write the first three terms of a geometric progression in which the 
fourth term is 2 and the seventh term is 54. 

16 . Write the first four terms of a geometric progression in which the fifth 
term is \ and the seventh term is g-^. 

17 . What are the single geometric means between -J- and 3^-? 

18 . Find single geometric means between a 2 and b 4 . 

19 . Insert three geometric means between 2 and 18. 

20. Insert four geometric means between lOf and 

21. Insert five geometric means between 7 and 56. 

22. Show that Formula (4) for S n may be written S n = 


(a) 14, 42, 126 
(c) 320, -80, 20 
(e) 18, 12 , 8 
(?) i, b tV 


(6) 216, 36, 6 
(d) 147, -21, 3 

2. 4__ 8 

V.' ) 5 J ~2 5» 12 5 



V3, V6, 2\/3, 2V6, • • • . 

5 . Find the seventh term of the geometric progression 


b 20 ’ 36 17 ’ 96 H ’ " ’ ' 



1 - r 
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23 . If the population of a certain country increases at the rate of 5 per 
cent per year and the present population is 300,000, what will the population 
be 6 yr from now? 

24 . The number of bacteria in a culture increased from 320,000 to 2,430,000 
in 5 days. Find the daily rate of increase if this rate is assumed to be constant. 

25. A man invested a certain sum of money which in the second year earned 
1 J times as much as in the first year, and in the third year earned lj times as 
much as in the second year, and so on. If the investment earned $9225 in 
the first 4 yr, how much did it yield in the second and fourth years? 

26. A savings bank pays interest at the rate of 2 per cent compounded 
annually. What will be the total accumulation at the end of 7 yr if $800 is 
deposited in the bank now? 

27 . The distance traveled by a point on a compound pendulum in any 
swing is 20 per cent less than that in the preceding swing. If the length of 
the first swing is s, what fractional part of s is the arc covered in the seventh 
swing? Find the total distance covered in seven swings in terms of s. 

28. If three numbers in arithmetic progression are increased by 1, 4, and 
43, respectively, the resulting numbers are in geometric progression. Find 
the original numbers if their sum is 36. 

29 . If three numbers in arithmetic progression are increased by 9, 7, and 
9, respectively, the resulting numbers are in geometric progression. Find the 
original numbers if their sum is 3. 

30 . In a certain chemical plant, a tank holds 100 gal of a liquid that mixes 
readily with water. After 25 gal of the liquid are drawn out, the tank is 
filled by replacing the liquid with water. Then 25 gal of the resulting mixture 
are drawn out, and the tank is again filled with water. If the operation is 
performed until six batches have been drawn from the tank, how much of the 
original liquid remains? 

31 . Each of a series of equilateral triangles has its vertices at the mid- 
points of the sides of the preceding triangle. Find the length of the side and 
the area of the eighth triangle if a side of the largest triangle is 32 in. long. 

32. A square is inscribed in a circle of diameter 64 in. Then another circle 
is inscribed in this square, and a second square is inscribed in this circle, and 
so on. Find the area of the seventh square. 

33 . An equilateral triangle is circumscribed about a circle with a radius 
of J in. after which another circle is circumscribed about the equilateral 
triangle. A second equilateral triangle is circumscribed about the second 
circle, and so on. Find the area of the seventh circle. 

88o Infinite Geometric Series 

Formula (4) of the preceding section gives the sum of the first n 
terms of a geometric progression as 

S n - — • - = di + a x r + a^ 2 + • • • + air n_1 , if r ^ 1 . 

1 — r 

We now consider what happens if n is allowed to increase without 
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bound. We indicate that the number of terms is without limit by 
writing 

a\ + air + a^ 2 + • • • + (hr n ~ l + • • • . 


This collection of symbols is known as an infinite geometric series. 
The word “infinite’ ’ means only that the terms of the series proceed 
without end. 

In the formula for S n , the number n occurs only in r n . Now, if r is 
numerically less than 1 , r n will become smaller and smaller in absolute 
value as n is taken increasingly large. For example, if r = 0.6, we 
have, approximately, 

r 10 = (0.6) 10 = 0.00605; 


r ioo = (o.6) 100 = (6.53) (10~ 23 ); 

and r 1000 = (0.6) 1000 = (1.4) (10~ 222 ). 

(In the last two values, there are 22 and 221 zeros, respectively, be- 
tween the decimal point and the first significant digit.) 

It therefore appears that when |r| < 1, S n may be made to become 

and remain as close to — - — as we wish by taking n large enough. In 
1 — r 

this case, we write 

lim S n = , |r| < 1. (6) 

n — ► ao 1 T 


The symbol lim S n is read “the limit of S n as n increases without limit.” 

n — ► * 

In case |r| > 1, r n increases indefinitely in absolute value as n 
increases, and, therefore, the value of S n cannot be made to become and 
remain arbitrarily close to any fixed number. If r = 1, S n = na x again 
increases indefinitely in absolute value if n increases without limit. 
Finally, if r = — 1, S n = a\ or 0, according as n is odd or even, and does 
not become and remain arbitrarily close to any number as n increases 
without limit. The geometric series is of no use to us under any of these 
latter circumstances. 

A simple geometrical interpretation may be made of the behavior 
of S n , as n increases without limit, if r = J. We take a\ = 1 for sim- 
plicity and consider the series 


1 + ^ + i + ^ + ii + 


+ 


<r 


+ 
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For this series, we have 


Si = 1, 


S 2 = 1 + - , 

S 3 = 1 + - + “ > 

2 4 

and so on. 


In Figure 42, the points corresponding to the S’s have been marked. 
We see that each step cuts in half the remaining distance to the point 


Si 

i 


S 3 s* 


1 - 1 - 2 

i 4 i 8 ^ 


Fig. 42 


marked 2. It is clear that by taking n sufficiently large and keeping it 
so, the value of S n may be made to become and remain as close to 2 as 
we wish. For this series, formula (5) gives 


lim S n = 




= 2 . 


We frequently abbreviate lim S n by S and call it the “sum” of the 

n — >oo 

geometric series. Notice, however, that S is a sum only in an extended 
sense of the word; it cannot be attained by taking any definite number 
of terms. 


Example 1. Find the sum of the geometric series 


2-4- + I 


Solution: For the given series, 


ai = 2 and r = — f. 


Hence, 


S - 


= - = — • Ans. 


1 - (-1) I 

By a repeating decimal , we mean an endless decimal which from some 
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point on consists of a repeated sequence of digits. For example, 
0.3333 • • • and 1.6 23 23 23 • • • are repeating decimals. 

Example 2. Find the common fraction whose decimal representation 
is 1.6 23 23 23 • . 

Solution: 1.6 23 23 23 • • • = 1.6 + 0.023 

+ 0.00023 + 0.000 0023 H 

Beginning with 0.023, we have an infinite geometric series whose first 
term is 0.023 and whose ratio is 0.01. Hence, 

1.6 23 23 23 • ■ • = 1.6 + - ° ° 23 - 

1 - 0.01 

16 23 1607 

— \~ = • A ns. 

10 990 990 


EXERCISES 73 


Find the sum of each of the following infinite geometric series: 


1- 10 + 100 + 1000 + 10,000 
3 - 1 + 1 + i + -57- + • • • 

5. 25 - 5 + 1 - H 


2 . 21 + 11 + 11 + .. . 

10 2 10 4 10 6 

4 - 1 - 4 + tV ~ irr + ' ’ * 

6. 64 + 24 + 9 + 3f + • • • 


Find the common fraction equivalent to each of the given repeating dec! 
mals in Exercises 7 to 16. Verify your answer by division. 


7. 0.444444 • • • 

9. 0.67 67 67 • • • 


8. 1.555555 • • • 

10. 0.53 53 53 • • • 


11. 3.48 48 48 • • • 12. 5.0S OS 08 • • • 

13. 7.1 27 27 27 • • • 14. 0.02 54 54 54 • * • 

15. 0.279 279 279 ■ • • 16. 4.729 729 729 • • • 

17. A rubber ball is dropped from a height of S ft. If the ball rebounds 
each time to a height equal to three fourths of the preceding height, what total 
distance will the ball travel before coming to rest? 

18. A pendulum on each separate swing describes an arc whose length is 
0.9S of the length of the preceding arc. If the length of the first arc is 12 in., 
what distance is traversed by the pendulum before coming to rest? 


89. Investment Problems 

Many of the important problems of business and investment can be 
solved by means of arithmetic and geometric progressions. For pur- 
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poses of reference, we repeat the simple-interest and the compound- 
interest formulas. 

Simple interest: A = P(1 4- ni). 

This gives the accumulation A for a principal P at the simple interest 
rate i for n years. 

Compound interest: A = P(1 -H i) n . 

This gives the accumulation A for a principal P at the interest rate i 
compounded annually for n years. 

Example 1. A man deposits $1000 in a bank at the beginning of each 
year. Find his total savings immediately after his tenth deposit (a) 
at 2 per cent, simple interest; ( b ) at 2 per cent interest, compounded 
annually. 

Solution: (a) The amount deposited at the beginning of the tenth 
year would earn no interest; the amount deposited at the beginning of 
the ninth year would earn interest for 1 yr; that at the beginning of the 
eighth year would earn interest for 2 yr, and so on. Thus, the total 
accumulation may be written 

$io = R + 22(1 + i) + R(1 + 2f) -J- • • • T - R (1 -f- 9f), 

where R = 1000 and i = 0.02. 

The expression for the value of $ 10 is the sum of an arithmetic pro- 
gression with cii = R and a w = R(1 + 9 i). Hence, 

$io = ^S\R -f- J2(l -(- 9 i)\ = 5R (2 + 9 i) 

= (5000) (2.18) = $10,900. Ans . 

(6) The argument in this part is the same as in (a) with the excep- 
tion that the compound-interest formula is used. Thus, 

$io = R + R(1 + i) 1 + E(1 + i) 2 + * • • + 22(1 + i) 9 . 


In this case, the progression is geometric with 1 + i as the common 
ratio. Hence, 


$10 


R [ l - (l + Q 10 ] 
1 - (1 + i) 
R[(l+i) 10 - 1] 


i 


1000 [( 1 . 02) 10 - 1 ] 


$10,949.72. Ans. 


0.02 
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Note: In problems such as part ( b ) of the preceding example, 
tables are commonly used to obtain answers correct to the nearest cent. 
For present purposes, the student may obtain an approximate answer 
either by the use of the binomial formula or by employing logarithms 
for the computation of (1 + i ) n . 

Investment problems frequently involve interest calculations more 
than once each year. In this connection, the phrase “k per cent com- 

k 

pounded m times per year” means that the actual interest rate is — 

m 

per cent per interest period. For example, the phrase “4 per cent, 
compounded semiannually” means that 2 per cent interest is earned 
each half year, at the end of which time the accrued interest is made 
part of the principal; the total amount then earns 2 per cent interest for 
the next half year, and so on. In any such problem, we may use the 

k 

same compound-interest formula as before if we put i = — per cent and 


let n be the total number of interest periods. 

Example 2. A fund of $20,000 is to be used to make five equal pay- 
ments, one at the end of each 6 mo starting from the present time. If 
the fund earns interest at the rate of 8 per cent, compounded semi- 
annually, find the value of each of the equal payments. 

Solution : Imagine the $20,000 divided into five parts Pi, P2, P 3, P 4, 
and P & ; then, Pi is to be allowed to accumulate for 6 mo to make the 
first payment, say P; P 2 is to accumulate for 1 yr to make the second 
payment, also R; and so on. This means that 


R = Pi(l + i) or Pi = P(1 + i) -1 , 

R = P 2 (l + i ) 2 or P 2 = P( 1 + i )~ 2 , 

P = P 5 (l + f) 6 or P 6 = P(l + f)- 6 . 

Since Pi + P 2 + • • • + P 6 = 20,000, we have 

P[( 1 + i)~' + (1 + i)~ 2 + • • • + (1 + i)~ b ] = 20,000. 

The quantity in brackets is the sum of a geometric progression with 
a\ = (1 + i)~ l and r = (1 + i)~ l . Therefore, 


m 
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or 


and 


n — (i + i) 5 ~i 

R . = 20 , 000 , 


R = 


20 , 000 ^ 


hence, 


1 - (1 + i )~ 5 

In this problem, the rate is 8 per cent, compounded semiannually; 
0.08 


i = 


0.04, 


and 


(20,000) (0.04) _ 800 

1 - (1.04)“ 5 ~ 1 - 0.82196 


800 

0.17804 


= $4493. 


Arts. 


This answer was obtained by five-place logarithms. Investment 
tables give $4492.54. 

If the compound-interest formula is solved for P, we have 

P = A(1 + 0“ n . 


The factor (1 + i)~ n is called the compound-discount factor. The 
preceding formula gives the present value of an amount A at compound 
discount, that is, the principal P that would have to be deposited now 
in order to accumulate to the amount A in n periods at the stated rate. 


Example 3. A man offers to sell his house for (a) $10,000 cash or (6) 
three payments of $3500 each, one in cash, one at the end of 1 yr and 
one at the end of 2 yr. What rate of interest, compounded annually, is 
the man asking in plan (6)? 

Solution: If we subtract the cash payment of $3500 from the total 
cash price, we have $6500 which may be considered as the sum of the 
present values of the remaining payments. Hence, 

6500 = 3500(1 + i)~ l + 3500(1 + i)~\ 

We multiply both sides of this equation by (1 + i) 2 and simplify to 
obtain 


13(1 + i) 2 - 7(1 + i) - 7 = 0, 
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a quadratic equation in (1 + i). From this equation we find 

. 7 db \/49 + 364 

1 + i = 

26 

_ 7 ± 20.322 
26 


Since 1 + i must be a positive number, we discard the minus sign 
and have 


1 + i 


27.322 

26 


1.051 — . 


Therefore, i = 0.051 — , 

and the man is asking approximately 5.1 per cent, compounded annu- 
ally. Ans. 


EXERCISES 74 

Where two answers are given for any of the following problems, the first 
is computed by means of five-place logarithms and the second by means of 
investment tables. 

1. Find the accumulated amount just after the last payment into a fund 
built up by deposits of S250 at the end of each year for 12 yr if the interest 
rate is 3 per cent, compounded annually. 

2. A fund is accumulated by making a deposit of $100 at the end of each 
6 mo for 7| yr. What amount is in the fund just after the last payment if the 
interest rate is 2 per cent compounded semiannually? 

3 . A man places $500 at the end of each 3 mo in a bank that pays interest 
at the rate of 2 per cent, compounded quarterly. How much will the bank 
owe him just after his twenty-fourth deposit? 

4 . To what amount will an investment of $500 at the end of each quarter 
for 5^ yr accumulate if money is worth 4 per cent, compounded quarterly? 

5 . Find the present value of the annuity which pays $2000 at the end of 
each year for 10 yr, starting now, if the interest rate is 2 per cent, compounded 
annually. 

6. Find the present value of the annuity which pays $600 at the end of 
each 6 mo for yr, if the interest rate is 2| per cent compounded semi- 
annually. 

7 . What sum of money should a person invest at 5 per cent, compounded 
annually, to yield $2800 a year at the end of each year for 9 yr, the first pay- 
ment being 1 yr from now? 

8. How much money should a person invest at 4 per cent, compounded 
semiannually, to yield $1200 at the end of every 6 mo for 12 yr, the first pay- 
ment being 1 yr from now? 


Exercises 257 


9 . What semiannual pension for 15 yr will 19000 buy if money is worth 

4 per cent, compounded semiannually? 

10. What annual pension for 20 yr will $25,000 buy if money is worth 3 
per cent, compounded annually? 

11 . A person buys a farm and agrees to pay $15,000 down and $2000 at 
the end of each year for 8 yr. What is the cash value of the farm if money is 
worth 4 per cent, compounded annually? compounded semiannually? 

12. To create a fund of $200,000 at the end of 15 yr, what equal payments 
must a corporation deposit at the end of each year if money is worth 3 per cent, 
compounded annually? 

13 . A property is sold for a down payment of $7000, with $700 to be paid 
at the end of each year for 20 yr. What is the present value of the property 
if the interest on the payments is 4 per cent, compounded annually? 

14 . If a man now has a debt of $8000, how much must he pay at the end of 
each year to discharge the debt in ten equal payments, the interest rate being 

5 per cent, compounded annually? 

15. A university builds a dormitory and plans to discharge a debt of 
$1,000,000 in 25 yr by twenty-five equal payments to be made at the end of 
each year. If money is worth 3 per cent, what is the amount of each payment? 

16 . A person purchased a property 8 yr ago for $5200 and 4 yr ago made 
$2000 worth of improvements. At the end of each year he paid $130 in taxes. 
What is his present investment in the property if the interest is figured at 
3 per cent, compounded annually? 

17 . A manufacturer buys $100,000 worth of new machinery. He makes 
a cash payment of $50,000 and contracts to pay $27,500 at the end of each 
year for the next 2 yr. What rate of interest, compounded annually, is being 
charged? 

18 . A house can be bought for $20,000 cash or for an $8000 down payment 
and $6480 paid at the end of each year for the next 2 yr. Find what rate of 
interest, compounded annually, is being charged? 

19 . A person invests $1000 at the end of each year for 5 successive years. 
This total amount is then returned to him in equal payments at the end of each 
year during the next 10 years. What is the amount of each payment if money 
is worth 5 per cent, compounded annually? 

20 . A person makes equal payments at the end of each year for 10 yr, for 
which he receives an annuity of $400 at the end of each year for the following 
20 yr. If money is worth 4 per cent, compounded annually, what is the 
amount of each of the equal payments made during the first 10 yr? 


Chapter J 


COHIPILi^ 




90. Introduction 

We have previously met the concept of a complex number in con- 
nection with the operation of extracting square roots. In order to 
make this operation always possible for real numbers, we defined the 
two square roots of — 1 as i and —i so that i 2 = — 1. 

Any number of the form a + bi, where a and b are real, is called a 
complex number. The real part of a + bi is a, and the imaginary part 
is bi) b is the coefficient of the imaginary part. If 6 = 0, the number 
is an ordinary real number, and if a = 0 and 6 ^ 0, the number is 
called a pure imaginary number. 

Complex numbers may be combined according to the usual laws of 
the fundamental operations with the additional rule that wherever r 
occurs, it is replaced by — 1. As we have seen, the combination of two 
complex numbers by addition, subtraction, multiplication, or division 
leads to another complex number. Since the real numbers constitute a 
special class of complex numbers, it appears that the complex numbers 
give us a true extension of the number system of algebra. It may be 
further noted that the system of complex numbers is the most general 
s\ T stem of numbers to which all the ordinary rules of algebra apph’. In 
fact, it has been shown that every more general number system fails to 
obey at least one of the laws of the fundamental operations. 

Thus, we may think of ordinary algebra as being that algebra which 
is based on the complex numbers; no further extension of the number 
system is needed to handle the problems of this basic algebra. For 
example, not only has the introduction of complex numbers made it 
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possible for us to extract the square roots of every real number, but it 
has also given us a more complete picture of the behavior of the quad- 
ratic equation in one unknown. Had it not been for the use of complex 
numbers, we should have had to say that some quadratic equations, 
such as x 2 + 1 = 0, have no roots, whereas others, such as x 2 — 1 = 0, 
have roots. 

The discussion in this chapter is intended to give a clearer picture of 
the meaning and importance of complex numbers, on the one hand, by 
means of their interpretation as vectors, and, on the other hand, by a 
consideration of the geometric meaning of the operation of multiplica- 
tion of one complex number by another. 


91. Vectors in a Plane 

With reference to Figure 43, suppose that a point originally at the 
origin is displaced 3 units in the positive X direction and then 4 units in 
the positive Y direction. The net effect 
is a displacement of 5 units in the di- 
rection which makes the angle 6 with 
the positive X axis as shown in the dia- 
gram. This displacement is character- 
ized completely by giving either the 
distance and direction of the final dis- 
placement or the two displacements first 
described. 

Any quantity which requires both 
magnitude and direction for its descrip- 
tion is called a vector quantity. Examples 
of such quantities are displacements, 
forces, velocities, and accelerations. A 
vector quantity may be represented by 
an arrow whose length is proportional to the magnitude, and whose 
direction is the direction of the vector quantity. An arrow used for 
this purpose is called a vector. We shall be concerned with vectors 
pointing out from the origin in a plane which we shall call the IF 
plane. 

Generalizing a statement made above, we see that a vector is com- 
pletely characterized by giving its length and the angle it makes with 
the positive X axis. The angle may be regarded as generated by 
rotating a line in the counterclockwise sense about the origin from a 
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position of coincidence with the positive A"" axis to a position of coinci- 
dence with the line of the arrow. 

From the arrow end of any vector, such as OP in Figure 44, per- 
pendiculars may be dropped to the two axes. The directed distances 
from the origin to the feet of these perpendiculars are called components 
of the vector. In Figure 44, OA is the A r component , and OB is the 
Y component of the vector OP. The sign attached to OA is that of 
the x coordinate of the point P, and the sign attached to OB is that of the 
y coordinate of P. Since OA and OB have both magnitude and direc- 
tion, they are also vectors. If OA and OB are given, the coordinates 
of the arrow end of OP are given; hence, OP is determined. In this 
sense, the two vectors OA and OB together are equivalent to the 
vector OP. 




Fig. 44 


Fig. 45 


A displacement from 0 to P followed by a displacement from P to R 
(see Figure 45) is equivalent to a displacement from 0 to R. The 
vector OR is called the resultant of the vectors OP and PR. If we 
draw a vector OQ parallel to PR and equal to PR in length, the line 
QR will complete a parallelogram of which OR is a diagonal. The 
parallelogram law for combining vectors states that the resultant of 
two vectors is given in magnitude and direction by the diagonal of the 
parallelogram just described. The process of finding the resultant of 
two vectors is called vector addition. 

Example 1 . Describe the resultant of the following two forces acting 
upon a point located at the origin : a 5-lb force in the positive A" direction 
and a 12-lb force in the negative Y direction. 

Solution: By the parallelogram law, the resultant is given by the 
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diagonal OP in Figure 46. The magnitude of the resultant is 

V 5 2 + 12 2 = Vim = 13 lb. Ans . 

The student will learn in trigonometry how to calculate the angle 0, 
or, if the figure is drawn carefully to scale, its approximate measure may 
be obtained by the use of a protractor. For present purposes, it will 
be sufficient to indicate the angle in the diagram. 




fig . 47 


From the previous discussion, it follows that two vectors not in the 
same line must always be added by means of the parallelogram law. 
Plowever, vectors in the same straight line are added in the manner of 
signed numbers on the number scale, as may be seen from the following 
examples. Two forces in the positive X direction, one of 5 lb and one 
of 7 lb, are equivalent to a single force of 12 lb in the same direction. 
A force of 5 lb in the positive X direction and a force of 7 lb in the 
negative X direction are equivalent to a force of 2 lb in the negative X 
direction. Similar statements may be made concerning two forces in 
any straight line. 

Let us consider two forces acting on the same point, located at the 
origin : one with an X component a and a Y component 6, and a second 
with an X component c and a Y component d. The vectors OP and 
OQ in Figure 47 represent these two forces; and the vector OR represents 
the force whose components are a + c and b + d, respectively. We 
may show that OR is the resultant of OP and OQ as follows: Horizontal 
lines are drawn through Q and P and are labeled TQ and PS , respectively. 
A vertical line is drawn through R , meeting PS at S. Since d is the 
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length of both OT and SR and c is the length of both TQ and PS T 
triangles OTQ and PSR are congruent right triangles. Hence, OQ is 
equal in length to PR. Furthermore, angle RPS = angle TQO, so that 

OQ is parallel to PR. Therefore, 
POQR is a parallelogram, and OR 
must be the required resultant. 

The preceding paragraph ma}' be 
summarized by the following state- 
ment. The X and Y components of 
the resultant of two vectors are the sums 
of the corresponding components of the 
vectors. 

Example 2. A vector has an X com- 
ponent of 2 and a Y component of 
— 3. A second vector has corresponding components —5 and +2, 
respectively. Find the magnitude of the resultant of the two vectors if 
both are acting upon a point located at the origin. 

Solution: The diagram is shown in Figure 48, from which we may 
read that the X component of the resultant is OM — +2 — 5= —3 
and the Y component is ON = — 3 + 2= — 1 . So the magnitude of 
the resultant OR is 

V (— 3) 2 + (-1) 2 = \/To. Am. 



EXERCISES 75 

1. Find the magnitude of the resultant of a force of 15 lb acting in the 
negative X direction and a force of S lb acting in the positive Y direction. 

2. Find the magnitude of the resultant of a force of 9 lb acting in the neg- 
ative X direction, a force of 7 lb acting in the negative Y direction, and a force 
of 2 lb acting in the positive X direction. 

3 . Find the magnitude of the resultant of four forces acting at a point, 
and described as follows : a force of 8 lb downward, a force of 32 lb upward, a 
force of 13 lb to the left, and a force of 20 lb to the right. 

4 . A ship which is headed east strikes an ocean current flowing from north 
to south with a speed of 4 knots, that is, 4 nautical miles per hour. If the 
ship’s speed in still water is IS knots, what is the resultant speed? Show in a 
diagram the actual direction in which the ship is moving. 

5. A jet plane is headed north at right angles to a west wind whose speed 
is 80 mph. If the plane’s speed in the direction of the heading is 600 mph, 
what is the resultant speed of the plane? Use a diagram to show the actual 
direction in which the plane is traveling. 
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Find the magnitude of the resultant of each of the following sets of vectors. 
Make a diagram for each problem. 

6. 14 units upward, 12 units to the right, and 5 units downward. 

7 . 10 units to the right, 8 units upward, and 4 units to the left. 

8 . 17 units to the right, 12 units upward, 11 units to the left, and 4 units 
downward. 

9 . 5 units to the right, 31 units upward, 12 units to the left, and 7 units 
downward. 

10 . 10 units upward and to the right at an angle of 45°, 4 units to the left 
and downward at an angle of 45°, and 3 V2 units to the left. 

11 . 8 units to the left, and 10V2 units to the right and downward at an 
angle of 45°. 


92. Interpretation of Complex Numbers as Vectors 

A complex number in the form a + bi may be represented graphically 
on a system of rectangular coordinates in the following manner: The 
real part a is plotted along the horizontal axis, and the imaginary 
coefficient b is plotted along the vertical axis. 

The point (a, b ) thus determined may be taken 
as the graphical representation of the complex 
number a + bi. However, it is more con- 
venient in an elementary course to regard the 
vector from the origin to the point (a, b) 
as a representation of the number see (Fig- 
ure 49). 

With this second interpretation, it is at 
once evident that a and b may be thought of as the X and Y compo- 
nents, respectively, of a vector in the XY plane. 

The magnitude of the vector OP, which is used to represent the 
number a + bi, is V a 2 + b 2 . This magnitude, which is always a 
real, positive number, is called the modulus, or absolute value, of the 
complex number. To indicate the modulus, we shall use the symbol 

| a + bi\ 

which may be read, the “modulus of a + bi” The angle 6 between 
the vector and the positive X axis is referred to as the angle of the 
complex number. 

93. Addition and Subtraction of Complex Numbers 

It follows from the preceding sections that the addition of complex 
numbers corresponds to the addition of vectors in the plane, for the sum 
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of two complex numbers a + bi and c + di is a + c + i(b + d), which 
may be regarded as the resultant of the two vectors representing 
a + bi and c + di in the manner shown in Section 9L 

Example 1. Add the complex numbers 2 + 3 i and — 4 + 2 i . Draw a 
diagram showing the vector interpretation of the addition, and find the 
modulus of the sum. 

Solution: The given complex numbers are combined by ordinary 
algebraic addition as follows: 

2 + 3 i 
-4 + 2 i 
— 2 + 5i. Ans . 

The diagram is shown in Figure 50. The modulus of the sum is 
[ — 2 + bi\ = V'( — 2) 2 + 5 2 = V29. 4 ns. 

In order to subtract a vector OP from a vector OQ , we reverse the 
direction of OP and add the result to OQ. The addition is accomplished 




Fig. 50 Fig. 51 

by the parallelogram law. Hence, the subtraction of one complex 
number from another corresponds to the subtraction of one vector from 
another, as may be seen from the following example. 

Example 2. Subtract —4 + 2 i from 2 + Si. Illustrate by a diagram 
showing the vector interpretation. 

Solution: 2 + 3 i — ( — 4 + 2 i) — 2 + Si + 4 — 2i = 6 + i. A?is. 
The diagram is shown in Figure 51. 

EXERCISES 76 

In each of the following exercises perform the indicated operations, draw 
a diagram showing the vector interpretation, and find the modulus of the 
answer : 
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1. (2 + 3 i) + (4 + hi) 

3. (4 - 2 i) + (S + li) 

5. (-10 - 4 i) + (3 + lit) 
7. (o + 12i) - (3 + 4 i) 

9. (-4 - bi) - (2 + i) 


2. (1 + bi) + (2 - i) 

4. (-8 + 4i) + (6 - i ) 

6. ( — 7 — 3t") — J— (3 — 1~ 6i) 
8. (12 - bi) - (4 + 3 i) 
10. (-7 - i) - (-9 - 2 i) 


11. (10 - 2 i) - (-14 - 9 i) 12. (-8 + 4i) - (-7 + bi) 

13. (2 + bi) + (5 - 2i) + (-2 - 4 i) 

14. (-4 + Si) + (-3 - 7i) + (8 + 6i) 

15. (9 + 2i) - (4 - 3i) + (-5 + 4 i) 

16. (-7 - bi) - (-6 - Si) - (-2 + 7 i) 

94. Multiplication of Complex Numbers 


There are certain applications, such as in electric-circuit theory, 
where it is desirable to think of the symbol bi, where b is real, as a 
product of b and the unit i. Figure 52 
shows the number b and the number bi. 

From this figure it is clear that this “multi- 
plication” by i turns the number b through 
90° and leaves its magnitude unchanged. 

A second multiplication by i may be in- 
dicated by bi 2 . If we use the interpretation 
of a rotation through 90°, we see from Figure 
52 that bi 2 and —b are the same. Hence, our previous definition of 

i 2 = -1 

appears to be consistent with this new interpretation. 

Following the idea of the preceding paragraph, we have 

i z = i 2 • i = —i; 

1 4 = (i 2 ) 2 = (-1) 2 = +1; 

1 5 = i(i 4 ) = i; 

1 6 = i 2 (i 4 ) = -1; 

and so on. 

By making use of the definition i 2 = — 1, any positive or negative 
integral power of i may be reduced to one of the numbers i, — 1, —i, or L 

Example 1. Simplify (a) i 10Z ; (b) f -103 . 

Solution : (a) i 103 = ( i 2 ) 51 • i = (— l) 51 • i = — 1 • i = —i. Ans. 

(b) f- 103 = i~ 104 • i = (f 2 )- 52 • i = (-I)" 52 • i = +1 . i = i. Ans . 


90^ 
bi 2 / 

Y 

bi 

\ f x 

t 

c r 
O 

' b 


Fig . 52 
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Part ( 6 ) may also be handled as follows: 

P 03 ” -i 



[See Part (a)] 


— i 


-C 2 ) 


= 


We have seen previously that complex 
numbers are combined by the ordinary rules 
of algebra. Thus, 

i(a T bi) — ai T- bi 2 = — b -p ai, 


Fig . 53 


and Figure 53 makes it clear that the desired 
product is obtained by turning the number 
a + bi through 90°. 

For the multiplication of two complex numbers in general, we may 
write 

(a + bi) (c -)- di) = a (c di) -b bi(c + di.) 


Hence, the product may be found as the resultant of the two vectors 
bi(c + di) and a(c + di). This is shown in Figure 546. Since a is a 
real number, it follows that the angle of the complex number a(c + di) 
is the same as that of c + di, that is, the angle 6 in Figure 546 is the same 
as the angle 6 in Figure 54a. It may also be seen that the vector OQ 
makes an angle of 90° with the vector OR. Why? 

Since the length of RP is the length of OQ, we have 

RP = \bi(c + di) | = \bci - bd\ 

= \/(-M ) 2 + (be)- = \b\V? + d\ 

Similarly, OR = |a(c + di)| = |ac + adi\ 

= V (ac) 2 + ( ad) 2 = |a|\/ c 2 + d-. 


Referring to triangle OMA (Figure 54a) and triangle ORP (Figure 
546), we have 


OR ja[ V c 2 4“ d 2 

OAT = 

RP |6[\/c 2 + d' 
AIA ~ |6| 


\/c 2 + d\ 


\/c 2 + d\ 


and 
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Thus, the corresponding legs of triangles OMA and ORP are propor- 
tional, and the triangles are similar. This fact shows that angle ROP 
is equal to angle «; so OP makes the angle a + 0 with the X axis. 
Moreover, 

OP = | (a + bi) (c + di)\ = | (ac — bd) + i(ad + be ) | 

= V (ac — bd) 2 + (ad + be) 2 

= Va 2 e 2 + b 2 d 2 + a 2 d 2 + b 2 c 2 = Va 2 (e 2 + d 2 ) + b 2 (e 2 + d 2 ) 

= V(a 2 + b 2 )V(c 2 + d 2 ), 

which shows that the number of units in the length of OP is the product 
of the number of units in the length of OA and the number in the 
length of OB. 

Although the angle a in Figure 54 a has been taken as an acute angle, 
an appropriate figure leads to the corresponding result for any value of 
the angle. We therefore have the general theorem: 

T\e modulus of the yroduct of two com plex num bers As the, product of their 
moduli; the angle o f thej prod,uet is thes um niJJicLxmq Us of 

Example 2. Verify the theorem above for the numbers V3 + i and 

— 1 T - zV3. 
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Solution: The product of the given numbers is 

(Vs + 0 (— 1 + iV 3) = — 2v3 + 2 i, 
and the modulus of this product is 

| — 2\/3 + 2i\ = V 12 + 4 = 4. 

The moduli of the given numbers are, respectively, 

\Vs + i\ = VS + 1 = 2 , 

and |-1 + iV 3 1 = V 1 + 3 = 2. 

Hence, the product of the two moduli is the modulus of the product. 

From geometry, we know that the smallest 
angle of a right triangle whose legs are in 

the ratio “7= is 30°. (Prove this.) There- 

Vs 

fore, in Figure 55, angle XOA = 30°, angle 
XOB = 120°, and angle XOC = 150°. So the 
angle of the product is the sum of the angles 
of the two factors. 

Thus, the angles and moduli satisfy the relations stated in the 
theorem. 


— 2 V3+ 2i ' 

pN. — 1 + i V3 

'Y 

'150° 

120vVft 

0 

30° X 


Fig. 55 


Example 3. Find the modulus of the product of 3 + 4 i and —12 + 5 i 
without multiplying together the complex numbers. 


Solution: The modulus of 3 + 4 i is 

VS 2 + 4 2 = 5, 

and the modulus of —12 + 5 i is 


\/(-12 ) r + 5 2 = 13. 
Hence, the modulus of the product is 


(5) (13) = 65. Ans. 


The student should recall that two complex numbers which differ in 
the signs of their imaginary parts are called conjugate complex numbers. 
The indicated quotient of any two complex numbers may be written in a 
simple form by multiplying the numerator and the denominator by the 
conjugate of the denominator. 


Example 4. 


Simplify 


1 + iV 3 
V 2 - i 
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Solution: Since we know that (V 2 — i) (V2 + i) = (\/2) 2 — i 2 = 3, 
we multiply the numerator and the denominator by V2 + i to find 

(1 + iV3)(V2 + i) _ (V2 - v'3) + i(V6 + 1) 

(V2 - i ) (V2 + i ) 3 

V2 - V'3 , V6 + 1 .. 

= i. Ans. 

3 3 

The student should observe that the simplification consists in writing 
the quotient in the form a + bi, where a and b are real but not neces- 
sarily “simple” numbers. 


EXERCISES 77 


Simplify each of the following expressions: 

1. i s + i 12 2. i 9 + i n 3. (-t) 14 - i 20 

4. (~i) s0 5. -(-t) 15 6. i 62 

7. (~i) n + i 17 8. i 21 + i 22 + i 23 9. -i n + i 12 +T 3 

Perform the indicated operations and find the modulus of the resulting 
complex number in each of Exercises 10 to 23. 


10. (3 - 4 1) (4 + 3i) 

12. (2V3 - 2t) (3 + i3\/3) 
14. (1 - i) 2 (l + i) 

ie.«±i? 

4 - 3i 


IS- tt= 

VTT + iV 5 

1 - 2i 1 + 2 i 

1 4 ~ 2i 1 — 2 i 



11. (5 - 120(12 - 5i) 


13. (v'3 + i)(- 4\/3 - 4i) 
15. (1 + 0 3 (1 ~ *) 


17. 


8 - 6t 

1 - iV3 


19. 


21 . 


12 

Vi - 1V2 

3 -i 3 + » 
3 + i + 3 - £ 


23. 


( 


2i 

Vs- 




3 


24. Find the value of z 3 + 3z 2 — 16 if x = 2 — i. 

25. Find the value of z 4 — + 5 if z = 1 — i. 

112 

26. Show that 1 — iV 2 is a root of = — ~ • 

x — 2 a; 3 # 

5 5 

27. Show that 2 + 4{ is a root of — - = 1. 

x x — 4 
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95. General Properties of Complex Numbers 

The following properties of complex numbers are of importance in 
the succeeding work. 

Property 1: A complex number is zero if, and only if, the real and imaginary 
parts are both zero . 

Property 2: If two complex numbers are equal , their real parts are equal, 
and the coefficients of their imaginary parts are equal. 

Property 3: If the product of two complex numbers is zero, at least one 
of the complex numbers is zero. 

These three statements are proved as follows: 

If a + bi = 0, 

then, a = —bi. 

Now square both sides a 2 = ( — bi) 2 = — b 2 . 

Since a and b are real, a 2 and b 2 must both be positive or zero. If they 
were positive, a 2 = —b 2 would mean that a positive number is equal to a 
negative number, which is impossible. Hence, a = b = 0, and Property 
(1) is proved. 

If a + bi = c + di, 

then, a — c + i(b — d) — 0. 

The last equation states that a certain complex number is equal to 
zero. Therefore, by Property (1), 

a — c = 0 or a - c, 

and b — d = 0 or b = d. 

This proves Property (2). 

If a complex number is zero, we see that its modulus must be zero. 
Therefore, if (a + bi)(c + di) = 0, 
then, | (a + bi)(c + di) | = 0. 

But, | (a + bi)(c + di) \ = | a + bi\ • | c + di\ 

= Va 2 + b 2 • v'V- + d\ 

where the two radicals are both real numbers. Since the product of two 
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real numbers cannot be zero unless at least one of them is zero, we must 
have 

vV + b 2 = o, 

or V c 2 + d 2 = 0, 

or both radicals are zero. 

If Va 2 + b 2 = 0, 

then, a 2 + b 2 = 0, 

and a 2 = — b 2 , 

from which it follows that a = b = 0 and a + bi = 0. 

If V a 2 + b 2 ^ 0, then V c 2 + d 2 — 0, and we could conclude that 
c + di = 0. This completes the proof of Property (3). 

Example 1. If x + y + i(x — y + 2) = 0, and x and y are real, find 
the values of x and y. 

Solution: By using Property (1) above, we have 

x + y = 0, 

and x — y + 2 = 0. 

We find the solution of this system to be x = — 1, y = 1. Ans. 

Example 2. For what real values of x and y is the equation 
2x — 3y + i(x — 6 y) =7 + Si satisfied? 

Solution: By referring to Property (2) above, we have 

2a; — 3 y = 7, 

and x — 6y = 8. 

The solution of this system is (2, —1). Ans . 

EXERCISES 78 

Find the real values of the letters for which each of the following equations 
is valid : 

1. (2x + y) + (x - 3 y)i= 4 + 9 i 

2. O - 6 z) + (2 w + 10 z)i = -10 + 2t 

3. (6w — 8^) — (5u — 3 v)i = 29 — 1 bi 

4. (5x + 3 y) — (2a; — y)i = 11 — lit 
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5. (IS + 12 i)u + (5 i - 11> = 3 + 39 i 

6. (5 — 7 i)a + (1 — 5 i)b = 1 — 14i 

7. 3c + 2 d + 4 + Si = — 4ci — 6 di 

8. 3(x - 2) + 4(z - l)i = 3 (y + i) + 4 (y + 2) 

9. For what real values of u, v, x, and y will 

[2 u + v + (u- 2v + 5)i][5s + Sy - (x + 2y + 7)i] = 0? 

10. For what real values of a, b, c, and d will 

[3a - 46 + 24 + (3a - 2 b)i][c - 2d + (2c + d - 15)i] = 0? 

Complex Numbers in Trigonometric Form 

Note: For the remainder of this chapter, it is assumed that the 
student has studied trigonometry. 

96. The Polar Form of a Complex Number 

The form a + bi of a complex number is known as the rectangular 
form because, as we have seen, a and b may be taken as the rectangular 
components of the vector representation of the 
number. This graphical representation makes it 
possible for us to put the complex number into 
another useful form. 

The vector representation of a + bi is shown 
in Figure 56. The length or magnitude of the vec- 
tor has been labeled r, and we immediately recognize 
the fact that 

r = vV + b 2 (1) 

is what we have previously called the modulus of the complex number. 
Furthermore, the angle 6 in the figure is given by the equation 

tanG = - • (2) 

a 

Other names for the angle of the complex number are the amplitude or 
the argument of the number. 

From the right triangle OMP in Figure 56, we have 

a — r cos 9 and b = r sin 0. (3) 

Since the angle 6 is always to be measured from the positive X direction, 

the last two equations are correct, regardless of the quadrant in which 
the point P is located. 



Fig, 56 
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We may now write 

a + bi = r cos 0 + (r sin 0)z 


= r(cos 0 +z sin 0). ^4) 

This new form, which displays the modulus and the angle of the number 
better than the rectangular form, is called the polar form of the complex 
number. 

As we know from trigonometry, the angle 9 may be increased or 
decreased by an integral multiple of 360° without changing the value of 
either the sine or the cosine of the angle. Accordingly, the polar form 
of a number may be written 

r[cos (0 + k • 360°) + i sin (0 + k • 360°)], (5) 

where k may be zero or any positive or negative integer. This expres- 
sion for a complex number is called the complete polar form of the 
number. 

If a number is to be changed from the rectangular form a + bi to the 
polar form given by (4) or (5), the relations (1) and (2) may be used. 
In connection with the use of relation (2), the student must be careful 
to obtain the proper quadrant for the angle 9. 

The separate signs of b and a are of importance 
in the determination of this quadrant, as we can 
see from the graphical representation of the 
complex number. In no case should the stu- 
dent change a number from rectangular to 
polar form without plotting the number. 

Example 1. Write the number 1 — iV 3 in 
(a) the polar form; (b) the complete polar 
form. 

Solution : (a) The number 1 — iV 3 is plot- 
ted in Figure 57. Either from the figure; or from Equation (1), we have 

r = V(l ) 2 + (-V3) 2 = VI + 3 = 2. 



Also from Equation (2), 


tan 6 


V3 


Hence 


6 = 300* 
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and 1 — iV 3 = 2 (cos 300° + i sin 300°). Ans. 

(b) The complete polar form is 

2[cos (300° + k • 3G0°) + i sin(300° + k * 360°)], 1 

\ Arts. 

k = 0, ± 1 , ± 2 , • • • .] 

The student’s attention is again called to the fact that in polar form 
r is never negative, and 6 is measured in the counterclockwise sense from 
the positive X direction. The convention for 6 implies that the signs 
prefixed to sin 0 and cos 6 are both plus. (It may be noted that the 
number zero has a zero modulus, but the angle is ambiguous. We shall 
have no occasion to use a polar form for zero.) 

Example 2. Write the number —2 in polar form. 

Solution: From Figure 58, we see that 0 = 180° 
and r = 2. Accordingly, 

— 2 = 2 (cos 180° + i sin 180°). Ans. 

Example 3. Express the number 8 — 1 5i in polar form. 

Solution : The modulus of the number is 

r = \/8 2 + (— 15) 2 

= \/289 = 17. 

-15 

Also, tan 6 = 

8 

= - 1 . 875 ; 

and from Figure 59 it appears that 6 is a 
fourth-quadrant angle. We use trigonomet- 
ric tables to find 

9 = 298.1°, approximately. Fig. 59 

Hence, 8 - 15 i = 17 (cos 298.1° + i sin 298.1°). Ans. 

Example 4. Express the number 10 (cos 225° + i sin 225°) in rec- 
tangular form. 

Solution: From trigonometry, we know that 

V2 V2 

° and sin 225° = 

2 2 



180 s 

A 

Y 

\X 

1 

ro 

O 



Fig. 58 


cos 225 ( 
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Therefore, 10 (cos 225° + i sin 225°) = 10 



V 2 . \/ 2\ 

~2 * ”2 ” ) 


= —5V2 — io\ / 2. Ans. 


EXERCISES 79 


Write each of the following complex numbers in the polar form : 
1. -8 + Oi 
4. —19f 


7 . Vl5 - iV 5 
10. —13 — il3\/3 
13 . 4 - 3i 
16 . 6 + 8i 


2. 14 + Of 
5. 3V2 - t3V2 
8 . -4 - 4i 

11 . x/5 + iVTE 

14 . 12 + 5 i 
17 . -13 - lOi 


3. 18* 

6. -11 -s/3 + Hi 
9. 10 - ilOV3 

12 . 2x/6 - i2V2 

15 . -6 + 12* 

18 . 7 - lli 


Write each of the following complex numbers in the complete polar form : 


19 . 5V2 + i5\/2 

22. 31* 

25. — 4V3 - 4 i 


20 . -7 - 7 1 21 . -23 

23 . -8V3 + 8i 24 . 3 - i3t/3 

26 . 15V2 - il5-s/2 27 . 10 + 20i 


Write each of the following complex numbers in the rectangular form: 
28 . 6 (cos 60° + i sin 60°) 


30 . 17 (cos 270° + i sin 270°) 
32 . 2V3(cos 150° + i sin 150°) 
34 . 6\/2(cos 45° + i sin 45°) 
36 . 12 (cos 330° + i sin 330°) 
38 . 40 (cos 70° + i sin 70°) 

40 . 6 (cos 345° + i sin 345°) 


29 . 18 (cos 135° + i sin 135°) 
31 . 41 (cos 90° + i sin 90°) 

33 . 5V2(cos 225° + i sin 225°) 
35 . 10(cos 300° + i sin 300°) 
37 . 22 (cos 240° + i sin 240°) 
39 . 8 (cos 140° + i sin 140°) 

41 . 15 (cos 235° + i sin 235°) 


97. Multiplication and Division of Complex Numbers in 
Polar Form 


The multiplication and division of complex numbers is especially easy 
when the numbers are in polar form. We have already shown that the 
modulus of the product of two complex numbers is the product of their 
moduli, and the angle of the product is the sum of their angles. Thus, 
if we have the two numbers 

ai + hi = ri(cos di + i sin 0i) 

«2 + b 2 i = r 2 (cos 02 + i sin 0 2 ), 


and 


276 Complex Numbers 


[Ch. 15 


then, (ai + bii) (a 2 + b 2 i) = rir 2 [cos (0i + 0 2 ) + i sin (0 X + 0 2 )]. (1) 

This result may also be obtained by direct multiplication of the two 
numbers as follows: 

[ri(cos 0i + i sin 0i)][r 2 (cos 0 2 + i sin 0 2 )] 

= nr 2 [(cos 0i cos 0 2 — sin 0 X sin 0 2 ) + i(sin 0i cos 0 2 + cos 0i sin 0 2 )]. 


The student should recognize the two quantities in parentheses in the 
right member as the formulas for cos (0i + 0 2 ) and sin (0i + 0 2 ), re- 
spectively. Alternatively, he may regard our procedure as another 
method for obtaining these formulas; for, if the two results obtained 
above are to be equal, the real parts must be equal, and the coefficients 
of i must be equal. 

The reciprocal of a complex number r(cos 0 + i sin 0) may be put 
into polar form by multiplying numerator and denominator by the 
conjugate of cos 0 + i sin 0, that is, by cos 0 — i sin 0 as follows: 

1 cos 0 — i sin 0 

r(cos 0 + f sin 0) r(cos 2 0 + sin 2 0) 


Recalling that cos 2 0 + sin 2 0=1, we have 


1 

r(cos 0 + 2 sin 0) 


= - (cos 0—2 sin 0). 
r 


Furthermore, we know from trigonometry that cos ( — 0) = cos 0 and 
sin ( — 0) = —sin 0; hence, by replacing 0 by —0 in the preceding result 
we obtain 


1 

r(cos 0 + 2 sin 0) 


= - [cos ( — 0) + 2 sin ( — 0)]. 
r 


( 2 ) 


We may now obtain a useful method for the division of one complex 
number by another. Thus, 


ri(cos 0i + 2 sin 0i) 
r 2 (cos 0 2 + 2 sin 0 2 ) 


n 

r 2 


1 


cos 0 2 + 2 sin 0 2 > 


(cos 0i + 2 sin 0i) 


= — [cos ( — 0 * 2 ) + i sin ( — 0 2 )][cos 0i + 2 sin 0i] 
r 2 


= — [cos (0i — 0 2 ) + 2 sin (0i — 0 2 )]. (3) 

r 2 

This result may be stated verbally: The modulus of the quotient of two 
complex numbers is the modulus of the dividend divided by the modulus of 
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the divisor; the angle of the quotient is the angle of the dividend minus the 
angle of the divisor . 

Example 1 . Obtain the product of 


[3 (cos 10° + i sin 10°)][2(cos 40° + i sin 40°)] 

=' 6 (cos 50° + i sin 50°). Ans. 

4 (cos 130° + i sin 130°) . . - 

Example 2. Express — Q ■ — — — — — m rectangular form. 

2 (cos 40° + i sin 40°) 

Solution: We first carry out the division in polar form to obtain 
2 (cos 90° + i sin 90°). 

Since cos 90° = 0 and sin 90° = 1, 

we find the result to be 2 i. Ans. 

The theorem on the product of two complex numbers leads to the 
following interesting and important result. In Equation (1) of this 
section, we put 


and find [r(cos 0 + i sin 0)] 2 = r 2 (cos 26 + i sin 29). 

We may multiply both members of this equation by r(cos 6 + i sin 6) 
to obtain 

[r(cos 6 + i sin 0)] 3 = r 3 (cos 30 + i sin 30). 

This result may evidently be generalized for any positive integral 
exponent. Therefore, 


The statement given in Equation (4) is called De Moivre’s theorem. 

By making use of Equation (2), we may verify De Moivre’s theorem 
for the case where n is a negative integer. Let n = —m, where m is a 
positive integer. Then, 


2 (cos 40° + i sin 40°) and 3 (cos 10° + i sin 10°). 


Solution: 


n = r 2 = r and 0i = 02 — 0, 


[r(cos 0 + i sin 0)] n = r n (cos n9 + i sin n0). 


( 4 ) 


[r(cos 0 + i sin 0)] -w = r~ 7 "(cos 0 + i sin 0) m 
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Since the theorem is valid for positive integral exponents, the last 
expression may be written 


r -m _ 

Lc 


1 


cos md + i sin md J 
which by (2) is equal to the expression 

r~ m [ cos ( — md) + i sin (— mQ)]. 

The desired verification is therefore complete. 

Example 3. Evaluate (\ 3 + z) 6 . 

Solution: Change the complex number v 3 + i to polar form: 
(\/3 + t) = 2 (cos 30° + i sin 30°). 

Hence, (v 3 + z) 6 = 2 6 (cos 180° + i sin 180°) 

= 64 ( — 1 + z • 0) = -64. Am. 
Example 4. Evaluate (—1 — z) -5 . 

— 1 — z = 2 K ’(cos 225° + z sin 225°). 

(-1 - z)~ 5 = 2-* 4 [cos(-1125°) + z sin(-1125°)] 
= 2 - ^" (cos 315° + i sin 315°) 


Solution: 

Therefore, 


4\ 2\\ 2 \ 2/ 


1 z 

8 _ 8 ' 


A ns. 


EXERCISES 80 

Perform the indicated operations and express each result in the rectangular 
form: 

1. [2(cos 1S° -f- zsin lS°)][4(cos 12° + i sin 12°)] 

2. [10 (cos 34° + i sin 34°)][3(cos 26° + i sin 26°)] 

3. [7 (cos 112° + zsin 112°)][2(cos 68° + zsin 68°)] 

4. [6 (cos 223° + i sin 223°)][5(cos 227° + z sin 227°)] 

12 (cos 72° -f i sin 72°) 24 (cos 154° + z sin 154°) 

3 (cos 42° + i sin 42°) * 6 (cos 64° -f i sin 64°) 
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7 42 (cos 8° + i sin 8°) 

. 6\/2(cos 171° + i sin 171°) 

V • ^ . 

7 (cos 68° + i sin 68°) 

2(eos 216 + i sin 216 ) 

9. [2 (cos 30° + i sin 30°)] 4 

10. [4 (cos 10° + i sin 10°)] 6 

11. [3 (cos 144° + i sin 144°)] 5 

12. [2 (cos 210° + i sin 210°)] 7 

13. [§(cos 18° + i sin 18°)] -5 

14. [f (cos 30° + i sin 30°)] — 6 

15. (cos 15° + % sin 15°) 100 

16. (cos 60° + i sin 60°) 50 

, /\/2 V2 A 30 

/ 1 , VS A 40 

17. ( — —i ) 


V 2 2 / 

V 2 2 / 

19. (V3 + i) b 

20. (V2 - iV 2) 9 


98. Roots of Complex Numbers 

As in the case of real numbers, we define an nth root of a complex 
number r(cos 0 + i sin 0) to be a complex number 7?(cos <j> + i sin <t>) 
such that 

[R ( cos 4> + i sin <p)] n = r( cos 0 + i sin d). 

Since n is a positive integer, we may apply De Moivre’s theorem to the 
left side of this equation to obtain 

7? n (cos n<j> + i sin n<j>) = r(cos 0 + i sin 0), 

or R n cos n<j) + iR n sin n<f> = r cos 0 + ir sin 0. 

In order that this equation may be valid, the real parts must be equal, 
and the coefficients of i must be equal. 

Thus, R n cos n(j> = r cos 0, 

and R n sin n<t> = r sin 0. 

By dividing the members of the second equation by the correspond- 
ing members of the first, we find 

tan n<f) = tan 0, 

which is satisfied if n<t> = 0, 

0 

that is, if (/>=—• 

n 

With this value of <j>, we obtain 

R n = r, 

or R = r 1/n 
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These two results enable us to write 


[r(cos 8 + i sin 0)] l/n 


pi In 


e . . 01 

cos — b i sin - ] > 

L n nj 


where the exponent 1/n applied to the left member indicates an nth root. 
On the right, since r is a real, positive number, we may restrict r 1/n to 
mean the principal nth root of r. 

For a general fractional exponent, we have 

[r(cos 0 + i sin B')] m,n = j [r(cos 6 + i sin 0)] m } 1/n 

= [r w (cos mB + i sin mB)] 11 * 

( mB . . mB\ 

= r mfn I cos h i sin — ) > 

\ n n / 

a result which shows that De Moivre's theorem is valid for any rational 
exponent. 

If we return now to the problem of nth roots and use the complete 
polar form of a complex number, we obtain 

{r[cos (B + k • 360°) + i sin (0 + k • 360°)]} l/n 



where k = 0, ±1, ±2, • • • . 


It appears from this formula that the values k = 0, 1, 2, * • • , (n — 1) 

0 A’ 

will vield n different values of the angle — I — • 360°, differing by 

n n 

360° 

integral multiples of . These n values of the angle will give n 

n 

different values for the desired nth root; however, any other value of k 
will give an angle which differs from one of these n angles by an integral 
multiple of 360°. In this latter case, since the sine and cosine both have 
periods of 360°, no additional value for the nth root will be obtained. 

The preceding discussion is summarized as follows: Every complex 
number y(cosB + i $zn0), r ^ 0, has exactly n distinct nth roots. These 
roots all have the same modulus , the positive number r 1/n . The angles of 
these nth roots may be taken as 


0 0 1 0 2 

- > — I — • 360 , — I — • 360 , 
n 7i n n n 


i + lUl. 360-, 

n n 


respectively . 
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Example 1. 
Solution: 


Find the four 4th roots of — 8 + iSV 3. 

We first write the given number in polar form. 
-8 + i&V 3 = 16 (cos 120° + i sin 120°). 


We now find 


16 m = 2 , 


120 ° 

4 


30 °, 


and 





A 


Hence, the required 4th roots all have the modulus 2, and the angles may 
be taken as 


30°, 30° + 90°, 30° + 2 * 90°, and 30° + 3 • 90°, 

respectively. (We have used k = 0,1, 2, and 3.) The four 4th roots 
are listed below. 


k = 0: 2 (cos 30° + i sin 30°) = V3 + i; 

k = 1: 2 (cos 120° + isin 120°) = -1 + iV 3; 

> 

k = 2: 2 (cos 210° + i sin 210°) = -V3 - i; 
k = 3: 2 (cos 300° + i sin 300°) = 1 — iV 3. 

Notice that the value k = 4 would yield 

2 (cos 390° + i sin 390°) = 2 (cos 30° + i sin 30° 


Ans. 


), 


a repetition of the result for k = 0. 



Fig . 60 


The four roots just obtained are represented graphically in Figure 
60. The four points corresponding to the roots are the vertices of a 
square inscribed in a circle of radius 2 units and with center at the origin. 
It is evident from the general discussion of this section that the points 


282 Complex Numbers 


[Ch. 15 


representing the nth roots of r (cos 6 + i sin 6) will lie at the vertices of a 
regular polygon of n sides inscribed in a circle of radius r 1/B and with 

0 

center at the origin. The angle — is the angle of that one of the roots 

n 

which has the smallest positive (or zero) angle. 

EXERCISES 81 

Find in the polar form the roots of the equation in each of Exercises 1 to 16. 
Represent the roots of each equation graphically on one diagram. 


Find all the roots of each of the equations listed below, and express these 
roots in both the polar and the rectangular form. Represent the roots of each 
equation graphically on one diagram. 


1. y 2 = 36 (cos 80° + i sin 80°) 

3. v 3 = 27 (cos 72° + i sin 72°) 

5. x 4 = 81 (cos 64° + i sin 64°) 

7. w b = cos 150° + i sin 150° 

9. x 2 = 1 + iV 3 


2. x 2 = 4 (cos 140° + i sin 140°) 
4. z 3 = 8 (cos 105° + i sin 105°) 

6. y* = 16 (cos 200° + i sin 200°) 
8. c 6 = 27 (cos 120° + i sin 120°) 

10. «r = 8 — l'8 V3 


11. y 3 + 4 + i4v/3 = 0 
13. v* = 2 - i'2v/3 
15. s 5 - 32 = 0 


12. z 3 - SV2 - i8V6 = 0 
14. i 4 = -8 + 18^3 
16. y 5 + 16 V3 + 16i = 0 


17. w 2 + 36i = 0 
19. y 3 - 27 = 0 
21. x 3 + 216 = 0 
23. v 3 - 64 i = 0 

26. z 4 + 81 = 0 

27. y* - 64 = 0 
29. x 5 — 1 = 0 


18. x- = 32 + i32V3 


20. v 3 - 8i = 0 
22. z 3 + 27 i = 0 
24. < 4 + 4 = 0 


26. y* = -32 - i32\/3 
28. x 6 + 8 = 0 
30. u 5 - 243i = 0 


Chapter 


iraommt 


99. Definitions 

On several occasions we have made statements to the effect that 
one number is greater than another, or that one number is less than 
another. Such statements are referred to as inequalities. For example, 

2 > — 1 and 5 < 7 are inequalities. 

Since a statement of inequality between two numbers implies that 
the numbers may be arranged in order of magnitude on a number scale, 
it follows that inequalities in the algebraic sense must deal with real 
numbers only. This restriction must be understood throughout algebra. 

As we have seen from our previous work, it takes very definite 
knowledge to describe a number by means of an equation. When, as 
it may happen, we have less definite knowledge about a number than 
equations require, it may be that our information is sufficient to describe 
the number by means of an inequality. Thus, the statement x — 1 = 4 
describes the number x completely; x must have the value 5. The state- 
ment x — 1 > 4 describes x in a less definite fashion; x may have any 
value greater than 5. 

The student is again reminded that the symbols > and < always 
point toward the smaller number. Two inequalities in which the 
inequality signs point in the same direction are said to have the “same 
sense”; if the signs point in opposite directions, the inequalities are 
“opposite in sense.” Thus, the statements a > b and c > d have the 
same sense; a > b and c < d are opposite in sense. 

We sometimes use the symbols ^ and ^ to mean “is greater than or 
equal to” and “is less than or equal to,” respectively. For example, 
every real number, say N , obeys the inequality N * 2 ^ 0. 

As in the case of equations, inequalities are divided into two kinds, 
defined as follows: 
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(1) An unconditional or absolute inequality is an inequality that is 
valid for all permissible values of the letters involved. For example, the 
statement a 2 + 4 > 0, which is valid for every real value of a, is an 
absolute inequality. 

(2) A conditional inequality is an inequality that is valid only for a 
certain set or range of real values of the letters involved. Thus, 
x — 1 > 0 is a conditional inequality; it is valid only if x > 1. 

100. Operations with Inequalities 

The methods used in handling inequalities are in many ways simi- 
lar to those used in dealing with equations. The following theorems 
are all proved by the use of the fundamental fact that if 

a > b, 

then, a — b = p is a 'positive number, 

and conversely. 

Theorem 1: The addition of the same real number to, or the subtraction of 
the same real number from, both members of an inequality leaves the sense 
of the inequality unaltered . 

Proof: The inequality a > b means a — b = p is a positive number. 
For any real number m, we have 

a — b = a + m — b — m 

= (a + m) — (b + m). 

If we substitute the last expression for a — b into the preceding equation, 
we obtain 

(a + m) — (b + m) = p. 

Therefore, if a > b, 

then, a + m > b + m. 

Since m may be positive or negative, Theorem (1) is proved. 

Illustrations: If we start with the inequality 6 > 2, we may find 
11 > 7 by adding 5 to both members. Similarly, — 1 > —5 is obtained 
by subtracting 7 from both members. 

Theorem 2: The multiplication or division of both members of an inequality 
by the same positive number leaves the sense of the inequality unaltered. 
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Proof: If a > b, we have a — b = p is a positive number. If q is 
any positive number, then, 

aq - bq = pq, 

which is also positive. Hence, if 

a > b and q > 0, 
then, aq > bq. 

Theorem 3: If both members of an inequality are multiplied or divided by 
a negative number , a new inequality of opposite sense is obtained. 

The proof of Theorem (3) is left for the student. It follows from 
Theorem (3) that, if the signs of both members of an inequality are 
reversed, the sense of the inequality will also be reversed. 

Illustrations : From the inequality 3 < 5, we find 6 < 10 by multi- 
plying both members by 2. Also, we may obtain — 6 > — 10 by multi- 
plying both members by — 2. 

Theorem 4: If all the members of two inequalities of the same sense are 
positive and the corresponding members of the inequalities are midtiplied 
together , an inequality of the same sense is obtained. 

Proof: If a > b and c > d } with a, b , c, and d all positive, we have 
a — b = p and c — d = q, 
with p and q positive. Therefore, 

a = b + p and c = d + q. 

By multiplying together the corresponding members of these two 
equations, we find 

ac = bd + bq + dp + pq 
or ac — bd = bq + dp + pq 

which is positive. (Why?) Hence, if a > b, c > d, and a, b } c, and d 
are positive, 

ac > bd. 

Illustration: From the inequalities 5 > 2 and 4 > 3 we may con- 
clude 20 > 6. 

It follows from Theorem (4) that if both members of an inequality are 
positive , any positive powers of both members are unequal in the same sense; 
that is, from 


a > b, ( a and b positive) 
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we have 

a p > b p . ( p positive) 

The proof of this is left to the student: first, for the case where p is 
a positive integer; second, for the case where p = 1/n, where n is a 
positive integer; and, third, for the case where p = m/n , where m and 
n are positive integers. For the second case, the method of “reduction 
to an absurdity’ ’ might be employed. 

Illustration: Since 6 > 5, then, 6 2 > 5 2 ; Vq > V5; and 6 9 * > 5**. 

It must be understood that only principal roots are used in the last two 
inequalities. 

101. Unconditional Inequalities 

Many important properties of numbers may be expressed in the 
form of inequalities. In this section we shall deal briefly with uncondi- 
tional inequalities. A proposed unconditional inequality may fre- 
quently be shown to be valid by a process of analysis as follows: 

(1) Assume the inequality to be valid. 

(2) Apply any of the properties (1) to (4) of the preceding section 
w r hich may be necessary in order to deduce from the assumed statement 
another inequality w'hich is known to be valid. 

(3) Reverse the steps in (2), making certain that each step is justi- 
fied, in order to obtain the proposed inequality. The student who is 
familiar with the principles of logic will realize that step (3) is essential; 
the demonstration cannot stop with step (2). 

Example 1. Prove that the sum of any positive number and its 
reciprocal cannot be less than 2, that is, 

a + - ^ 2, if a > 0. 
a 

Analysis: Assume the validity of the proposed inequality. Since 
a > 0, w T e may multiply both sides of a + 1/a ^ 2 by a to obtain 

a 2 + 1 ^ 2a. [Theorem (2)] 

Next, subtract 2a from both sides to get 

a 2 — 2a + 1 ^ 0, [Theorem (1)] 

or (a - l) 2 ^ 0. 

The last statement is valid since the square of a real number must 
be positive or zero. 
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Proof : Thus, to demonstrate the desired proposition, let us start with 

(a - l) 2 ^ 0 

as a known, valid inequality. By expanding the left side, we may 
write 

a 2 - 2a + 1 ^ 0. 

Add 2a to both members to get 

a 2 + 1 ^ 2a. [Theorem (1)] 

Since a > 0, we may divide both members by a to find 

a + - ^ 2. [Theorem (2)] 

a 

This proves the validity of the proposed inequality. 

Example 2. Show that the arithmetic mean is always greater than 
the positive geometric mean of two unequal positive numbers, that is, 

a - > Vab, if a > 0, b > 0, and a 9 ^b. 


Analysis: If 


a ~T b 


2 

then, a + b > 

Also a — 2Va6 + b > 

or (Va — Vb) 2 > 

which is a correct statement, since a b. 

Proof of the Given Proposition: Since 

a 


then, 

and 

Therefore, 

or 


V a 

Va — Vb 
(Va - Vb) 2 > 
a — 2 Vab + b > 
a + b > 


Vab, 

2 Vd). 

0 , 

0 , 


h 

Vb 

o. 

o, 

0. 

2V ab 


[Theorem (2)} 
[Theorem (1)1 


Hence, 
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and 


a b 
2 


> \ f/ ab. 


This is the desired inequality. The statement that a and b are both 
positive has entered implicitly in the assumption that only real numbers 
are involved. 

Example 3. Without expressing any roots decimally, show that 
V41 + \/39 > \/42 + v 38. 

Analysis: If the required inequality is assumed to be correct and 
both sides are squared, there is obtained 

41 + 2^1599 + 39 > 42 + 2>/l596 + 38. 

Hence, 2\Zl599 > 2\ / 1596, 

or y/ 1599 > \T596 

and 1599 > 1596. 

Proof: The last inequality above is known to be correct. The steps 
in the analysis may be taken in reverse order if only principal square 
roots are used. Hence, the proposed inequality is correct. 


EXERCISES 82 

Show the validity of each of the following inequalities : 

1- V" + ^ > 2, if o > 0, 6 > 0, 3a ^ 6 
3a b 

rtf r 

2. -7- > 1 — -3 , if c > 0, d > 0, 2c 7^ 3d 
4c 6a 

3 - W* 1 

4. + A4 > 2, if u > 0, v > 0, u v 
Vt) V U 

5. e 2 + /(1 3/ + e) > 3/(e + 4 f), if e^/ 

6. > -JlL- , if x > 0, * + 2y > 0, x 5* 2y 

4x x + 2 y 

7. 4+-^S-,if*^0 

4 2 “ z 

8 . a 2 -b — \ ^ S, if a 9^ 0 

n- 
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'9. -, + A> 


10 


x° ' 8 y 
2c i d t 


2 ^ + 4 ^’ ifX> °’ 2/>0 ’ a; ^ 22/ 


< 


: 2 d 2 


, if c > d , cd ^ 0 


c 8 - d 8 " c 4 - d 4 J 

11 . j 2 + & 2 + wi 2 > + mj, unless j = k = m 

12. (a& + cd) ( ac + bd) ^ 4abcd, if a > 0, b > 0, c > 0, d > 0 

13. Show that 2 ^ rs + tu if r 2 + 4s 2 = 4 and t 2 + 4w 2 = 4 

d 6 f 

14. If a, 6, and c are positive numbers and show that 

a b c 


d ^ d + e + / ^ # 

a a + b + c c 

Show that each of the following inequalities is correct. Do not use 
approximate roots in any step. 

15. Vll + Vl7 < a/ 15 + Vl3 16. V23 - V 7 > Vl7 - Vl3 

17. V2 - Vu + Vl7 - V5 < 0 18. V67 < VE + V7 + VU 

19. If \e\ 7 ^ V2|/|, which is greater, 4e 2 / 2 — 10/ 4 or e 4 — 6 / 4 ? 

20. If |r| ^ | s\, which is greater, r 4 — 5s 4 or 2 r 2 s 2 — 6 s 4 ? 


102. Conditional Inequalities 


We shall confine the following discussion entirely to conditional 
inequalities involving one letter. An inequality is said to be solved 

when the range of values of the letter which makes the inequality valid is 

, , x>5 X 

0 5 r 

Fig . 61 

found. This range of values is called the solution of the inequality. 
For example, the inequality 

2x — 1 > x + 4 

may be solved by adding 1 to both sides and subtracting x from both 
sides to obtain 

x > 5. 

The range of values of x greater than 5 is the solution of the inequality. 
This range may be indicated as in Figure 61. 

In the next sections we shall consider two methods of solution of 


290 
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conditional inequalities, namely, the algebraic method and the graphical 
method. 


103. The Algebraic Solution of Inequalities 

An inequality which contains the unknown to the first degree only is 
called a linear inequality. Linear inequalities and inequalities that 
may be reduced to this type are easily solved by algebraic manipulation 
as in the preceding section. 

Example 1 . Find the range of values for which 5x + 6 > Sx + 12. 
Solution: 

Subtract Sx from both members — Sx + 6 > +12. 

Add —6 to both members — Sx > 6. 

x< - 2 , ■ X 

-2 0 

Fig . 62 


Divide both sides by —3 and reverse the sense according to Theorem 
(3), Section 100, to get 

x < — 2. Ans. 

This range is shown in Figure 62. 

By means of algebraic manipulation, an inequality may always be 
put into the form 

fix) > 0 or fix) < 0. 

If f(x) is a quadratic function ax 2 + bx + c, the inequality may be 
solved by the method of completing the square. Essentially, this 
method is based on the fact that 

x 2 > n 2 , (n > 0) 

is valid if, and only if, 

M > n; 

that is, x > n or x < — n (see Figure 63a). 

By contrast, the inequality 

x 2 < n 2 , 


(» > 0 ) 
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is valid if, and only if, 

M < n; 

that is, both x > — n and x < n are to be satisfied. This last condition 
is written conveniently in the form 

— n < x < n, 

which is read “x lies between — n and n” (see Figure 636). Note that 
two inequalities may be combined in this manner only when the variable 

x < -n i | | x>n X 

- n 0 n 

: (a) 

-n < x < n 

i i i * 

-n 0 n 

(b) 

Fig. 63 

lies between two numbers. It may not be done when the range is 
broken, as in Figure 63a. 

Example 2. Solve the inequality x 2 + 4x + 3 0. 

Solution: 

Subtract 3 from both members x 2 + 4x ^ —3. 

In order to have a perfect trinomial square on the left, we add 4 to 
both sides. This addition yields 

x 2 + 4x + 4 ^ 1, 

or (x + 2) 2 ^ 1. 

x = -3 , , x^-1 X 

-3 -1 0 * 

Fig. 64 

By referring to the discussion in the preceding paragraph, we see 
that we must have 

£ + 2^1 or x + 2^—1, 

that is, x ^ — 1 or x ^ — 3. Ans. 

This range is displayed in Figure 64. 
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Example 3. For what values of x is 2 x 2 + 6x < 9? 

Solution: 

Divide both sides by 2 x 2 + 3x < f . 

In order to obtain a perfect square on the left, add (f) 2 = t to both 
members 

x 2 + 3x + | < 
or (x + |) 2 < 

The last inequality is valid if 

x + 

3^ 3 3v 3 

or — < x + - < — — 


3 3v 3 

- < > 

2 2 


-u 

Xi 


x t <x<x 2 X 

i i I >■ 

0 x 2 


F/g. 65 


If f is subtracted from each member of the last statement, we obtain 
3 v 3 3 3\ 3 3 

3 3 

or — - (\ 3 + 1) < x < - (V3 — 1 ). Ans. 

z z 

See Figure 65 in which 

Xi = — - (v 3 + 1) and x 2 = ~ (Vs — 1). 

z z 

Example 4. Solve the inequality Ax 2 — 4x + 5 < 0. 

Solution: 

Subtract 5 from both sides 4x 2 — 4x < — 5. 

Divide both sides by 4 x 2 — x < — f- 

Add (£) 2 = i to both sides x 2 — x + ± < — 1, 

(x - i ) 2 < -1. 


or 
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Since (x — J) 2 cannot be negative for any real value of x , the given 
inequality is not valid for any real values of x. Arts. 


A rational integral function of x is often called a polynomial in x. 
Thus, f{x) — 3a; 3 — 5x 2 + 4a; + 7 is a polynomial in x. If the function 
in the inequalities f(x) >0 and f(x) < 0 is a polynomial in factored 
form, the inequalities may be solved as in the following example. 

Example 5. Solve the inequality (x + l)(a; — 2)(x — 3) <0. 

Solution: The product (x + 1) (x — 2) (x — 3) is negative if all three 
factors are negative or if two are positive and the third is negative. This 
means that 


is valid for 

any one 

(a) 

x + 1 

(b) 

x + 1 

(c) 

X + 1 

(d) 

X + 1 


(x + i)(x - 2)(x - 3) < 0 
of the following situations: 

<0, x — 2 < 0, and x — 3 < 0; 

<0, x — 2 > 0, and x — 3 > 0; 

> 0, x — 2 < 0, and x — 3 > 0; 

>0, x — 2 > 0, and x — 3 < 0. 


In each case, the common range of values (if there is one) of the 
three linear inequalities gives a solution of the original inequality. The 
situation for each of these four cases may be displayed in a manner 
similar to that employed in Figure §6 for case (a). 


Case (a) 
x + 1 < 0* 


x-2 < 0- 


x— 3 < 0- 


Common Range 


X < - 1 I 

1 

1 

1 

| 

X 

-1 

0 

1 

2 

3 


1 

1 

X 

| 

< 2 

1 

| 

X 

-1 

0 

l 

2 

3 


I 

1 

1 

1 

| X< 

3 i 

X 

-1 

1 

0 

1 

2 

3 


x<-, | 

1 

1 

1 

| 

X 

-1 

0 

1 

2 

3 



Fig. 66 

The student may show similarly that the inequalities in ( b ) and (c) 
have no common range of validity and that those in ( d ) have the com- 
mon range 2 < x < 3. Thus, the given inequality is valid for 

x < — 1 or 2 < x < 3. Ans. 
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Although the fundamental ideas used in Example 5 should be clearly 
understood, the method itself is too cumbersome to be recommended. 
The graphical solution which is discussed in the next sections is much 
more efficient in this kind of problem. 

EXERCISES 83 


Solve each of the following inequalities : 

1. 5x - 6 < 19 2. 3z - 14 > 7 

3. 6y — 10 > 2y — 22 4. 11 h + 10 > 14A + 31 

5. (x - 3)(x + 4) < (x + 5)(x - 2) 

6. (2m - 6)(m + 1) < (m - 4) (2u + 3) 


7. y 2 — 6y + 8 < 0 
9. 18 — 7s — s 2 ^ 0 
11. 8 < 18a + 5v 2 
13. m- - 3m - 2 > 0 
15. w(4u> + 6 ) < 1 
17. -7 < 4 y{y - 1) 
19. 32(3? - 4) £ 4 

21. ~ > 3 + - 

r y 


8. x 2 — x — 12 < 0 
10. 35 — 2v — v- g 0 
12. 15 > 12m s + 8m 
14. 7y 2 ^ 12y - 3 
16. x(2x + 5) <5 
18. v(v - 6) > -13 
20. w 1 - Su> + 20 > 0 

22. >11—12 


For what range of values of k will each of the following expressions be 
imaginary? 


23. VS k + 11 


25. v^F^nmirrio 

27. V24k - IS - 9fc 2 


24. Vl2 k - 27 
26. V& ¥ — 10* — 7 
28. V— 23 + 20 k ~ 4k 2 


104. The Graph of a Factored Polynomial 

In order to prepare for the graphical solution of inequalities that can 
be reduced to the problem of finding the range of values for which a 
polynomial in x is positive (or negative), we shall consider here the 
problem of sketching rapidly the graph of such a function. For the 
remainder of this section, / (x) will be used to denote a polynomial in fac- 
tored form. 

Figure 67 shows the graphs of the functions 
(a) f(x) = x - k; 


(b) 

(c) 


f(x) = (x - k) 2 ; 
}(x) = (x - k) 3 , 
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plotted for values of x close to the value x = k. In each case, the value 
x = k gives a zero value for the function; hence, the graph has the point 
(k y 0) in common with the X axis. 



In (a) and (c), f(x) changes sign as x changes from values less than 
k to values greater than k. Thus, the curves cross the X axis at ( k } 0). 
On the other hand, the function in (b) is a second power; it cannot have 
any negative values. Hence, the curve in Figure 67 b remains above the 
X axis except at (/c, 0) where it touches (is tangent to) the axis. 

It should be evident that 

f(x) — (x — k) n , if n = 5, 7, 9, • • • , 

will have a graph that is quite similar to that in Figure 67c, and that, 

f(x) = (x — k) n , if n = 4, 6, 8, • • • , 

will have a graph which resem- 
bles that in Figure 67 b. The 
actual change in appearance 
caused by increasing the value 
of the integral exponent n con- 
sists in a “flattening” of the 
curve close to the point ( k , 0). 

If three different factors of 
the type just discussed are com- 
bined in a single product, the 
function will have a graph show- 
ing all three of the general forms 
displayed in Figure 67. For 
example, Figure 68 shows the graph of 

fix) = (x - iy(x - 2)(x - 3) 3 . 

At (1, 0) we find the typical intersection for a squared factor; at (2, 0) 



Fig . 68 
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for a linear factor; and at (3, 0) for a cubic factor. That this appear- 
ance of the graph is as it should be may easily be seen by noting that for 
values of x less than 2, the factors (x — 2) and ( x — 3) 3 cannot change 
sign and, hence, cannot affect the general way in which the curve crosses 
the axis at (1, 0). A similar statement holds for the points (2, 0) and 

( 3 , 0 ). 

The preceding discussion may be generalized to fit any function of 
the form 

f(x) = A{x — ai) p i(x — ao) p *(x — a 3 ) p 3 • • • (x — a n ) p », 


where p h p 2} Pz, • • * , p n are positive integers. The graph of f(x) will 
meet the X axis at the points (a h 0), (a 2 , 0), (a 3 , 0), • • • , (a n , 0). At 
each such point the curve will cross in the general manner of a straight 
line if the corresponding exponent is 1 (Figure 67a) and somewhat like 
the cubic if the exponent is odd and greater than 1 (Figure 67c). If the 
exponent is even, the curve touches the axis in the general manner of a 
second power (Figure 676). The detailed shape of the curve between 
points where the curve touches or crosses the X axis is not of importance 
here and may be indicated schematically. In order to find whether the 
curve lies above or below the axis for values of x greater than the largest 
a, it may be observed that for such values all of the binomial factors are 


V i 

\ 

\ 

V 

\ 

\ 

- 

Y 

0 x 

->\ / 

k 7i ^\ *■ 

\ / \ 

\ / \ 

\ 

l 

l 

L 


Fig. 69 


/' 

/ 

/ 

/ 

/ 

t 

Y 

i 

1 

N / 

\ 

. \ J l 

0 

iH 

1 

1 2^~^3 


Fig. 70 


positive; hence, the sign of f(x) is determined by the sign of the coeffi- 
cient A. 

Example 1 . Make a schematic drawing showing how the graph of the 
function f(x) = — 6x 2 (x + l) B (a; — l) 4 meets the X axis. 

Solution : Since J(x) is zero for x = 0, —1,1, the curve meets the X 
axis at the corresponding points. The factor x has the exponent 2; 
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hence, at (0, 0) the curve touches, but does not cross, the X axis. The 
factor (x + 1) bears the exponent 5; therefore, the curve crosses the 
horizontal axis at ( — 1, 0) in the general manner of Figure 67c. Finally, 
the factor (x — 1) has the exponent 4, and the curve touches, but does 
not cross, the axis at (1, 0). For values of x greater than 1, fix) will 
have negative values. This fact results from the sign of the coefficient 
— 6 since each of the other factors of fix) is positive for x > 1. The 
required schematic graph is shown in Figure 69. 


EXERCISES 84 


Sketch a schematic graph for each of the following polynomial functions : 


1. /(*) - - 4)(* + 1)(* + 5) 2. /(z) = 

3. f(w) = ii> (7 + w)(4 — w) 4 . fiv) = 


(z — 2)(z — 3)(z + 6) 
(i> + 3)(2 -»)(* + 5) 


5- fiv) = iy + 4) ( 2 / - 3) 2 
7. f(x) = (x - 2) 2 (z + 2 ) 3 
9 . /(*) 


6. f{u) = (5 - u) 2 (4 - u) 

8. fiv) = P 4 (2p - 5) 

= 3 (A? - 3) 4 (3k + 7) 10. f(x) = -4x 5 (6 + 9z) 3 

11. f(s) = (s~ 2 ) is + 3) (5 + s) (4 - 8) 

12. fix) = x 2 ix - 4) 2 (2 + s) (6 - x) 

13. fiv) = v*iv — l) 3 (t; — 4) 4 (y + 3) 5 

14. fiy) = iy - 2) 3 (5 - 2 /) 5 (2 + 2/) 4 (8 - y ) 2 


105. Graphical Solution of Inequalities 

The graphical solution of inequalities such as fix) > 0 or fix) < 0 
consists of two steps, as follows: 

(1) Draw the graph of the function fix). 

(2) Keeping in mind that /(a;) > 0 [that is, fix) is positive] when its 
graph lies above the X axis, and/(x) < 0 [fix) is negative] when its graph 
lies below the X axis, read the range of values of x for which the given 
inequality is valid. 

An inequality may frequently be reduced to one of the preceding 
forms, where fix) is a factored polynomial. The schematic sketch of 
such a polynomial may then be used to read off the solution of the 
inequality. 

Example 1. Solve the inequality (a; + 1) ix — 2) (a; — 3) <0 by the 
graphical method. (Compare Example 5 of Section 103.) 

Solution: Let fix) = ix + 1)(.t — 2) (a: — 3). 

The schematic graph of fix) is given in Figure 70. Since it is required 
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to have fix) < 0, we read off the ranges of values of x for which the 
curve lies below the X axis. These ranges are 

x < — 1 or 2 < x < 3. Arts . 


Example 2. 


For what values of x is 


x(x + 2) 2 

x — 1 


> 0 ? 


Solution: Since we do not know at first whether x — 1 is a positive or 
negative number, we multiply the numerator and the denominator of 
the given fraction by x — 1 in order to obtain an even power in the 

denominator. This gives 

spK + 2) 2 (s - 1) 

(* - l) 2 

Since x = 1 is not a permissible 
value, (x — l) 2 is a positive number 
for any value that x may assume; 
hence, the multiplication of both 
sides of the inequality by (x — l) 2 
will not change the sense. This 
multiplication gives 

x{x + 2) 2 (x — 1) > 0 

Now, let f(x) = x(x + 2) 2 (a; — 1), and draw the schematic graph of 
f(x) as in Figure 71. The required values of x are those permissible 
values for which the curve lies above the X axis. Hence, 

x < —2, —2 < x < 0, or x> 1 . Ans . 


u 

Li 

-3 -2 -1 0 

< 

\ 

i 

/ 

/ 

£ 


Fig. 71 


Example 3. 


Find the values of r for which 



< 1 . 


Solution: Since the numerical value of the fraction is to be 

4 — r 

less than 1, we have to find those values of r for which 


-1 



< 1 . 


This means that we must determine the range of values of r for which 
the two conditions 


4 - r 


( 1 ) 
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and — — > - 1 (2) 

4 — r 

are both satisfied. 

In order to obtain the solution of this system of inequalities, we first 
multiply both sides of (1) by (4 — r) 2 , a positive quantity ( r 4), to 

get 

r(4 — r) < (4 — r) 2 . 

This inequality is equivalent to 

r(4 — r) — (4 — r) 2 < 0, 
or —2 (r — 2)(r — 4) < 0. 

Upon dividing both sides by — 2 , we find 

(r - 2 )(r - 4) > 0. (3) 

Similarly, we obtain from (2) the inequality 
r(4 — r) > — (4 — r) 2 , 

which is equivalent to 

r(4 — r) + (4 — r) 2 > 0, 

4(4 — r) > 0, 

or 4 — r > 0. (4) 

The common range of validity of (3) and (4) is the required solution 
and may be obtained graphically by sketching the two functions 

F(r) = (r — 2)(r — 4), and f(r) —4 — r, 

on the same diagram (Figure 72). 

The range of values to be read is the 
one for which both graphs lie above 
the horizontal axis. Thus, we find 
that the given inequality is satisfied 
for r < 2. Ans. 

When solving a system of two 
inequalities, as in the last example, 
it is convenient to have both in- 
equalities written in the same sense 
so that we may read from the graph 
the range where both curves lie 
above the X axis (or where both lie below the axis). 
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It should be noted that, had the inequality in Example 3 been 

> 1, we would have had to find the values of r for which 
r r 


4 — r 


4 — r 


< -1 


or 


> 1. 


In this case, the inequalities are to be satisfied separately, not simulta- 
neously. 


EXERCISES 85 


i 


Solve each of the following inequalities by the graphical method : 


1. 

r + 2y - 35 > 0 

2. 

z 2 + 9z - 

10 > 0 

3 . 

2x i + x - 21 < 0 

4 . 

6v 2 — lip 

- 10 < 0 

5 . 

32 + 12m - 5m 2 g 0 

6 . 

77 - 23z ■ 

- 12z 2 g 0 

7. 

4 > x(x — 7) 

8. 

5 < y(y + 

2) 

9 . 

5tt> 2 + w - 13 ^ 0 

10 . 

3x 2 - 2x - 

- 11 g 0 

11 . 

(i V ~ 5)(y + 7)<y - 2) < 0 

12 . 

(m + 3)(m 

+ 7)(m+ 11) > 0 

13 . 

(5 — 2m) (4 — m ) (2 + m) > 0 

14 . 

(3 + h) (6 

- h) (7 - 2A) < 0 

15 . 

(z - 3) s (x + 7) < 0 

16 . 

(5z — 8)(z 

: - 4) 8 < 0 


17 . (r + l)(r - 3) (r + 7 )(r - 8) ^ 0 

18 . (t + 6) (t - 4 )(t - 1 )(t + 3) ^ 0 

19 . ( y - 4 )*(y + 7 ) 2 (y - 2) 4 < 0 

20 . (s + 5)(s - 2 ) 3 (s + 8) 2 > 0 


21 . 


24 . 


z + 12 
x — 4 


< 0 


22 . 


13 


2k - 15 


> 0 


x — 8 


> 0 


25 . — ^ < 0 


V - 2 


23 . 


26 . 


v + 5 


< 0 


v - 11 
(2 u + 7) 2 
3 u - 10 


> 0 


27 . 


m + 6 


(m + 2 )(m - 2) ; 


> 0 


29 . y - 4 


31 . 


33 . 


v - 2 

1 


y + 8 


a; + 12 


u + 1 
< 1 

< 1 


28 . 


30 . 


32 . 


34 . 


w + 3 


(w + 8) V - 12) 
x + 7 ^ x + 5 
x 4-4 > 

1 


< 0 


k - 10 
2v 


v + 12 


x + 3 
> 1 

< 1 


For what range of values of x will each of the following systems of inequal- 
ities be valid? 


35 . Qx — x 2 > 0 
x 2 - 2x> 0 


36 . ^r 2 — Sx - 4 < 0 
2x — x 2 < 0 
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37. 5 - 4x - x 2 < 0 38. re 3 - 25z > 0 

x z — 16z <0 x 2 — 9a; > 0 

For what range of values of y will each of the following radicals be real and 


not zero? 

39 . V(3 + y)(7 + y)(8 - y) 

40 . V (4 — 2 /) (9 — y) (2 + y) 

41 . V(y + 4)*(2/ - 3) 3 

42 . V(2y - 9 ){y t - 25 ) 

43 . V (y 2 -6 y + 10) (6 - y 2 ) 

44 . V (y t - 4y + 1) (16 - t/ 2 j 


106. Inequalities and Quadratic Equations 

Besides the problems previously considered, there are a number of 
other types of problems in which the coefficients of a quadratic equation 
are to be so determined as to satisfy certain requirements with respect 
to the roots. For example, it may be required to determine the range 
of values of k in the equation 

kx 2 + 12x + 9A; = 0 

so that the roots are real and unequal. 

The required determination may be accomplished by using the fact 
that the discriminant must be positive in order for the equation to have 
real, unequal roots. Hence, for the given equation, 

b 2 — 4 ac = (12) 2 — 4(&)(9/c) 

= 144 - 36 k 2 

must be positive. This means that we need the solution of the ine- 
quality 144 — 36A; 2 > 0. The student may show by the methods of the 
preceding sections that the required range of values of A: is — 2 < k < 2. 
As a partial verification of this result, the value k = 1 gives the equa- 
tion x 2 + 12x + 9 = 0, which has the real, unequal roots — 6 + 3 Vo 
and —6 — 3>/3. 

Example 1. For what range of values of m will the equation 
2x 2 + 2mx + 1 = mx 2 
have imaginary roots? real roots? 

Solution: The given equation may be written in standard quadratic 
form as follows: 


(2 — m)x 2 + 2 mx + 1 = 0. 
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The discriminant is 

b 2 — 4 ac = 4 m 2 — 4(2 — m) 

= 4 (m 2 + m — 2). 

In order to satisfy the requirement that the given equation have imagi- 
nary roots, we must make the discriminant negative, that is, 

4 (m 2 + m — 2) <0, 

or m 2 + m — 2 < 0, 

and (m + 2)(m — 1) <0. 

Using the methods of the preceding sections, we find 

— 2 < m < 1. Ans. 

The student may show similarly that the discriminant will be non- 
negative and hence the original equation will have real roots if 

m ^ —2 or ?n ^ 1. A ns. 

Example 2. For what values of k will the parabola given by the equa- 
tion y — x 2 — 2kx + k cut the X axis in two distinct points? be 
tangent to the X axis? lie entirely above the X axis? 

Solution: The curve represented by the given equation will cut the 
X axis in two points, be tangent to the axis, or lie entirely above it 
according as the equation x 2 — 2kx + k = 0 has real and unequal, real 
and equal, or imaginary roots. Hence, we must find the discriminant. 
It is 

b 2 — 4ac = 4 A; 2 — 4 k 
= ±k(k - 1). 

An investigation of this quadratic function in k reveals the following: 
The discriminant is positive, that is, the parabola will intersect the 
X axis in two distinct points, if 

k < 0 or k > 1. A?is . 

The discriminant is zero, which means that the parabola will be 
tangent to the axis, if 

k = 0 or k — 1. Ans. 

The discriminant is negative, which implies that the parabola will 
lie entirely above the axis, if 

0 < k < 1. Ans . 
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For each of Equations 1 to 4, determine for what values of m the roots are 
real and unequal. 

1. y 2 — my + 36 = 0 2 . mx 2 + (2m — l)x + 3 = 0 

3 . (m — 2)v 2 + 2 mv + 9 = 0 4 . (m + 3 )z 2 = m(z — 1) + 3 

For each of Equations 5 to 14, determine for what values of k or m the 
roots are real and unequal; real and equal; imaginary. 

5. y 2 - my + 9 = 0 6. z 2 + bkz + 6k 2 + 4 = 0 

7. (2 — k)x 2 — 2 kx — 3k = 0 8. 2 mv 2 + 4^ + m + 1 =0 

9 . m 2 w 2 + mw = 2m — 1 10. 2k + 1 =2 x(x — k) — x 

11. ix 2 + 4 mx + 2 m 2 — m — 12 = 0 

12. (k + 2 )z 2 + 2kz - k - 1 = 0 

13 . (m - 6)x 2 + (x - 2)m 2 = 0 

14 . k 2 y 2 + k 2 y = 3y — 1 

For each of the following problems, determine the values of k so that the 
graph of the equation (a) cuts the X axis in two distinct points ; (b) is tangent 
to the X axis; (c) does not meet the X axis: 

15 . y = x 2 + kx + k + 3 16 . y = 2 kx 2 - 2kx + k - 50 

17 . y = kx 2 - 7x + k 18 . y = 3x(x - 2k) + k + 10 


Chapter W 

TOUCW @ 1 ? 
g®M@rc]§ 


107. Rational Integral Equations 

Many of the important problems of algebra involve equations of the 
form 

a 0 x n + a!*" -1 + • • • + fln-tx + a„ = 0, (1) 

where n is a positive integer and the a’ s are constants. Equation (1) 
is called a rational integral equation of the nth degree in x; the function 
on the left side of this equation is called a polynomial of the nth degree 
in x. Throughout this chapter the symbol P(x) will denote such a 
polynomial. Thus, (1) may be written 

P(x) = 0. (2) 

Illustration: The equation 5x‘ 3 — 47 .t + 63 = 0 is a cubic (third 
degree) equation in x . The coefficients are a 0 = 5, a\ = 0, a 2 — —47, 
and a 3 = 63. Notice that, corresponding to the degree ft, there are 
n + 1 coefficients; missing powers of x are supplied with zero coefficients. 
In this illustration P(x) = 5x 3 — 47x + 63. 

We have previously considered the simple cases where n = 1 (linear 
equations) and n = 2 (quadratic equations). Corresponding to the 
values n = 3 and n = 4, respectively, the adjectives cubic and quartic 
are often used. 

One of the most important problems in connection with a rational 
integral equation is that of finding its roots. We shall discuss certain 
fundamental theorems and describe methods for finding real roots of 
equations with given numerical coefficients. General formulas for the 
solution of the cubic and the quartic equations will be given. 
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108. Synthetic Division 


In much of the work of this chapter it will be necessary to divide a 
polynomial P(x) by a binomial x — r. We shall see in this section how 
a division of this kind may be put into an abbreviated form. 

We may regard the form which follows in (1) as illustrative of an 
ordinary long division. This form shows the division of 


( 1 ) 


3a; 3 + 5a; 2 

— 7x + 10 by 

x - 2. 

S'! 

CO 

+ llx 

+ 15 

(Quotient) 

(Dividend) 3a; 3 | 
3a: 3 j 

+ OX 2 

-6z 2 

-7x 

+10 

x — 2 (Divisor) 

+ lla; 2 
+ 1 la; 2 

— 22x 





+ 15X 
+ 15x 

-30 





+40 

(Remainder) 


If we omit the powers of x and write only the coefficients in their 
proper positions, we have the same division appearing in (2). Notice 
the repetition of the starred numbers in the first three columns. 


(2) 3* 

i +11* 

+ 15* 

(Quotient) 

(Dividend) 3* 
3* 

: +5 

i ~ 6 

-7 

+10 

1 — 2 (Divisor) 


+11* 

+11* 

-22 





+ 15* 
+ 15* 

-30 



+40 (Remainder) 


We may take advantage of the fact that the first coefficient of the 
divisor is 1 by agreeing to keep this in mind rather than writing it; then 
we can obtain the simple form (3) if we omit the unnecessary repetitions 
above. 


0 ) 


3 +5 — 7 +10 

-6 -22 -30 

3 +11 +15 +40 


-2 


The boldface numbers are the important items in the result. The 


306 Theory of Equations 


[Ch. 17 


numbers 3, 11, and 15 are the coefficients of the quotient, and 40 is 
the remainder. It is convenient to make one more slight modification. 
In form (3) we have subtracted the second line from the first. We 
avoid this subtraction by changing the sign of the indicated “divisor,” 
that is, we use +2 in place of —2; then, we have only to add at each 
step. The final form of the division is displayed in (4) below. This 
abbreviated form of long division is called synthetic division. 


( 4 ) 


3 +5 -7 +10 

x+22 1-30 

3 ^+ 11 ^ + 15 ^ +40 


2 


In summary, the process of synthetic division which is used for 
dividing a polynomial P(x) by a binomial x — r may be carried out as 
follows: 

(1) Write down the coefficients of the dividend , including signs , in order 
of descending powers of x. Be sure to supply a zero for each missing power . 

(2) If the divisor is x — r, write r for the indicated divisor. Then 
write the first coefficient of the dividend in the first place in the third line. 

(3) Follow the dotted arrows in form (4). Each number at an arrow 
head is obtained by multiplying the number at the tail by the indicated 
divisor. Each number at the tail of an arrow is obtained by adding the two 
numbers above it. 

(4) When the division has been completed , the last number in the third 
line is the remainder. The other numbers in the same line are the coeffi- 
cients of the quotient in order of descending powers of x, starting from the 
left. It should be clear that the highest power of x in the quotient is one less 
than that in the dividend. 


Example 1 . Divide 2x 4 — 3.r 2 + 5x — 7 by x + 3. 


Solution: The divisor in this example is to be regarded as x — (—3). 
The zero in the first line of the synthetic division is put in the place of 
the missing power of x. 


2 0-3+5 -7 

-G +18 -45 +120 

2 -6 +15 -40 +113 


-3 


The quotient is 2x 3 — 6x 2 + 15x — 40 and the remainder is 113. Ans. 
Example 2. Divide 2x 4 + 5x 3 + 3x 2 + 4x + 8 by 2x + 3. 

Solution: We may use synthetic division in this problem by first 
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writing the divisor in the form 2(x + •§•). Since division by 2(x + I ) >s 
equivalent to division in succession by x + -§ and 2 , we proceed as 
follows : 


2 +5 +3 +4 +8 

—3 -3 0 -6 

2+2 0+4+2 


3 


This result means that 


2x 4 + 5x 3 + 3a; 2 + 4a; + 8 
x + | 


2a; 3 + 2a; 2 + 4 + 


2 

x + % 


Hence, if we divide both sides by 2, we obtain 


2a; 4 + 5x 3 + 3a; 2 + 4x + 8 
2x + 3 


x 3 + x 2 + 2 + 


2 

2x + 3 * 


A ns. 


Example 3. Show by synthetic division that 4 is a root of the equation 
x 3 + 6x 2 - 15x - 100 = 0. 


Solution: If 4 is a root of the equation, x — 4 must be a factor of the 
left side, and conversely. Consequently, the problem is equivalent to 
showing that if the left side of the equation is divided by x — 4, the 
remainder is zero. The division is shown next. 


1 +6 -15 -100 

+4 +40 +100 

1 +10 +25 0 


4 


Thus, the remainder is zero, and 4 is a root of the equation. 


EXERCISES 87 

In each of Equations 1 to 4, state the value of n, do, a h a 2 , then, 

by dividing both members by the coefficient of the highest power of the 
unknown, change the equation to a form in which the new Oq = 1. 

1. 7x 4 - 5x 3 + 15x - 2 = 0 

2. %v b + ft; 4 - v 2 + 3 = 0 

3. V3 y 7 - 4 y b + 2V3 y -7 = 0 

4. — fx 8 + |x 6 — x 3 + 2x — 5 = 0 

2 

In each of the following exercises, use synthetic division to find the quotient 
and the reminder; 

5. 0 V 3 - Sv - 3) -r (v - 3) 
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6 . ( y 3 - iy- - 25) + (y - 5) 

7. (x 3 + 4x 2 — 7x + 5) -r (x — 2) 

8. (4u > 3 — u ; 2 + 92) 4- («: + 3) 

9. ( 2 * + 322 + 24) 4- (2 + 6 ) 

10. (2 // 4 - 3y 3 + y 2 - 3y - 6 ) 4 - (y - 2) 

11. (3x 4 - 41x 2 - 13x - 8 ) 4- (x - 4) 

12. ( v 5 - 4t > 3 + 5t > 2 - 5) 4 - (v + 1) 

13. ( 2 4 + 42 s - 92 2 - 82 + 14) 4- (2 - V 2 ) 

14. ( 2 s 4 + s 3 - 11 s 2 - 3s + 15) 4 - (s + V3) 

15. (x 4 — ax 3 + 3 a 2 x 2 — 7a 3 x + 2a 4 ) 4- (x — a) 

16. (2t / 4 + 56i/ 3 + 66 2 t / 2 + 3b 3 y - 66 4 ) 4- (y + 26) 

17. (2t > 3 + 3v 2 + 2v + 3) 4 - (v - i ) (i 2 = -1) 

18. (3a ; 3 — w 2 + 12u> — 4) 4 - (w + 2 i) 

19. ( 6 x 3 - 19x 2 - 1 lx + 14) 4 - (2x - 7) 

20. (12 j/ 3 + 17i/ 2 + 4;/ + 15) 4- (3 y + 5) 

21. (152 3 - 2s 2 - 21 2 + 6 ) 4- (52 + 1) 

22. ( 8 x 3 - 2x 2 - lOx + 17) 4 - (4x - 3) 

23. Show that —4 is a root of 5y z + 1 Sy 2 — y + 28 = 0. 

24. Show that 6 is a root of 7x z — 39x 2 — 26x -f 48 = 0. 

25. Show that 5 is a root of 3u 4 — 14^ 3 — 7v 2 + 21 v — 55 = 0. 

26. Show that —8 is a root of 3 m ; 4 + 22 w z — 19m; 2 — 22m; + 16 = 0. 

109. The Remainder Theorem 

In the preceding chapter we have assumed that the graph of an 
equation y = P(x), where P(x) is a polynomial in x, is a continuous 
curve; that is, the value of y changes gradually if the value of x is 
changed gradually, so that there is no break in the curve. This fact is of 
importance to us here, and may be justified as follows: 

If P(x) = aoX n + (hx n ~ l + • • • + a ny 

and any fixed value of x is denoted by x h we have 

P(x i) = dox" + diX n ~ x + • • • + a n . 

Now, let the value of .r be changed from .Ti to Xi + h. Then, 

P(x i + h ) = a 0 (xi + h) n + d\ (xi + /i) n_1 + • • * + a„. 

Hence, P(x i + h) — P(x i) is a pol} T nomial in X\ and h, and every term 
contains h as a factor. The student can easily verify this latter state- 
ment by considering a particular polynomial. In general, the fact may 
be confirmed by expanding the terms of P(xi + h ) by the binomial 
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theorem and noting that each term that does not involve h is duplicated 
in P{x 1 ). Therefore, by making h sufficiently small, we can make the 
difference between P(x 1 ) and P(x i + h) as small as we please. Thus, 
the value of P{x) will change gradually as x is changed gradually, 
and the graph of y = P(x), where P(x) is any polynomial, will be a 
continuous curve. 

Now let a polynomial P(x) be divided by a binomial x — r, where r 
is a constant, and let the division be carried to the point where the 
remainder is a constant. If the quotient is denoted by Q{x) and the 
remainder by i?, we have 

P(x) = {x - r)Q(x) + R . 

(The dividend equals the remainder plus the product of the divisor and 
the quotient.) 

This equation is valid for all values of x except possibly the value 
x = r, in view of the division by x — r that led to the relationship. 
However, the equation must be valid for x = r also. For, both members 
are polynomials and are therefore continuous for all values of x. Con- 
sequently, if they were not equal for x = r, one or the other would have 
a break in its continuity at this point which is impossible. Thus we 
may put x — r to obtain 

p(r) = (r - r)Q(r) + R. 

Now, Q{r) is a constant, and r — r = 0; hence, 

P(r) = R . 


This discussion may be summarized in the following statement which 
is basic for a good deal of the ensuing work: 


The Remainder Theorem: If a polynomial P(x) is divided by a bi- 

nomial x — r, and the division is carried to the point where the remainder 
does not involve x, the remainder is the value of the polynomial when x is 
replaced by r. 

Illustration: If we divide P(x) = x* + 7x 2 — 9# — 10 by x — 5, we 
have a remainder of 245 as shown below. 


1 +7 -9 -10 

+5 +60 +255 

1 +12 +51 +245 


5 




Furthermore, 


P( 5) = 5 3 + 7(5 2 ) - 9(5) - 10 

= 125 + 175 - 45 - 10 = 245 . 
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Thus, as we expected, P(5) is the value of the remainder when P(x) is 
divided by x — 5. We see from this illustration how the remainder 
theorem may be used to calculate values of P(x) corresponding to given 
values of x. 

A corollary of the remainder theorem is of aid in finding factors of 
P(x). This corollary, which is known as the factor theorem, states: If 
the value of P(x), when x is replaced by r, is zero, then x — r is a factor 
of P(x). The proof of this statement follows immediately from the 
remainder theorem; for, if x = r results in P(r) = 0, the remainder is 
zero when P(x) is divided by x — r; therefore, P(x) is exactly divisible 
by x — r. 

Values of x which result in the value zero for a function /(x) are 
called zeros of the function. In other words, the zeros of /(x) are the 
roots of the equation /(x) = 0. 

Example 1. Show by means of the factor theorem that x + 2 is a 
factor of the polynomial P(x) = 2x 3 + 5x + 26. 

Solution: P(- 2) = 2(-2) 3 + 5( — 2) + 26 
= -16 - 10 + 26 = 0. 


Hence, by the factor theorem, x + 2 is a factor of P(x). A ns. 
Check: By synthetic division we have 


2 0+5 +26 

-4 +8 -26 

2 -4 +13 0 


-2 


Therefore, x + 2 is one factor of 2x 3 + 5x + 26; the other factor is 
2x 2 - 4x + 13. 


Example 2. Use the factor theorem to show that x 5 — a 5 is exactly 
divisible by x — a. 

Solution: Let P(x) = x 5 — a 5 . 

Then, P(a) = a 5 — a 5 = 0. 


Consequently, P(x) is exactly divisible by x — a , and the quotient may 
be found by synthetic division. 

Example 3. One zero of the function x 3 — 8x 2 + 7 is x = 1. Find 
the other zeros. 


Solution: By the factor theorem, if x = 1 is a zero of the given poly- 
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nomial, x — 1 is a factor. Consequently, the other factor may be 
found by division: 

1-8 0+7 1 

+ 1 -7 -7 

1-7-7 0 


The division shows that x — 1 is a factor and that x 2 — 7x — 7 is the 
second factor of x z — 8x 2 + 7. If we write 


x 2 — 7x — 7 = 0, 


we find 

as the other zeros. Arts. 


x 


7 ± V77 
2 


EXERCISES 88 

In each of Examples 1 to 4, show (a) by the remainder theorem and (b) by 
the use of synthetic division that the first expression is a factor of the second. 

1. v + 2; v 3 - llv - 14 

2. * - 4; 3x 3 - 10x 2 - 15* + 28 

3. y - 6; 2y i - 13y 3 + 6j/ 2 + 52/ - 30 

4 . w + 5; 4w 4 + 20 w 3 — if; 2 — 2iy + 15 

By the use of synthetic division find 

5 . P( 3) and P(-2), if P(x) = 5x 3 - 6x 2 + x - 20 

6. P(— 3) and P(4), if P(v) = 3r 4 - 4v z + lOv - 11 

7 . P(6) and P( — §), if P(t^) = 4w; 4 — 27it? 3 + 13 w — 21 

8. P{\) and P( — 5), if P(y) = 2 t/ 5 + i/ 4 - 32/ 3 + 8 by 2 + 18 

Use the given zero to find the remaining zeros of each of the following; 
functions : 

9. z z + 6z 2 — 6z — 136; one zero is 4. 

10 . 3 y 3 + 13 y 2 — Sly — 7; one zero is —7. 

11 . 10x 3 — 23x 2 + 18x — 9; one zero is -§. 

12. 12s 3 — 17s 2 — 6s + 8; one zero is f. 

13. Show by the remainder theorem that x + 2a 2 is a factor of x 5 + 32a+ 

14 . Show by the remainder theorem that x + 3 y is a factor of 

x 3 + 4 x 2 y + 4 xy 2 + 3 y 3 . 

15 . Show by the remainder theorem that 3x — 4 y is a factor of 

3x 3 — 7 xhy + xy 2 + 4 y 3 . 
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110. The Number of Roots 

As we have seen in connection with quadratic equations, not every 
rational integral equation has a real root. If we permit the coefficients 
of such an equation to be real or imaginary, it is far from evident that 
the equation will have any root. Consequently, the following theorem 
is of fundamental importance. 

Theorem 1: Every rational integral equation P(x) = 0 has at least one 

root. 

As the proof of this statement is considerably beyond the scope of 
this book, we shall accept its validity with only a brief discussion. 
The coefficients of P(x) are not restricted to.be real numbers, and the 
root may be real or imaginary. The theorem does not imply that 
formulas similar to the quadratic formula exist for higher degree equa- 
tions; in fact, there are such formulas only for the solution of cubic 
and quartic equations. The theorem merely asserts the existence of 
a root but does not tell how to find it. Because of the basic character 
of this assertion, Theorem (1) is known as the fundamental theorem 
of algebra. 

On the basis of the fundamental theorem, we can now derive a 
second important theorem. 

Theorem 2: Every rational integral equation P(x) = 0 of the nth degree 

has exactly n roots. 

Proof: Let P( x) = aoX n + aiz"" 1 + * • * + a n , 

and let n denote a root whose existence is guaranteed by Theorem (1). 
Then, by the factor theorem, x — r\ is a factor of P(x). Consequently, 

P(x) = (x - ri)Pi(z), 

where P\(x) is a polynomial of degree n — 1 in x. 

Now consider the equation 

Pi(x) = 0, 

which by the fundamental theorem also has a root. Let r 2 denote this 
root; then, x — r 2 is a factor of Pi(x), and 

Pfx) = (x - r 2 )P 2 (a 0, 

where P 2 (z) is a polynomial of degree n — 2 in x. Therefore, the 
original polynomial may be written 

P(x) = (x - ri)(x - r 2 )P 2 (z). 
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If this procedure is used n times, we obtain P(x) in the factored form 

P{x) = (x - n)(x - r 2 ) • • • (x - r n )P n (x), 

where P n (x) must be of degree n — n or zero; that is, P n (x) is a constant, 
and by comparison with 

P{x) = aoX n + a\X n ~ l + ••• + <*„, 
we find P n ix) = a 0 , 

and P(x) = a 0 (x — r\){x — r 2 ) • • • (x — r„). 

It follows now that the equation P(x) =0 has n roots; for P(x) has 
the value zero if x is put equal to any of the values r h r 2 , • • • , r n . 

Furthermore, the equation P{x) — 0, where P(x) is of the nth 
degree, can have no more than n roots. For, if it did, the polynomial 
P(x) would have more than n first-degree factors, one factor corre- 
sponding to each root. Since the product of these factors would be of 
higher degree than n, the hypothesis that P(x) is of the nth degree 
would be contradicted. 

In the case of the quadratic equation, we have seen that an equation 
may have equal roots. It should be noted in the general situation that 
two or more of the roots r lf r 2 , • • • , r n may be equal. If the same root 
occurs twice, it is called a double root; if three times, a triple root; and 
if m times, a root of multiplicity m. 

By making use of Theorem (2), we may form rational integral equa- 
tions with given roots; for, corresponding to the roots r h r 2 , • • * , r n , 
the left side of the equation must be 

P(x) = a 0 (x - r±){x - r 2 ) • • * (x — r n ), 
where a 0 ^ 0. Hence, the equation 

(x — n) (x — r 2 ) • • • (x — r n ) = 0 
will have the desired roots n, r 2 , • • • , r n . 

Example 1. Form a quartic equation which has the roots 1 — i, 1 + i, 
and 2 as a double root. 

Solution : The equation in factored form is 

[x — (1 — i)][x — (1 + i)](x — 2) (x — 2) = 0. 

Since the left side may be written 

[(x — l) 2 — i 2 ](x — 2) 2 = (; x 2 — 2x + 2)(x 2 — 4x + 4), 
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we find as the desired equation 

x* — 6a: 3 + 14a: 2 — 16a: + 8 = 0. Arts. 

A corollary of Theorem (2) that is of importance in a number of 
applications of algebra is as follows: 

Theorem 3: If two 'polynomials in the same variable and of degree not 
greater than n are equal for more than n distinct values of the variable , the 
coefficients of like powers of the variable in the two polynomials are equal , 
that is, the polynomials are identical. 

Proof: Let the two polynomials be 

aoX n + aix n ~ l + • • • + a n and boX n + bix n_1 + ••• + &„. 
Then, by hypothesis, the equation 

aox n + aix n ~ l + • • • + a n = boX n + bix "~ 1 + • * * + b n 
or (a 0 - b 0 )x n + (ai - bi)x n ~ l + - ••+ (a n - b n ) = 0 

is of not more than the nth degree and is satisfied by more than n distinct 
values of x. 

By Theorem (2) this is impossible, and it follows that all the coeffi- 
cients of the last equation are zero. For, by hypothesis, the degree of 
the equation does not exceed n, and we have seen that the degree cannot 
equal n, so we must have 

a 0 — b 0 = 0 or a 0 = b 0 . 

Upon applying the same reasoning, we see that the degree must be less 

than n — 1, so 

tti — bi = 0 or ai = bi. 

In a similar way, we find 

a 2 = bo, 
a n ~ i = b n - 1 . 

Finally, we arrive at the equation 

a n - b n = 0 or a n = b nt 

and we see that the polynomials are identical. 

Example 2. Determine the values of the constants A, B , and C so 
that x — 1 = A (x 2 + 2) + x(Bx + C ) is an identity. 
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Solution: The given equation may be written in the form 
0-x 2 + x- 1 = (A + B)x 2 + Cx + 2 A, 

which displays the fact that we have two polynomials of not more than 
the second degree which are to be identical, that is, which are to be 
equal for more than two values of x. Therefore, by Theorem (3), we 
may equate corresponding coefficients to obtain 

0 = A + B, 

1 = c, 

and — 1 = 2A. 

This system of equations has the solution A = — J, B = J, C = L 
Ans. 

The method used in Example 2 is often called the method of unde- 
termined coefficients. 

EXERCISES 89 

In each of Examples I to 8 form the rational integral equation of lowest 
degree which has the given numbers for its roots. In each case, let 1 be the 
coefficient of the term of highest degree. 

1 . -3, 1, 2, 5 2 . -2, 4, -2 + Vs, -2 - V§ 

3. —5, 0, 3, iV 2, -iV 2 4. -3, 0, 4, WE, -WE 

5. 1 + V5, 1 — VE, and — 2 as a double root 

6. — 4 + W 3, —4 — W 3, and 3 as a double root 

7. V2, — V2, and 2 i and — 2 i both as double roots 

8. W 7, — iV 7, and V2 and — V2 both as double roots 

In each of Exercises 9 to 12, the given equation is to be an identity in x. 
Determine the value of each of the other letters to satisfy this condition. 

9. Sx + 29 = A(x + 3) + B(x - 2) 

10. z 2 - 6* - 16 = (Ax + B)(x - 4) + C(x 2 + x + 4) 

11. 3x z + 3z 2 + 5a; - 4 = A(x z - 5) + ( Bx 2 + Cx + D)(x + 2) 

12 . x z — 16z 2 + 65x + 26 = A(x — 3)(x 2 + 4) + B(x 2 + 4) 

+ (Cx + D)(x- 3) 2 

13 . The equation — 9^ 3 + I62 2 + 15 z + 25 = 0 has 5 as a double root; 
find the other roots. 

14 . The equation x 4 + 4z 3 — 18a; 2 — 80x — 32 = 0 has —4 as a double 
root; find the other roots. 
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15. Two roots of the equation v A + 4r 3 — 4ir — 40t» — 33 = 0 are — 1 
and 3; find the others. 

16. Two roots of the equation 2 y A — 3 y z — 41 y 2 + 104?/ — 80 = 0 are 
— 5 and 4; find the others. 

111. Rational Roots; Positive and Negative Real Roots 

We shall now prove a theorem that is useful in finding the rational 
roots (if there are any) of a rational integral equation with integral 
coefficients. 

Theorem: Let - , a real rational fraction in its lowest terms , be a root of 

q 

the equation 

P(x) = aoX n + aix n_1 + • • • + a n _ix + a n = 0 (a 0 ^ 0) 

where a 0 , ai, • • • , a n -i, a n are integers . Then, p is a factor of a n , the con - 
stant term, and q is a factor of a 0 , the coefficient of x n . 

Proof: The case where p = 0 is readily disposed of by observing that 
x = 0 cannot be a root of the equation unless the term a n = 0. Al- 
though this may be considered a special case of the theorem, it is simpler 
to agree to divide P{x) by any power of x that may be a factor of P(x). 
Of course, if x m is a factor of P(x), x = 0 is a root of the equation of 
multiplicity m. We assume in the remaining discussion that a n ^ 0. 

p 

If - is a root of P(x) = 0, we must have 
Q 



If both members of Equation (1) are multiplied by q n , the result is 

a d p n + aip n ~'q + b a n _i pq n ~ l + a n q n = 0. (2) 

Now, if p = 1 , it is of course a factor of a n and part of the theorem 
would be true. If p ^ 1, we divide both sides of Equation (2) by p to 
obtain 

flop” -1 + aip n ~-q + • • • + dn-1 ?" -1 + = o. (3) 

V 

Since p, q, and all the a } s are assumed to be integers, it follows that all 
terms but the last on the left side of (3) are whole numbers. However, 
the last term cannot be a fraction, for the sum of a set of whole numbers 
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and a single fraction cannot be zero. 


Furthermore, - was assumed to 
Q 


be in its lowest terms so that q is not divisible by p. 


Hence for — — to 


be a whole number, a n must be divisible by p. 

The argument to show that q is a factor of a Q proceeds in the same 
manner. If q = 1, it is a factor of a 0 . If q 1, we may divide both 
members of Equation (2) by q and complete the proof in the same way 
as in the preceding paragraph. 

An important special case of the theorem on rational roots is the 
following statement: 

If a rational integral equation with integral coefficients has an integer 
for a root , this root must he a factor of the constant term . 


Example 1. Find a rational root of the following equation, and then 
find the remaining roots: 2a; 3 + x 2 — 2a; — 6 = 0. 


p 

Solution: If - is a rational root of the equation, p must be a factor 

q 

of —6, and q must be a factor of 2. We list the possibilities below: 
p: drl, d=2, ±3, ±6. 

q: 1,2. 

pi 3 

±-, ±1, ±-, ±2, ±3, ±6. 

It is not necessary to list both positive and negative values of q as no 

P V 

further values of - would be obtained. The values of - are listed in 

q q 

order of increasing magnitude, since it is usually simpler to test them in 

this order. 

The student may show by synthetic division that and =bl are 
not roots of the equation. For our trial of +§, we have the division 


2 +1 —2 -6 

+3 +6 +6 

2+4+4 0 


3 

IF 


The zero remainder shows that ■§ is a root and x — f is a factor of the 
left side of the equation. The second factor is 2a; 2 + 4x + 4, and the 
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remaining roots may be found by writing 

2x 2 + + 4 = 0, 

or x 2 + 2x + 2 = 0. 

The quadratic formula applied to this equation gives x — — 1 =L i. 
Hence, the three roots of the given equation are §, — 1 =b i. Ans. 

If a factor corresponding to a root is removed, as in the preceding 
example, an equation of degree 1 less than that of the original equation 
is the result. This new equation is called a depressed equation with 
respect to the given equation. 

The theorem of this section also enables us to find the real rational 
factors of a polynomial P{x) with integral coefficients. For instance, 
Example 1 shows that 

2x % + x 2 — 2x — 6 = (x - |) (2x 2 + 4x + 4) 

= (2x — 3)(z 2 + 2x + 2). 

If the coefficients of an equation are rational fractions, both mem- 
bers may be multiplied by the LCD of the fractions to obtain an equiva- 
lent equation with integral coefficients. 

Example 2. Show that the equation x 4 + 3.r 2 + 7x + 6 = 0 has no 
rational roots. 

Solution : Since a 0 = 1, the only possible rational roots are the 
integral factors of the constant term 6. Furthermore, if any positive 
number is substituted for x , each term of the left member of the equa- 
tion will be a positive number, and a sum of positive numbers is never 
zero. Therefore, the possibilities for rational roots are —1, —2, —3, 
and —6. We may show by synthetic division that none of these num- 
bers is a root and, hence, that the equation has no rational roots. 

The argument whereby positive roots were excluded as possibilities 
for the equation in Example 2 applies in general. A rational integral 
equation with all its coefficients positive can have no positive root. 

Note: By inspection of an imaginary number such as — 1 + i, the 
student may see that the words “positive” and “negative” can be 
applied only to real numbers. Consequently, he should understand 
that any positive or negative number is automatically restricted to be 
real. 

An equation whose roots are respectively the negatives of the roots 
of a given equation P(x) = 0 may be formed by replacing x by — x) for 
if a given number is a zero of P{x), the negative of this number is a 
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zero of P(—x). The effect of replacing x by —x is to change the signs 
of the odd powers of x in the polynomial. Thus, if 

P(x) = 2a: 3 + x 2 — 2a; — 6, 

P(—x) = — 2a; 3 + x 2 + 2a; — 6. 

We found in Example 1 that 2a; 3 + x 2 — 2a; — 6 = 0 has the roots -§, 

— 1 + i, and — 1 — i, and it may easily be verified that the equation 

— 2a; 3 + x 2 + 2a; — 6 = 0 has the roots — |, 1 — i, and 1 + i. 

It follows now that a rational integral equation with no missing powers 
and with its coefficients alternating in sign can have no negative root For, 
if P( x) has alternating signs and no missing powers, P(—x) has coeffi- 
cients all of one sign. The student may complete the argument. 

Illustration: The equation x s — 5x 2 + 2a; — 7 = 0 has no negative 
roots; for all the powers of x from the third down are present, and the 
coefficients alternate in sign. 

EXERCISES 90 

Find all the roots of each of the following equations : 


1. 

X 3 - 

4a; 2 + x + 6 = 0 

2. 

y 3 + 

1 

to 

to 

1 

o 

II 

o 

3. 

V 3 + 

3v 2 - 5v - 39 = 0 

4. 

z 3 - 

6z 2 + 13z - 10 = 0 

5. 

3x 3 + 19x 2 + 14x - 90 = 0 

6. 

2 w z - 

- 15w 2 + 38w - 30 = 0 

7. 

4u 3 - 

- 11m 2 + u + 1 = 0 

8. 

2/ 4 “ 

4 y 3 — 5 y 2 + 36 y — 36 = 0 

9. 

x 4 — 

6x 3 — x 2 + 34x + 8 = 0 

10. 

3v 4 - 

- 2v 3 + 2v 3 + lOv + 3 = 0 

11. 

12z 4 

+ 5z 3 + 10z 2 + 5z - 2 = 0 

12. 

24x 4 

- 8x 3 - 44x 2 + 7x + 12 = 0 

13. 

6g 4 - 

- 13 y 3 + 2 y 2 — 4y + 15 = 0 

14. 

4 w 5 + 4w 4 — 5 w 3 + 25 w 2 — 84 w + 36 

15. 

2£te 5 

- 9x 4 - 74x 3 + 30x 2 + 42x - 9 


112. Imaginary Roots 

In many of the advanced applications of algebra, it is necessary to 
have information about the imaginary roots of rational integral equa- 
tions with real coefficients. One of the basic theorems is considered in 
this section. 
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Theorem: If a rational integral equation P(x) =0 with real coefficients 

has an imaginary root a + bi (b ^ 0), then it also has the root a — bi; 
that is y imaginary roots occur only in conjugate pairs. 

In order to prove this theorem, we need an auxiliary result, namely, if 
P (a - f- hi) — C -f- Di } 
where C and D are real, then, 

P(a - bi) = C - Di. 

This result follows for any polynomial P(x) if we can show that it holds 
in the special case where P(x) = x m , for a polynomial with real coeffi- 
cients is a sum of terms of the type ax m . We shall prove the law for the 
special case by the use of mathematical induction. 

If m = 1, so that P(x) = x, 

P {a T" hi) = a -T hi, 
and P(a — hi) — a — hi. 

Now, assume that for any integral value of m, say m = s [which 
means that P(x) = x 8 ] we have 

(a T" hi) 8 = C + Di, 


Next, multiply both sides of the first equation by a + hi, and both sides 
of the second equation by a — hi to find 


where the values of C i and Di are the same in both cases. 

This discussion shows that if the required result is correct for any 
integral value of m, it is also correct for the succeeding integral value. 
Since the result has been verified for m = 1, it follows for m — 2, 3, 4, 
and so on. Thus, the induction is complete. 

We may now prove the original theorem as follows: 


and 


(a — hi) 8 = C — Di. 


and 


(a + hi ) = aC — bD -f- ( aD -T bC)i 

= Ci + Dii, 

(a - hi) 8+l = aC - bD - (aD + hC)i 
= C l - Dj, 


P(a + hi) = C + Di 
P(a - hi) = C - Di. 


Let 

Then, 


(C and D real). 
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Since a + hi is assumed to be a root of P (x ) = 0, we have 

C + Di — 0 . 

But a complex number is zero if, and only if, both the real and imagi- 
nary parts are zero. Hence, 

C = 0 and D = 0. 

to 

Consequently, P(a — hi) = 0, 

and a — bi is also a root of P(x) — 0. 

Illustration: In Example 1 of the preceding section, we found that 
the equation 2x 3 + x 2 — 2x — 6 = 0 has the conjugate imaginary roots 
— 1+i and — 1 — i. 

Example 1. If the equation x 4 + 2X 3 + 2x 2 + 10x + 25 = 0 has the 
root 1 — 2 i, what are the other roots? 

Solution: If 1 — 2 i is a root, 1 + 2 i must be a second root, and a 
factor of the left member of the equation is 

(x — 1 + 2 i)(x — 1 — 2 i) y 

or x 2 — 2x + 5. 

The other factor of the left side of the equation may be found by ordinary 
long division to be x 2 + 4x + 5. Thus, the depressed equation still to 
be solved is 

x 2 + 4x + 5 = 0. 

For this equation, the quadratic formula gives x — — 2 rt i. Hence, 
the required roots are 1 + 2 i, — 2 + i, and —2 — i. Ans. 

Example 2. Form an equation of lowest possible degree with real 
coefficients which has V2 and 3 — i for two of its roots. 

Solution: Since the equation is to have real coefficients and 3 — i as 
an imaginary root, we must have 3 + i as another root. Therefore, the 
required equation is 

(x — V2) (x — 3 + i) (x — 3 — i) = 0, 

or x 3 - (6 + V2)x 2 + (10 + 6V2)x - 10V2 = 0. Ans . 

Notice that the coefficients in the answer to Example 2 are real but 
not rational. The student may show that a fourth-degree equation 
with real, rational coefficients may be obtained by assuming a fourth 
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root x = — V2 in addition to the three previously used. The situation 
illustrated by these remarks is covered by the following theorem: 

Theorem: If a rational integral equation with rational coefficients has a 

root a + Vb, where a and b are rational numbers and b is not a perfect 
square , then the equation has a — as a second root. 

The proof of this statement is similar to the proof of the preceding 
theorem and is left for the student. 

Example 3. If — 2 + VE is a root of the equation 

x 4 + 4x 3 + 4x 2 + 20x — 5 = 0, 

find the remaining roots. 

Solution : Since the coefficients are rational and — 2 + VE is a root, 
— 2 — Vo must be a second root. Consequently, 

(x + 2 - VE) (x + 2 + \ 5), 
or x 2 + 4x — 1 

is a factor of the left member of the equation. The other factor is 
found by division to be x 2 + 5. So the depressed equation yet to be 
solved is 

x 2 + 5 = 0; 

and we find x = = hiVE. Hence, the required roots are —2 - vs, 
iV 5, and — iVE. Ans. 

EXERCISES 91 

In each of Exercises 1 to 6, form the equation of lowest degree with real 
coefficients if two of its roots are the given numbers. Let 1 be the coefficient 
of the term of highest degree in each case. 

1. -5, 2 + 3i 2. 4, -2 + i 3. -2 i, 1 - 3 i 

4. tV 5, -iV 2 5. V6, 1 - 2i 6. V2, 3 + 4 i 

In each of Exercises 7 to 12, form the equation of lowest degree with real, 
rational coefficients if two of its roots are the given numbers. Let 1 be the 
coefficient of the term of highest degree in each case. 

7. 5, 2 - Vb 8. -3, 1 - 2V2 

10. a/ 7, -1 + 3v2 11. 2 - t, 1 + VS 


9. 3 - V2, VlO 
12. 4 4-i,2 - V6 
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13. One root of 3a; 4 — 16a; 3 + 24a; 2 + 44a; — 39 = 0 is 3 + 2 i. Find the 
other roots. 

14. One root of 5w 4 + 34w 3 + 40 u 2 — 78 u + 51 = 0 is —4 — i. Find 
the other roots. 

15. Find the remaining roots of 2 y 4 — 22 y z + 65 y 2 — 24 y — 3 = 0 if one 
root is 3 — V6. 

16. Find the remaining roots of 4r 4 — 46r 3 + lS5v 2 — 138v + 54 = 0 if 
one root is 5 + V7. 

17. In each of the following, let 1 be the coefficient of the term of highest 
degree : 

(a) Form the equation of lowest degree which has the roots 3 i and V5. 

(i b ) Form the equation of lowest degree with real coefficients if two of its 
roots are 3 i and V 5. 

(c) Form the equation of lowest degree with real, rational coefficients if 
two of its roots are 3 i and V 5. 

18. In each of the following, let 1 be the coefficient of the term of highest 
degree : 

(a) Form the equation of lowest degree which has the roots —2 i and 

2 - VS. 

(i b ) Form the equation of lowest degree with real coefficients if two of its 
roots are —2 i and 2 — Vs. 

(c) Form the equation of lowest degree with real, rational coefficients if 
two of its roots are —2 i and 2 — Vs. 

113. Multiplication of the Roots by a Constant 

It is often convenient to be able to write an equation whose roots 
are multiples, respectively, of the roots of a given equation. Let the 
given equation be 

P(x) = a 0 x n + a\x n ~ l + • • • + a n -ix + a n = 0, (1) 

and suppose we wish to find an equation each of whose roots is m times 

y 

the corresponding root of Equation (1). We may let y = mx or x = — 

m 

and substitute this value for x in Equation (1) to obtain 



This equation may be simplified by multiplying both sides by m n to get 
a Q y n + amy 71 - 1 + • • • + a n -<m n - 1 y + a n m n = 0. (2) 

{Since for each value of x which satisfies Equation (1), there is a 
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corresponding value of y, where y = nix, which satisfies Equation (2), 
we have the required result. In applying this result, missing powers of 
x must be replaced by zeros. 

Example 1. Write an equation whose roots are the roots of the follow- 
ing equation each multiplied by 2: a: 3 + 3x 2 — x — 3 = 0. 

Solution: We have m = 2 and y = 2x. Hence, after substituting 
x — y/2 and multiplying the two members of the equation by 2 3 , we 
find the required equation is 

2/ 3 + 3(2)?/ 2 - (2 % - 3(2 3 ) = 0 
or y 3 + Qy 2 — 4?/ — 24 = 0. A ns. 

The student may verify the fact that the roots of the given equation 
are —3, — 1, and I, and those of the final equation are —6, —2, and 2. 

Example 2. Write an equation whose roots are the roots of the follow- 
ing equation each multiplied by T V: 

2x 4 + 50x 3 + lOOOx - 10,000 = 0. 

Solution: The required result may be obtained by writing 10?/ in 
place of x to give 

2(10 % 4 + 50(10 % 3 + 1000(10 )y - 10,000 = 0, 

2 ( 1 0 4 ) 2Z 4 + 5(10 4 )?/ 3 + (10% - (10 4 ) = 0, 
or 2]f + oy z + y — 1=0. Ans. 

The procedure used in Example 2 is to be preferred to the method 
of substituting for m in Equation (2) because of the possibility that we 
may forget to supply zeros for the missing powers. Many mathema- 
ticians prefer to use this method in every case. 

Although we may write an equation whose roots are respectively the 
negatives of the roots of a given equation by using the value m — — 1 
in Equation (2), it is simpler to replace x by — x in the given equation. 
This procedure is evidently the equivalent of the first method and has 
the advantage that the result may be written at once by changing the 
signs of the odd powers of x. 

Example 3. Write the equation whose roots are, respectively, the 
negatives of the roots of the equation 

P(x) = x 5 + 3x 4 - Gx 3 + x 2 - 1 = 0. 
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or 


Solution: The required equation is 

P(—x) = — x 5 + 3x 4 + 6x 3 + x 2 — 1 = 0, 

x b — 3x 4 — 6x 3 — x 2 4 - 1 = 0. Ans. 


EXERCISES 92 

In each of Equations 1 to 12, transform the given equation so that its roots 
are each multiplied by the number following the semicolon. 


5 . 4u 4 - 2u 3 + u - 6 = 0; - 2 6. 5a; 4 - x z + x - 1 = 0; -4 


7. y 6 - 4?/ 5 + y 4 - 2y 3 + 17 = 0; -1 

8. 2x 7 - x 6 + 3a: 4 - a: 2 + 6a: + 1 = 0; -1 

9. 7w 3 - 3w 2 - 18 w + 54 = 0; J 

10. s 4 - 16s 2 - 16s - 24 = 0; | 

11. 4 w 3 + 7 u 2 - 13 = 0; 10 

12. v 3 + 8v 2 - 6 = 0; r \ 


For each of the following examples, transform the equation so that each 
root is multiplied by 10*\ Then choose a positive or negative integral vfllue 
for k so that the resulting coefficients are the smallest integers pos^|rie. 
(Note: Equations of the type given here occur, among other places, in 
electric circuit analysis.) 

13 . x 3 + 710:r 2 + 4500a: + 68,000 = 0 

14 . lit/ + \20fl00y 2 + 8,600,000 = 0 

15 . 5 1 4 - 0.3 1 3 + 0.007^ •+ 0.0006 = 0 

16 . u 4 + (1.75) (10 -2 )i4 3 + (1.85) (10 _6 )w 2 + 10“ 13 = 0 

114. Descartes’s Rule of Signs 

A polynomial P(x), with real coefficients and arranged in descending 
powers of x, is said to have a variation in sign if two consecutive terms 
have opposite signs. 

Illustration: The polynomial x b — 4a; 4 — 2a; 3 + x — 1 has three 

variations in sign: one from x 5 to —4a; 4 ; one from —2a; 3 to +a;; and one 
from +x to — 1. Note that some powers of x may be missing. 

If a sequence of plus and minus signs is written, starting and ending 
with the same sign, there will always be an even number of variations 
of sign or there will be none; whereas if opposite signs begin and end the 
sequence, there will be an odd number of variations in sign. These 
statements become obvious if we think of crossing from one side to the 


1. a; 2 + x - 6 = 0; 5 
3. z 3 + 8z — 7 = 0; 4 


2. t> 2 — 2t> — 8 = 0; 3 
4. 2 y 4 - 3y - 11 = 0; 2 
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other of a straight line; for if we are to start and end on the same side, 
the line must be crossed an even number of times or not at all; if we are 
to start and end on opposite sides, an odd number of crossings must be 
made. 

We can now show that a polynomial with real coefficients and with 
only negative zeros and imaginary zeros has an even number of varia- 
tions in sign or none. There will be no loss in generality if we take 1 
as the coefficient of the highest power of x; for this coefficient may be 
factored out without affecting the number of variations in sign. Corre- 
sponding to a negative zero —a, where a is positive, the polynomial must 
have a factor x + a. Furthermore, corresponding to imaginary zeros, 
which must occur in conjugate pairs, there will be factors of the type 
x 2 ± for + c, where b 2 — 4c is negative and, hence, where c is positive. 
If any number of factors of the two specified types are multiplied to- 
gether, we shall obtain a polynomial whose term of highest degree has 
+ 1 for a coefficient and whose constant term is positive. By referring 
to the discussion of the preceding paragraph, we see that the poly- 
nomial must have an even number of variations in sign or no variations 
at all. 

From the last result, there follows immediately an important 
corollary, namely, if a rational integral equation with real coefficients has 
an odd number of variations in sign , it must have at least one positive 
root. 

We suppose next that P(x) has a factor x — r, where r is positive, 
and we compare the number of variations of sign in P(x) with the 
number of variations of sign in the quotient Q(x) obtained when P(x) 
is divided by x — r. Let the pattern of signs in Q(x) be represented by 

Qix ) : + • • • H * • * b * * * , 

where the dots after a sign are to mean that more signs of the same kind 
may occur but no change in sign takes place until it is explicitly indicated. 

Since P(x) = (x — r)Q{x) } we may obtain the pattern of signs in 
P(x) by the following schematic multiplication: 


xQ(x) : 

+ ••• 

+ - ••• 

- + ••• 

—rQ(x): 

- 

•••-+• 

... + _ ... _ 

(x - r)Q(x): 

+ ? • 

. . ? - ? . . 

. ? + ? . . . ? - 


The question marks in the third line represent ambiguous signs; these 
would be known only if the specific coefficients in the multiplication 
were known. However, no matter what the doubtful signs are, it is 
evident that at least one variation, and in general an odd number of 
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variations, occurs as we go from any definite sign to the next definite 
sign. Thus, there is at least one variation in P(x) corresponding to each 
variation in Q(x), and P(x) has at least one additional variation at the 
end. Hence, the smallest number of variations that P(x) can have is 
one more than Q(x) has. 

It has been noted that in passing from any definite sign to the next 
definite sign in P(x ) there may be an odd number of variations of sign. 
Therefore, there may be an even number of variations in addition to 
the one that must occur. Consequently, P(x) may have an even 
number of variations more than the minimum number described in the 
preceding paragraph. Thus, the number of variations in P{x) may 
exceed the number of variations in Q (x) by 1 or by 1 plus an even num- 
ber — in other words, by an odd number. 

Now, let P{x) = 0 have k positive roots, n, r 2 , • • • , Then, 
we have 

P(x) = (x - n)Qi(x), 

Qi(x) = (x - r 2 )Q 2 (x), 


Q*-i(s) = (x — r k )Q k (x), 

where Ci(x) has an odd number, say 2m\ + 1, of variations in sign less 
than P(x), Q 2 (x) has an odd number, say 2 m 2 + 1, of variations less 
than Qi(a;), and so on. If P(x) has no more than k positive zeros, the 
polynomial Q k (x) either is a constant or has only negative zeros and 
imaginary zeros. As we have previously seen in this case, Qk(x ) has an 
even number of variations or none. Let 2m stand for the number of 
variations in Qk(x). Then, if Q k (x) has 2m* + 1 fewer variations in 
sign than Qyt_i(a;), we have, for the total number of variations in sign of 

Pixy. 

2m -f- 2mk ~b 1 2m 2 ~b 1 -f- 2mi + 1, 

or 2 (m T mk ~b • • • ~b m 2 ~b mi) -T k . 

Since the m’ s may be zeros or positive integers, 

2(m + m k + • • • + m 2 + m x ) 
is zero or an even integer. From this result, we have 

Descartes’s Rule of Signs: The number of positive roots of a rational 

integral equation P(x) = 0 with real coefficients is either equal to the num- 
ber of variations in sign of P(x) or is less than that number by an even 
integer . 
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Information concerning the negative roots may be obtained by 
applying the rule of signs to the equation P( — x) = 0. This possibility 
follows from the fact that the positive roots of this equation are the 
negative roots of P(x) = 0. 

Example 1. Apply Descartes's rule of signs to the equation 
x 4 — 3a: 2 + 2x — 1 = 0. 

Solution: Since the polynomial P(x) has three variations in sign, the 
equation P(x) =0 has three positive roots or one positive root. Also, 

P(-x) = x 4 - 3x 2 - 2x - 1 

has one variation in sign, so P(x) — 0 has one negative root. This 
information may be displayed as in the table to the 
right. In any row of the table showing a possible 
grouping of the roots, the total number of roots is 
four, the degree of the equation; in the column for 
imaginary roots, the number is zero or an even integer 
since imaginary roots must occur in conjugate pairs. 

Example 2. Apply Descartes's rule of signs to x 7 — 2x 5 — x 2 = 0, and 
state, in tabular form, conclusions as to the permissible types of roots. 

Solution: We first remove the factor x 2 which corresponds to the fact 
that x = 0 is a double root of the equation. We next apply the rule 
of signs to the depressed equation x 5 — 2x 3 — 1 = 0, whose left 
member has one variation in sign. Also, P( — x) = — x 5 + 2x 3 — 1 
has two variations in sign. Since the depressed equa- 
tion is of the fifth degree, there are five nonzero roots 
in all. Thus, the given equation has two zero roots, 
one positive root, and either two or no negative roots. 

As the table shows, there may be two or four imagi- 
nary roots. 


+ 

- 

i 

1 

2 

2 

1 

0 

4 


+ 

- 

i 

3 

1 

0 

1 

1 

2 


in 


EXERCISES 93 

Apply Descartes's rule of signs to each of the following equations, and state, 
tabular form, conclusions as to the permissible types of roots. 

1. y 3 + 3y 2 + 4 = 0 2. u> 3 - 5w 2 - 1 = 0 


3. 4x 3 — x — 5 = 0 
5. 3z 4 - 2z 2 + 62 - 8 -O 
7 . ox 4 — 3x 2 — 6 = 0 


4. a 4 + 7u z + 2u 2 - 10 = 0 
6. 5v 4 - 3v 2 + 6 = 0 
8. y* - 2y* + y - 7 = 0 


9 . u 6 - 2u 5 + 3u 3 + 2 = 0 


10 . r 6 - 4r 2 + 9 = 0 
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11. y 1 + 4y 6 - y & + y 2 - 2y — 3 = 0 

12. w s — 5 w 6 -f w d — 6u> 2 — w + 4 = 0 

13. x 9 + 2x 6 + a; 5 + 5x 4 + 3a; 3 + x 2 - 5 = 0 

14. v 2k+1 — b 2k+l = 0; ( k integral, b > 0) 

15. y 2k — a 2k = 0; ( k integral) 

16. Show that the equation P(x) =0 has no real roots if all the terms are 
of even degree and all the coefficients are positive. 

17. Use Descartes’s rule of signs to show that the equation P(x) =0 has 
no negative roots if the coefficients are alternating in sign and there are no 
missing powers of x. 

115. Location of Roots 


We have previously seen that the real roots of an equation P(x) — 0 
are given by the abscissas of the points where the graph of y = P{x) 
meets the X axis. By reading the coordinates of these points as accu- 
rately as possible from the graph, the real roots of the equation may be 
located at least approximately. 

Example 1 . Locate the roots of the equation x 3 — 4x 2 — 3x + 15 = 0 
between consecutive integers. 

Solution: We make a table of values and a graph of the function 
y = x 3 — 4x 2 — 3x + 15 (see Figure 73). The value of y corresponding 
to each chosen value of x may be determined by the use of synthetic 
division. 


X 

y 

-2 

-3 

-1 

sk 

+ 13 

0 

+ 15 

1 

+9 

2 

+ 1 

3 

-3* 

4 

+3* 



Fig. 73 


From the graph we read that there is a root between —2 and — 1; 
another between 2 and 3; and a third between 3 and 4. Ans . 

The real roots of an equation can frequently be located without 
drawing the graph by using only the fact that the curve is an unbroken 
line. It follows that: 
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The curve must cross the X axis at least once between any two values of 
x for which the corresponding values of y are opposite in sign . 

The starred places in the table for Example 1 indicate where the 
sign of y changes. 

It is helpful to be able to limit the range of values of x to be consid- 
ered when we attempt to locate the real zeros of a polynomial. In this 
connection, we have the following simple result: 

If the “ indicated ” divisor in a synthetic division is positive and the 
signs in the third line of the division are all positive , then no real number 
greater than the divisor can be a zero of the dividend. 

This statement follows from the fact that if any greater divisor were 
used, the numbers in the third line would all be increased and there could 
not be a zero remainder. If there are zeros in the third line, the state- 
ment is still valid provided no variations in sign occur. (It is assumed 
that the term of highest degree has a positive coefficient.) We may 
apply this result to the equation P( — x) = 0 to obtain corresponding 
information about the negative roots of P(x) = 0; that is, if K is an 
upper bound for the positive roots of P(— x) =0, —K will be a lower 
bound for the negative roots of P{x) = 0. 

Example 2. Use the preceding discussion to find two integers between 
which are located all the real roots of the equation 

x z + 5a; 2 — 6a; + 3 = 0. 

Solution: The synthetic division of the given polynomial by x — 1 
is as follows: 

1 +5 -6 +3 1 

+ 1 +6 0 

1+6 0+3 

The fact that there is no variation in sign in the third line shows that 
the equation has no real root greater than 1. Note that we pay no at- 
tention to the zero in the third line in counting the variations in sign. 
Also, 1 itself is not a root because the remainder is not zero. 

By changing x to — x, we obtain the equation 

—x 5 + 5a; 2 + 6.r + 3 = 0, 

or a; 3 — 5a; 2 — 6a; — 3 = 0. 

It may be verified that 7 is the smallest positive integral value which 
may be used as a divisor to give no minus signs in the third line of the 
synthetic division, where x z — 5a; 2 — 6a; — 3 is the dividend. There- 
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fore, all the real roots of the given equation lie between —7 and +1. 
Arts. 


EXERCISES 94 


In each of the following exercises, use the foregoing method to find upper 
and lower bounds for the roots, that is, two integers between which are located 
all the real roots of the given equation. Then determine two consecutive 
integers between which each real root is located. 


1. 2x z + x - 11 = 0 
3 . w z + 2w + 40 = 0 
5 . x z — 3x 2 +1=0 
7 . y z - 5 y 1 - 46y - 36 = 0 
9. z 4 - 20z 2 - 21z - 22 = 0 


2. y z + Sy - 21 = 0 
4 . v z + 4i> 2 + + 9 = 0 

6. z 3 - 7z + 5 = 0 
8. v 4 - Uv - 50 = 0 
10 . x 4 - 9x z + 15x 2 + Ux + 23 = 0 


116. The Method of Successive Approximations 

In the successive-approximation method for finding the real roots of 
an equation f(x) = 0, we first locate the desired root between two points 
on the graph of y = fix). If the 
curve is replaced by a straight line, 
that is, the chord joining the two 
points, we find that the abscissa of 
the point where the chord cuts the 
X axis furnishes an approximation 
to the desired root which may be 
closer than the x coordinate of 
either of the two points (see Figure 
74). This new approximation may 
be used to obtain two new points 
which are closer together than the 
first two points and which have the root between them. This idea may 
be used to find the root correct to any desired number of decimal 
places as in the next example. 

Referring to Figure 74, let = h. This distance is to be added to 
Xi to reach the point where the line P 1 P 2 cuts the X axis. From the 
similar triangles APiQ and BP 2 P 1 we have 

h PiB 
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If we agree to proceed from left to right, then PiA is always the numerical 
value of y h P X B is x 2 — Xi, and BP 2 is the sum of the numerical values 
of 2/1 and y 2 . Hence, 


h _ llfil 

" U + u 


(*2 




Example 1 . Find, correct to three decimal places, the larger positive 
root of # 3 — 3x + 1 =0. 

Solution: The table of values and the graph for y = x z — 3x + I 
(Figure 75) show that the given equation has three real roots: one 
between —2 and —1; one between 0 and 1; and the third between 1 
and 2. 



Fig . 75 


The largest root which is between 1 and 2 appears from the graph to be 
at 1.5, approximately. Calculating the value of y for x = 1.5, we find 
y = —0.125. The minus sign shows that the curve lies below the X 
axis at this point. Since y = +3 when x = 2, the desired root is 
greater than 1.5. Furthermore, for x = 1.6 the value of y is +0.296, 
which shows that the root lies between 1.5 and 1.6. We calculate h, the 
“correction” to be added to the value 1.5, as follows: 


Xi = 1.5, 2/1 = — 0.125| 0.125 

z 2 = 1.6, 2/2 = +0.296J ” 0.125 + 0.296 


0.03 -. 


We now have 1.5 + 0.03 = 1.53 as a new approximate value of the 
root. Calculating the corresponding value of y , we find y = —0.0084, 
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approximately. Also, fora; = 1.54 ,y = +0.0323, approximately. Con- 
sequently, the root is between 1.53 and 1.54. The second correction is 
now calculated. 


Hence, a third approximation to the root is 1.532. For this value of 
.t, we find y = —0.00036, and for x = 1.533, y = +0.00369. Using the 
last two points, the correction is less than 0.0001. Hence, the required 
root is 1.532, correct to three decimal places. Ans . 

We may also use this method to find the other two roots of the 
equation to be 0.347 and —1.879, each correct to three decimal places. 
Alternatively, we may use the approximate depressed equation 
x 2 + 1.532a; — 0.6530 = 0, which gives the same values when solved 
by the quadratic formula. This quadratic equation is obtained by 
dividing the given polynomial, x z — 3a; + 1, by x — 1.532, the factor 
corresponding to the approximate root 1.532, and discarding the 
remainder. 

The scheme of depressing the equation has the advantage of yielding 
an equation of lower degree to be solved for the remaining roots. How- 
ever, there is also the disadvantage that the depressed equation is not 
exact so that the accuracy with which its roots approximate the cor- 
responding roots of the original equation will not be obvious. 

In the case of real roots, we can always determine the accuracy of an 
approximate root by direct substitution. Thus, to check the approxi- 
mate root 0.347, we substitute 0.3475 and 0.3465 into the original 
polynomial and find the values —0.0002 and +0.0021, respectively. 
Since these last two are opposite in sign, we know that the root is 
greater than 0.3465 and less than 0.3475. Hence, we may guarantee 
that 0.347 is actually correct to three decimal places. Notice that the 
magnitude of the two remainders is not involved in the argument ; only 
the fact that they are opposite in sign is of importance. 

The method of successive approximation is not limited in its appli- 
cability to rational integral equations. It may also be used for solving 
equations which involve other types of functions; this fact is illustrated 
by the next example. 

Example 2. Find, correct to three decimal places, the real root of the 
equation x + log x — 2 = 0. 

Solution: If the given equation is written in the form log x = 2 — x, 
we see that the roots will be given by the abscissas of the points of 



0.0084 + 0.0323 


0.0084 


( 0 . 01 ) = 0 . 002 +. 
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intersection of the graphs of y = log x and y = 2 — x. Figure 76 
shows that these two graphs intersect at a single point whose x coordinate 
is approximately 1.7. 



Fig. 76 

Using Table II (Appendix) we make the calculations shown in the 
following schedule, wherein y = x + logx — 2: 


X 

y 


1.7 

-0.06955 

0.06955 , 

1.8 

+0.05527 

hl - 0.12482 (ai) “ °- 0o+ 

1.75 

-0.00696 

, 0.00696 , 

1.76 

4-0.00551 

h * 0.01247 ( ° 01) ‘ 0 °° 5+ 

1.755 

-0.00072 

0.00072 , 

1.756 

4-0.00052 

*• - 0.00,24 <0 001) * °'° 005+ 

1.7555 

1.7556 

-0.00010 

+0.00002 



Since the desired root lies between 1.7555 and 1.7556, w r e have 1.756 
as the required result correct to three decimal places. Ans. 


EXERCISES 95 

In Equations 1 to 6, find the indicated root correct to two decimal places. 

1. x 3 + 6x — 23 = 0; the positive root 

2. y z + 2?/ 2 + 15 = 0; the negative root 
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3. x + log x — 4 = 0 ; the real root 

4 . 3v + log v — 7 = 0 ; the real root 

6. Vx + = 1 ; the real root 

6. ifi + 2x = 5 ; the real root 

In Numbers 7 to 22 find the indicated roots correct to three decimal places 

7. z 3 + 2z + 47 = 0; the negative root 

8 . x 3 + Sx 2 — 10 = 0; the positive root 

9. y 3 + 68 = 0; the real root 

10. x z — 37 = 0; the real root 

11 . 2x 3 — 9x 2 — \7x — 10 = 0; the positive root 

12. 5v 3 — Sv 2 — llv + 15 = 0; the negative root 

13. y 3 — 6 y 2 — y + 23 = 0; all the roots 

14. z 3 + 5z 2 - 28z - 34 = 0; all the roots 

15. 2z 4 — 5x 3 — 22x + 9 = 0; all the roots 

16. 3 y* + lly 3 + 6y + 13 = 0; all the roots 

17. 2y — 6 log y = 3 ; the two real roots 

18. 4z — 31 log z — 0; the two real roots 

Note: Other equations may be taken from Exercises 97. 

19. A rectangular solid has a volume of 43 cu ft. Find the dimensions if 
they form an arithmetic progression with a common difference of 2. 

20. The volume of a tank is to be quadrupled by increasing each dimension 
by the same amount. If the tank is initially 2 by 5 by 7 ft, what must be the 
amount of the increase in each dimension? 

21. A cube has a volume equal to that of a sphere whose radius is 2 in. 
shorter than an edge of the cube. What is the length of the radius of the 
sphere? 

22. An open box is formed by cutting equal squares from each corner of 
a rectangular piece of tin 8 by 14 in. and then folding up the sides. If the 
volume of the box thus formed is 52 cu in., what is the length of the edge of 
the cut-out squares? 

117. Diminishing or Increasing the Roots by a Constant 

Another method for obtaining an approximation to a real irrational 
root of a rational integral equation depends on the process of diminishing 
or increasing the roots of the equation by a constant. We shall see in 
this section how to form an equation whose roots are those of a given 
equation, each diminished by an .amount h. 

Let the given equation be 

aoX n + a\X n ~ l + • • • + a n — 0. 


( 1 ) 
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If in this equation we replace x by Xi + h, so that X\ — x — h, we have 
do(xi + h) n + cti(xi h) n ~ l * * * + d n = 0. (2) 

Imagine the terms of Equation (2) expanded by the binomial theorem; 
and let the like powers of xi be collected to give the result 

dtfCi + A\X±~ l + * * * + An^Xl + An-lX\ + A n = 0, (3) 

where the A’s stand for new coefficients, at present unknown. Since 
Xi = x — h, the roots of Equation (3) will be the roots of Equation (1), 
each diminished by h. 

In order to find the unknown coefficients, the A’s, let us regain 
Equation (1 ) from Equation (3) by replacing Xi by x — h. The result is 

a 0 (x — h) n + Ai(x — h ) n ~ 1 + • * • 

+ A n - 2 (x - h) 2 + A n _i(x — h) + A n = 0, (4) 

which would reduce to Equation (1) if the terms were expanded and 
like powers of x collected. However, important information can be 
obtained from Equation (4) as it stands. If this equation is divided 
termwise by x — h, the quotient is 

d 0 (x — /i) n_1 + A\(x — h) n ~ 2 + • • • + A n - 2 (pc — h) + A n - 1 = Qi(x), 

and the remainder is A n . Therefore, if the left side of Equation (1), 
which is Equation (4) in disguise, is divided by x — h, the remainder is 
the constant term of the desired equation, that is, Equation (3). 

Furthermore, if Qi(x) is divided by x — h, we find that the quotient is 

ao(x — h ) n ~ 2 + A\(x — /i) n-3 + • • * + A n -o = Q^ix), 

and the remainder is A n - h another coefficient of the desired equation. 
Clearly, this successive process of division may be continued until all 
the A’s are found. In the next example, the continued division is 
carried out by a convenient synthetic process. 


Example 1 . Form the equation whose roots are the roots of 
x 3 + 3x 2 — x — 3 = 0, each diminished by 2. 


Solution: 


1 

+3 
+ 2 

-1 
+ 10 

-3 
+ 18 

1 

+5 

+9 

+15 


+2 

+ 14 


1 

+7 

+23 



+ 2 




1 +9 
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The successive remainders 15, 23, 9, and 1 are the required coefficients 
in order from the constant term to the third-degree term. Thus, the 
new equation is 

x\ + 9xl + 23xi + 15 = 0. Arts. 

Notice that we have divided the given polynomial synthetically by 
x — 2, the first quotient again by x — 2, and so on. It may be verified 
that the given equation has the roots —3, —1, and 1 and that the 
equation just obtained has the roots —5, —3, and —1. 

Example 2. Form the equation whose roots are the roots of the 
equation given in Example 1 each increased by 0.1. 

Solution: Since increasing the roots by 0.1 is equivalent to diminish- 
ing the roots by —0.1, we may use the same scheme as in the preceding 
example. The coefficients of x z + 3x 2 — x — 3 are written as shown in 
the next schedule to aid in keeping the decimal point in proper position. 


1 

+3.0 

-0.1 

-1.00 

-0.29 

-3.000 

+0.129 

1 

+2.9 

-0.1 

-1.29 

-0.28 

- 2.871 

1 

+ 2.8 
-0.1 

- 1.57 



1 + 2.7 

Thus, the required equation is 

x\ + 2.7a;i — 1.57 .ti — 2.871 = 0. Ans. 

It is instructive to make a graph- 
ical interpretation of the transforma- 
tion of this section. For this 
purpose, consider Figure 77 which 
shows a curve whose equation may 
be assumed to be in the form 
V — f( x ) and two vertical axes 
labeled Y and Y\. The Y\ axis has 
been taken h units to the right of 
the Y axis. It is clear from the fig- 
ure that if P is a point on the curve 
whose distance from the F axis is x. 
and whose distance from the Fi axis is Xi, we have x = xi + h or X\ = 
x — h. Hence, if we wish to refer the curve to the Fi axis, in other 
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words, to measure horizontal distances from the Yi axis, the equation 
to be used is yi = f(x\ + h). Thus, the effect of replacing x by Xi + h 
in the equation y = f(x) is to shift the origin h units to the right, or |/i| 
units to the left if h is negative. If f(x) =0 has a root x = r, then 
f(x i + h) =0 has a corresponding root Xi = ri which is h units less 
than r. 


EXERCISES 96 


In each of Examples 1 to 10, obtain an equation for which each root is a 
root of the given equation diminished by the number which follows the semi- 
colon. 


1. y 1 + 2y - 8 = 0; 4 
3 . x 3 + 10 x - 11 = 0; 3 
5 . 2z 4 — z 2 — 9 = 0; 5 
7 . v* + v - 2 = 0; -1 

9 . 4s 3 - 3s 2 + 20 = 0; 0.3 


2. w 2 + w - 42 = 0; 5 
4 . 3u 3 - 2u 2 - 4 = 0; -2 

6. x 4 - 6x 2 - 16x + 21 = 0; 3 
8. 2 y A — if — 1=0; —4 

10 . 5v z - Sv 2 - 8 - 0; -0.2 


For each of the following equations, make a graph of the polynomial on 
the left side. Then diminish the roots of the equation by the amount indicated 
after the semicolon, and show the translated vertical axis on your graph. 

11 . x 2 - 4x - 6 = 0; 5 12 . x 2 + Sx + 2 = 0; -7 

13 . x 3 + 15x - 23 = 0; 2 14 . x 3 - 2x 2 - 7 = 0; 3 


118. Horner's Method 


Homer's method for the approximation of a real, irrational root of a 
rational, integral equation makes use of the material in the preceding 
section in a rather interesting fashion. Suppose that we can locate a 
real root of an equation between two consecutive integers. Then, we 
may form an equation whose roots are those of the original equation each 
diminished by one of these integers. The corresponding root of the 
second equation must be numerically between 0 and 1. Suppose that 
we locate it more closely between two successive tenths. Then, we may 
form a third equation with roots diminished by one of these tenths. The 
third equation will have its corresponding root numerically between 0 
and 0.1. Clearly this process may be carried to a point where the 
corresponding root of the transformed equation is numerically as small 
as we please. If the process is carried to n steps, the successive x's will 
be related by the equations 


x = xi + h i} xi = Xo + h 2) • • • , x n _i = x n + h n , 
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where h k is the amount by which the roots are diminished during the fcth 
transformation. Suppose, further, that at this stage the corresponding 
root of the transformed equation is small enough to be negligible for the 
purpose at hand. Then putting x n = 0, we have by successive 
substitution, 

x — Xi + hi 

= Xo + ho T" hi 


= x n -i + h n - 1 + • • • + I 12 + hi 
= h n + h n - 1 + • • • + /&2 + hi 

as an approximation to the desired root. This result means that the 
approximation is obtained as the sum of the successive amounts by 
which the roots of the given equation are diminished. 

Example 1. Show that the equation x 3 — 2x 2 — 8 = 0 has only one 
real root and find its value correct to three decimal places. 

Solution: By Descartes’s rule of signs, the equation has one positive 
root. The equation that results if x is replaced by — x has no variations 



in sign; hence, the given equation has no negative roots. We see, 
therefore, that the original equation has only one real root. 

In order to locate the one real root, we make a table of values and 
plot the graph of y = x 3 — 2a; 2 — 8 (see Figure 78). From the table, 
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we see that the required root is between 2 and 3, so we diminish the roots 
of the equation by 2. 


1 

-2 
+ 2 

o o 

00 o 
1 

1 

0 

0 

-8 


+2 

+4 


1 

+2 

+4 



+ 2 



1 

+4 




The transformed equation is 

x\ + 4x* + 4x x - 8 = 0, (1) 

and the required root of this equation is between 0 and 1. From the 
graph, we estimate that the original root is between 2.9 and 3, which 
would mean that the corresponding root of Equation (1) is between 

0. 9 and L This estimate is verified by substituting Xi = 0.9 and Xi = 1 
into the left member of Equation (1), which gives the values — 0.431 and 

1, respectively. Accordingly, we diminish the roots again, this time 
by 0.9. 


1 

+4.0 

+0.9 

+ 4.00 
+ 4.41 

-8.000 
— 7.569 

+0.9 

Xi = x 2 + 0.9 

1 

+4.9 

+0.9 

+ 8.41 
+ 5.22 

-0.431 



1 

+5.8 

+0.9 

+ 13.63 





1 +6.7 

The second transformed equation is 


xl + 6.7^2 + 13.63x2 - 0.431 = 0, (2) 

and this equation has a root between 0 and 0.1 corresponding to the 
required root of the given equation. 

For values of x 2 between 0 and 0.1, the values of the x\ and x\ terms 
of Equation (2) will be small in comparison with the first-degree term. 
Consequently, a good approximation to the next digit of the required 
root may be obtained by using onty the linear part of the equation, 
that is, 


13.63x2 - 0.431 = 0. 
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This equation gives x = 0.03, approximately. By synthetic division we 
find that the desired root is between 0.03 and 0.04. Therefore, we 
diminish the roots again by 0.03. 


1 

+6.70 

+0.03 

+ 13.6300 
+0.2019 

-0.431000 

+0.414957 

0.03 

x 2 = x 3 + 0.03 

1 

+6.73 

+0.03 

+ 13.8319 
+0.2028 

-0.016043 



1 

+6.76 

+0.03 

+14.0347 





1 +6.79 


Consequently, the third transformed equation is 

xl + 6.79x3 + 14.0347^3 - 0.016043 = 0, 

and it has a root between 0 and 0.01 corresponding to the root of the 
given equation. We use the linear part of Equation (3) to find x 3 = 
0.001, approximately, for the next digit of the desired root. We carry 
out one line of the next step as a check. 


1 +6.790 +14.0347 -0.01604 

+0.001 + 0.0068 +0.01404 

1 +6.791 +14.0415 -0.00200 


0.001 x 4 = x 3 + 0.001 


Notice that the last two coefficients have been rounded off to four and 
five decimal places, respectively. If this transformation were com- 
pleted, it is evident that the linear term would be increased by compara- 
tively little. Therefore, a root of the fourth transformed equation is 
approximated by solving 

14.0415x4 - 0.00200 = 0, 

which gives 

x 4 = 0.0001 +. 

We now add the numbers 2, +0.9, +0.03, and +0.001 by which 
the roots of the respective equations were diminished; this addition 
gives x = 2.931 as the approximate value, correct to three decimal 
places, for the desired root. 

The computations in the foregoing discussion may be put into a 
more compact form as follows: 
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1 

-2 

0 

-8 


+2 

0 

0 

1 

0 

0 

-8 


+2 

+4 


1 

+ 2 

+4 



+ 2 



1 

+4.0 

+ 4.00 

-8.000 


+0.9 

+ 4.41 

+7.569 

1 

+4.9 

+ 8.41 

-0.431 


+0.9 

+ 5.22 


1 

+ 5.8 

+ 13.63 



+0.9 



1 

+6.70 

+13.6300 

-0.431000 


+0.03 

+ 0.2019 

+0.414957 

1 

+6.73 

+ 13.8319 

-0.016043 


+0.03 

+ 0.2028 


1 

+6.76 

+ 14.0347 



+0.03 



1 

+6.790 

+14.0347 

-0.01604 


+0.001 

+ 0.0068 

+0.01404 

1 

+6.791 

+ 14.0415 

-0.00200 


2 h x = 2 


0.9 hi = 0.9 


0.03 h z = 0.03 


0.001 h * = 0.001 


z = Ai + ^2 + + hi = 2.931, approximately. Arts . 


The following suggestions may be made for approximating a positive 
root by Horner’s method. The student should have clearly in mind the 
general discussion at the beginning of this section. He may then 
proceed as follows: 

(1) Obtain all possible information about the roots by Descartes's rule. 

(2) Find all rational roots and depress the equation to as low a degree 
as possible . Draw a graph, using the depressed equation, and locate the 
irrational roots. This graph may be quite rough except in the vicinity 
of those points where the curve intersects the X axis. 

(3) Diminish the roots by the largest integer that is less than the desired 
root. (If this root is between 0 and 1, this step may be omitted.) 

(4) Locate the desired root of the transformed equation between two 
consecutive tenths and diminish by the smaller one. A carefully drawn 
graph is helpful at this stage. 
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(5) Locate the root of the second transformed equation between two 
consecutive hundredths , and diminish by the smaller one. (Solving the 
linear part of this equation frequently gives the next digit of the root. 
The student may always check, however, by using the usual method of 
location, that is, find two consecutive hundredths for which the left 
member of the equation has opposite signs. ) 

(6) Proceed in the same fashion for as many steps as are needed to find 
the root to the desired accuracy. The required approximation is the 
algebraic sum of the amounts by which the roots of the original equation 
have been diminished. 

It is to be observed that the foregoing illustration was concerned with 
the determination of a positive root. If, however, the required root is a 
negative one, we can change the signs of the roots and use exactly the 
procedure that was illustrated. 

Note: Many computers prefer to diminish in each step by the digit 
that gives the closest approximation rather than to approach the root 
always from the one side. Thus, in the preceding problem, the closest 
value for hi is 3 rather than 2, and if this value is used, then ho comes out 
— 0.1 in place of 0.9. The student may check to see that the remaining 
steps are precisely as before. This plan has the advantage that no 
divisor greater than 5 is used for diminishing the roots. Furthermore, 
at any stage where the two schemes do not diminish by the same digit, 
the use of the closer digit gives a transformed equation whose linear part 
usually yields the better approximation to the diminished root. How- 
ever the h’s are not always positive as in the preceding schedule. 

Since a cubic equation always has at least one real root, it is possible 
to find the approximate values of the other roots in the manner indicated 
in the next example. 

Example 2. Find the imaginary roots of the equation in Example 1. 

Solution: We return to the schedule on page 342, where we found 
2.931 for the real root of the given equation and complete the last 
transformation to find 

xl + 6.79324 + 14.048324 - 0.00200 = 0. 

(The last two coefficients have been rounded off to the given number of 
decimal places). 

We know from our work that the real root of the equation in x 4 is 
close to zero. Accordingly, we neglect the constant term and divide 
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the resulting equation by x 4 to obtain the quadratic equation 
x 2 4 + 6.793x4 + 14.0483 = 0. 

It may be verified that the roots of this equation are 
x 4 = —3.396 =fc 1.585i, approximately. 

We now add 2.931 to obtain the corresponding roots of the original 
equation; they are 

x = —0.465 dt 1.585L 4ns. 

As a partial verification of the results in the last two examples, we may 
make the following comparison. A cubic whose roots are n, r 2 , and r 3 
may be written as 

(x - n)(x - r 2 )(x - r«) = 0, 

or x 8 — (n + r 2 + r 3 )x 2 + • • • — rir 2 r 3 = 0, 

from which we see that the negative of the sum of the roots is the coeffi- 
cient of x 2 and the negative of the product of the roots is the constant 
term, the coefficient of x 3 being taken as unity. If we add the roots 
2.931, —0.465 + 1.585z, and —0.465 — 1.585i, we obtain 2.001 in place 
of 2, the negative of the coefficient of x 2 in the original equation. Also, 
the product of the three roots is 7.996 in place, of 8, the negative of the 
given constant term. 

EXERCISES 97 

For each of the following equations, find the indicated root or roots, correct 
to three decimal places : 

1. y z + y — 11 = 0; the positive root 

2. 3t> 3 + v + 1 =0; the negative root 

3. 2x 3 — 9x 2 -f- 7x + 4 = 0; the negative root 

4. 3 y z — 5 y 2 — 24 y — 19 = 0; the positive root 

5. z % — 4z 2 — 4z — 7 = 0; all the roots 

6. u 9 + 4n — 17 = 0; all the roots 

7. + 4tc 3 — 37 = 0; the real roots 

8. 4x 4 -f 9x 3 + 3 = 0; the real roots 

Note: Other problems may be taken from Exercises 95. 

119* Relations between Roots and Coefficients 

Let the root-s of a rational integral equation of the nth degree with 
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d 0 = 1 be given: ri, r 2 , • • • , r n . Then the equation must be 
(x - ri) (x - r 2 ) • • • (x - r„) = 0, 
or 

— (ri + r 2 + • • • + r n )x n-1 + (nr 2 + nr 3 + • • Ox 71-2 - • • * 

+ ( — l) n ?V 2 • • • r» = 0. 

Thus, if we make the leading coefficient unity and write 
x n + pix 71-1 + p 2 x n ~ 2 + • • • + p n = 0, 

we see that 

— Pi = n + r 2 + • * * + r n , stm o/ roo/s; 

P 2 = rir 2 + rir 3 + • • • , the sum of the products of the roots , two 

at a time; 

—pz = nr 2 rz + • • • , the sum of the products of the roots , /Aree 

a/ a time: 


( — 1 ) n p n = r x r 2 • * • r ny the product of all the roots . 

For example, if the equation is 

2x 4 — 3x 3 + 6x + 4 = 0, 
we may divide both members by 2, and write 

x 4 - |x 3 + Ox 2 + 3x + 2 =0. 

Therefore 

ri + r 2 + r 3 + r 4 = f ; 
ri r 2 + nr 3 + rir 4 + r 2 r z + r 2 r 4 + r 3 r 4 = 0; 
n r 2 r z + rir 2 r 4 + rir 3 r 4 + r 2 r 3 r 4 = —3; 
rir 2 r 3 r 4 = 2. 

EXERCISES 98 

In Problems 1 to 9 the numbers given are roots of an equation. Form 
equations from the given roots by making use of the relations between the 
roots and the coefficients. 

1. -5, 1, 6 2. -4, -3, 5 3. 2, 3 db 2 i 

4. -2, -1, 2, 3 5. -3, 1, 2, 4 6. 2, 3, 4, 5 

7. 1, 4, 2 ± V3 8. 5, 6, 1 ± i 9. 1 ± V2, 2 ± i 
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In Equations 10 to 15 determine the values of all coefficients which are 
represented by a or 6. Find all the roots of each equation. 


10. 2x 3 — 3z 2 — lSz + 6 = 0; n + r 2 — 4 

11 . y z - 5 y 2 - I6y + b = 0; n = -r 2 

12. v z — av 2 + av — 3 = 0; n = l/r 2 

13. z 4 — 8z 3 + 12z 2 + az + b = 0; n = r 2 , r 3 = r 4 

14. x 4 + 12z 3 + 44z 2 + ax + b = 0; n = r 2 , r 3 = r 4 

15. y 3 — 3z/ 2 — 24?/ + a = 0; roots are in arithmetic progression 

16. Show that one root of x z + bx 2 + cx + d = 0 is the negative of the 
other if be = d. 

17. If r h r 2 , r 3 are the roots of ?/ 3 + bv 2 + cv + d = 0, evaluate 


- + - + - , (d ^ 0). 
n r 2 r 3 


18. Form the equation whose roots are the squares of the roots of 
u 2 — bu + c = 0. 

19. Show that b 2 — 2c is the sum of the squares of the roots of the equa- 
tion x z + bx 2 + cx + d = 0. 

20. If the equation w z + 3 aw + 26 = 0 has a double root, show that 
a 3 + 6 2 = 0. 

21. Show that a z c = 6 3 , if z 3 + ax 2 + 6z + c = 0 has a triple root. 


1 20. The General Cubic Equation 


By dividing both members by the coefficient of x 3 , we may write the 
general cubic equation in the form 

x z + pix 2 + p 2 x + p 3 ^ 0. (1) 

Since the sum of the roots is —pi, an increase of ~ in each of the 

o 

three roots would result in an equation with the second-degree term 
missing. Consequently, if we make the substitution 


. Pi Pi 

x H = y or x — y : 

3 y 3 


( 2 ) 


we shall arrive at an equation of the form 

y* + Py + Q = 0, (3) 

where P and Q will be given in terms of the original coefficients. We 
shall take (3) as the standard form of the cubic equation. 

In attempting to solve Equation (3), we gain some freedom by 
replacing the one unknown y by the sum of two unknowns, say 

y = s + t; 


(4) 
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s + t is to be a root of Equation (3), but, beyond that fact, we are still 
free to impose somewhat arbitrarily another condition on s and t before 
their determination. 

In order to see what this arbitrary condition might be in order to 
facilitate the solution of the equation, let us make the substitution for y. 
We get 

s 3 + 3 s 2 t + Sst 2 + t z + P(s + t) + Q = 0, 
or 

s 3 + t' + (3 st + P)(s + 0 + Q = 0. (5) 


An obvious simplification is now at hand by choosing, as our second 
condition on s and t, 


or ] 


3 st *4“ P — 0, 



( 6 ) 


This condition reduces Equation (5) to the simpler form 

s 3 + t* = -Q, 


(7) 


and, by cubing both members of (6), we have also 



( 8 ) 


Since both the sum and the product of s z and t z are given by the last 
two equations, it follows that s 3 and t z are the roots of the quadratic 
equation 

pz 

u 2 -}~ Qu — = 0. (9) 


(Compare Section 119.) 

Since the roots of Equation (9) are 



we may take 



( 10 ) 

(ID 
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Equations (10) and (11) give three values for s and three values for /, 
respectively. However, these values must be so paired that Equation 
(6), st = —P/3, is satisfied. 

Let the imaginary cube roots of unity, that is, the imaginary roots of 
x z — 1 = 0, be denoted by co and co 2 , so that 


CO 



co 


2 _ 



Then, if si and t\ are such that Si/i = —P/3, the only other possible pairs 
of values for s and t are s = cosi, t = co 2 /i and 5 = co 2 Si, t = c o/i. 

Thus the three roots of Equation (3) are 

Si t\, coSi T" co 2 /i, and co 2 Si -f- <at\. 

These solutions of the cubic are usually called Cardan’s formulas 
after Cardan who first published them in 1545. However, Cardan 
apparently obtained them from Tartaglia under a false promise of 
secrecy. In any case, we know now that the solution of the cubic is 
probably due originally to del Ferro about 1505. A detailed account of 
this interesting story will be found in A History of Mathematics by 
Florian Cajori (2nd Edition, The Macmillan Company, 1919, pages 
133-134). 


Example 1 . Solve the equation x z + 3z 2 + 9a; + 5 = 0. 

Solution: Since pi = 3, we have pi/3 = 1. Accordingly, we first 
substitute x = y — 1 and find 

y z + Gy - 2 = 0 . 


Now let y = s + t so that 

s 3 + t 9 + (3s/ + 6)(s + t) - 2 = 0. 
Next put 3s/ + 6 = 0 or 


Then 

and 


st = —2. 

s 3 + / 3 = 2, 
s 3 / 3 = -8. 


Therefore the quadratic equation whose roots are s 3 and Z 3 is 
u 2 — 2u — 8 = 0. 
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The roots of this equation are easily seen to be 
u = 4 and u = —2. 


Take 


s 3 = 4 and t 3 = — 2 . 


If principal roots are used, the values 

si = v^i and ii = —\ / 2 

satisfy the condition siti = — 2. Consequently the three roots of 
y 3 + 62/ — 2 = 0 are 

Vi = — v^2, 

y 2 = 0,^4 _ w ^2, 

= - i (^4 - ^ 2 ) + + ^ 2 ) . 

and 

1/3 = »*^4 - 0)^2 

The check is left for the student. The corresponding roots of the 
original equation may now be written 

i, = <n - </2 - 1, 

*__( 1 + *^_ 4 ^ (<W+ * S) . ^ 
Frequently the answers are left in terms of w. 

An inspection of Equations (10) and (11) reveals the following 
information for the cubic with real coefficients: 


Q 2 P 3 

(1) If — + — > 0, then s 3 and t 3 are both real as in Example 1. If 

Si and ti are the real cube roots, then the roots of the cubic equation 
are 


Si ~b ti } coSi -b coHi, orSi ~b &ti. 
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Of these roots, the first is real, and the other two are the conjugate 
imaginary numbers, 


and 


si + h 
2 


.Si — ti 
i 


Vs 


Si + t\ 
2 



Vs. 


This case offers no practical difficulty although the final forms of the 
roots may present a cumbersome appearance. 

Q 2 P 3 

(2) If — + — = 0, then Equation (3) has real, equal roots, s 3 = t 3 . 

4 At 

Here si = t\ may again be taken as the real cube root. The roots of the 
cubic equation are now 


2si, (c o + oj 2 )$i, (oj 2 + o?)Si, 

that is, 

2Si, 5i, “Si. 

At least two of the roots are equal in this case, and if Si = 0, the three 
roots are equal. 


Q 2 P 3 

(3) If — + — < 0, then s 3 and t 3 are both imaginary of the form a + ib 

4 At 

and a — ib> respectively. Since the product of s and t must be real, s 
and t must in this case be conjugate imaginary. Let Si = c + id and 
t\ = c — id be a set of required cube roots. Then the roots of the 
cubic itself are 

Si + t\ = 2c, 

cosi + cd 2 ^i = — c — d\/ 3, 

and 

co 2 Si -j- icti — — c d\/3, 

which are all real. However, there is a practical difficulty involved in 
getting the exact values of c and d , since there is no general algebraic 
method for extracting cube roots of imaginary numbers. The only 
method usually available is the trigonometric method of Section 98, the 
use of which is illustrated in the next example. 

Example 2. Solve the equation y 3 — Sy + 1 = 0. 
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Solution: Let y = s + t. Then 

s 3 + t* + (3s t - 3 )(s + 0 + 1 = 0. 
Choose 3st — 3 = 0, 

or st = 1. 

Then s 3 + t* = — 1, 

and sH* = 1. 

Thug the quadratic equation to be solved is 
u 2 + u + 1 = 0 , 

which has the roots co and co 2 . Hence 

1 ,\/3 

s 3 = co = — i —— > 

2 2 


and 


t 3 = oy" = - i 
2 


V3 


Now co = cos 120° + i sin 120° 

so that the three values of s are 

Si = cos 40° + i sin 40°, 
s 2 = cos 160° + i sin 160°, 
and s 3 = cos 280° + i sin 280°. 

Since the corresponding values of t are the respective conjugate 
imaginary numbers, we may write the roots of the cubic at once : 

Vi = Si + k = 2 cos 40°, 

2/2 = s 2 H - ti = 2 cos 160°, 

and yz = s 3 + £3 = 2 cos 280°. Ans. 


EXERCISES 99 


Solve Equations 1 to 12 by the method of this section. 

1. z 9 + Qx + 2 = 0 2. y* -f 60y - 160 = 0 

3. v 3 - 12i> + 20 = 0 4. a; 3 - 18a; - 42 = 0 

5. z 3 -f 9z + 6 = 0 6. w 3 + 24w + 16 = 0 

7. 2x 3 + 6x + 3 = 0 8. 4z/ 3 -p 6z/ — 1 = 0 
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9. u z + 6m 2 + 27 u + IS = 0 
11. .r 3 - 3* - 1 = 0 


10. .r 3 - 9x 2 + 45x - 75 = 0 

12. if - 9y — 9 = 0 


13. Determine the range of values of k for which x z + kx + 2 = 0 will 
have exactly one real root. 

14. When will the roots of v z — kv + 10 = 0 be real and distinct? When 
will this equation have two equal roots? 

15. For what values of k will x z — 3k 2 x + 2 k z = 0 have two equal roots? 

16. Determine k so that y z — Qy 2 + (12 — 3 k)y + 12 k — 8 = 0 will have 
two equal roots. 

121. TrigonomeSrk Solution for Three Real Roots 

In the third case of the preceding section, the case where all three 
roots are real, there is a more practical method than the use of Cardan’s 
formulas for finding the roots. It appears from the solution of Example 
2 that it might be desirable to represent a solution in the form 


y = k cos 6. 

Let us substitute this expression for y into the cubic 

y* + Py + Q = 0 - 

The result is k z cos 3 0 + Pk cos 0 + Q = 0, 


( 1 ) 


or 



This last equation reminds us of the trigonometric identity 
4 cos 3 0 — 3 cos 6 = cos 30, 


that is, 


cos 3 0 — f cos 0 = t cos 30. 


By comparing the coefficients, we have 


k = V-iP, 


(2) 


Q 2 pz 

which is real (since — + — < 0 and hence P is negative). 


4 Q 


In addition 
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Q2 p 3 Q 

Again, 30 is real because — + — < 0 so that — 1 < ; = < 1. 

4 27 2\/-P 3 /27 

Hence, we can find 30 from a table of cosines, and the three values of y are 
yi — k cos 0, 
y 2 = k cos (0 + 120°), 
and y z = k cos (0 + 240°). 


Example 1. Solve the equation y z — 3y + 1 = 0 (Example 2 of the 
preceding section) by the method of this section. 


Solution: From Equation (2) we have 

k = V-iP = Vi = 2. 


Equation (3) gives 


cos 30 = 


Q 

2V^PV27 


1 

2 


Consequently, we take 

30 = 120°, 

0 = 40°, 

and find 

?/i = 2 cos 40°, 
y 2 ~ 2 cos 160°, 

and 2/3 = 2 cos 280°. Arcs. 

The student may show that the value 240° for 30 leads to the same 
roots in different order. 


Example 2. Solve the equation ?/ 3 — 12?/ — 2 = 0. 


Solution : We have 


Qf.Pf = 02 )^ 

4 + 27 27 


= 1 - 64 = -63, 


so that all three roots are real. Then 

k = V( — IK— 12) = \/l6 = 4, 
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and 

Q 1 

cos 30 = — = - = 0.125. 

2\/ — P 3 /27 8 

From a five-place table of cosines, we find 
30 = 82°49.1', 

so that 0 = 27°36.4' approximately. 

Thus y l = 4 cos 27°36.4' = 3.545, 

yz = 4 cos 147°36.4' = -3.378, 
yz = 4 cos 2G7°36.4' = -0.167, 
each correct to three decimal places. ^4ns. 

EXERCISES 100 


Solve each of the following by the trigonometric method. 


1. 

X 3 

— 9x 

-9 = 0 

2. 

2 3 

- 24 z - 32 

= 0 

3. 

V 3 

1 

to 

-I 

<3 

+ 27 = 0 

4. 

y z 

- 36?/ + 72 

= 0 

5. 

u 3 

+ 9u 2 

+ 15u - 17 = 0 

6. 

w z 

+ 12 w 2 + 39ic + 37 = 0 

7. 

y 3 

- 3 y 2 

+ 3 = 0 

8. 

x z 

- 6x 2 + 24 

= 0 

9. 

z 3 

- 152 

- 12 = 0 

10. 

v z 

- 18f + 21 

= 0 

11. 

X 3 

- 3x 2 

- 9x + 16 = 0 

12. 

yZ 

+ Gy 2 + 6 y 

1 

to 

II 

o 


122. The Quartic Equation 

♦ 

We present here the method of L. Ferrari, a pupil of Cardan’s, for 
solving the general fourth degree equation. As in the case of the cubic, 
this method was first published by Cardan in 1545. 

Let the general quartic equation be taken in the form 

x 4 + 2pix z + p 2 x 2 + 2 pzx + p\ = 0. 

The springboard for Ferrari’s method consists in adding {ax + b) 2 to 
both sides and then choosing a and b so that the new left member is a 
perfect square. As we shall see, a correct choice of a and b depends upon 
the solution of a cubic equation. Upon performing the addition, we get 

x 4 + 2pix 8 + ( a 2 + p 2 )x 2 + (2 ab + 2 pz)x + {b 2 + Pa) = {ax + 6) 2 . 

Now suppose that the left member is the perfect square 

{x 2 + Pix + k) 2 = x 4 + 2piX z + {p\ + 2k)x 2 + 2 kpix + k 2 . 
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Then, by equating coefficients, we find 

a 2 + p 2 = pi + 2 fc, 

2a6 + 2p 3 = 2/cpi, 

and b 2 + Pa = k 2 . 

From the second of these equations it follows that 
a 2 b 2 = (kpi - Pa) 2 . 

Also we can solve the first and third equations for a 2 and b 2 y respectively, 
so that we can substitute these values into the product a 2 b 2 to obtain 

(2k + pi - P2)(k 2 - pi) = (fcpi - Ps) 2 . 

This equation, when simplified, is a cubic in k and always has a real root 
if the original quartic equation has real coefficients. This real value of k 
may be used to find a and b, whereupon the quartic is broken down into 
two quadratics 

x 2 + pix + k = + (ax + b ), 

and 

x 2 + pix + k = — (ax + b). 

It should be clear that Ferrari’s method is not going to be practical 
except when the cubic in k has a simple rational root. 

Example 1. Solve the equation x A + 6x 3 + 12x 2 + 14x + 3 = 0. 

Solution: We add a 2 x 2 + 2 abx + b 2 x 2 = (ax + b) 2 to both members: 

x A + 6x 3 + (a 2 + 12)z 2 + (2ab + U)x + (b 2 + 3) = (ax + b) 2 . 

In order for the left member to be the perfect square 

(x 2 + 3x + k) 2 = x 2 + 6x 3 + (2k + 9)x 2 + 6 kx + k 2 , 

we must have 

a 2 + 12 = 2k + 9, or a 2 = 2k - 3, 

2 ab + 14 = 6fc, or ab = 3k — 7, 

and b 2 + 3 = k 2 } or b 2 = k 2 — 3. 

By eliminating a and b from these equations, we find 


or 


(2k - 3) (k 2 - 3) = (3 k - 7) 2 
fc 3 - 6/c 2 + 187c - 20 = 0. 
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It is easy to verify that this cubic equation has the rational root k = 2. 
Hence, we have 

a 2 = 2k - 3 = 1. 

Let us choose a — 1. Then, since 

ab = 3fc — 7 = — 1, 

we must have b = — 1. 

Our quartic now assumes the form 

(x 2 + 3x + 2) 2 = (x - l) 2 . 

Hence, we have to solve 

x 2 3x + 2 = ± (x — 1), 
that is, x 2 + 2x + 3 =0, 

and x 2 + 4x + 1 =0. 

Thus, the roots of the quartic are — 1 ± iV 2 and — 2 ± Am. 


EXERCISES 101 

Solve the following equations by Ferraries method: 


1. a; 4 - 16x - 12 = 0 
3. v 4 - 10v 3 - 30v - 9 = 0 

6. y 4 + 2 y z - Sy 2 + 14?/ - 3 = 0 

7. u 4 + 6u 3 + 4 u 2 — 4w — 12 = 0 
9. x 4 - \2x z + 38x 2 - S2x + 8 = 0 

11. v 4 + 4r 3 + 2v 2 + 4t» + 40 = 0 

1 23. General Remarks 


2. y 4 + oSy + 15 = 0 
4. z 4 - Sz 3 + 48z - 36 = 0 
6. x 4 - 4x 3 - 2x 2 - 8x - 8 = 0 
8. v 4 - 6*; 3 - 2v 2 - 24v - 24 = 0 
10. y 4 — 14 y z + 44 y 2 — 22 y + 3 = 0 
12. x 4 + 4x 3 + 5a: 2 + 8x + 21 = 0 


In this chapter, we have discussed certain theorems and methods 
that are useful in finding real roots of rational integral equations with 
numerical coefficients. Frequently, only the real roots are needed, and 
Horner’s method or the method of successive approximations may be 
employed. 

There are, however, certain important applications where it is 
necessary to find all the roots, the imaginary as well as the real ones. 
For this purpose, there is a method, called “Graeffe’s (root-squaring) 
method,” that determines the approximate values of all the roots in 
one schedule of operations. Although the fundamental ideas in this 
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method are simple, their application requires lengthy explanations; and, 
if any considerable degree of accuracy is required, laborious calculations 
make the use of a computing machine almost imperative. For further 
information, reference may be made to the first of the two books listed 
at the end of these remarks. 

We have also seen that it is possible to solve the cubic and the quartie 
equations in a perfectly general, though not always practical, fashion. 
The student should not be misled into thinking that such methods 
always exist. In fact, it has been proved that there can be no algebraic 
formulas for the roots in terms of the coefficients for the general equation 
of degree higher than four. 
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1 24. Systems of Quadratic Equations in Two Variables 

The equation 

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = 0, (1) 

where the coefficients A, B , C, D } E } and F are constants, is the most 
general equation of the second degree in the two variables x and y. 
It is shown in analytic geometry that the equation which represents 
the curve of intersection of a right-circular cone and a plane can always 
be put in the form given by (1). Conversely, if not all three of the 
constants A, B , and C are zero, (1) may always be regarded as the equa- 
tion of a curve of intersection of a plane and a cone. Consequently, a 
curve of this type is called a conic section. 

As in the case of two linear equations in two unknowns, we may 
consider a system of two quadratic equations, each of the type above. 
However, an attempt to find solutions of such a system will, in general, 
lead to the problem of solving an equation of the fourth degree in one of 
the unknowns. 

1 25. Graphs of the Simple Quadratics 

Some knowledge of graphs of the simpler forms of the quadratic 
equation in two variables furnishes an important aid to the work of this 
chapter. 

(a) The equation 

x 2 + y 2 = r 2 (1) 

has for its graph a circle of radius r with its center at the origin. This 

358 
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information may be obtained by applying the Pythagorean theorem to 
the right triangle OMP in Fig- 
ure 79. 

Illustration: The graph of the 
equation x 2 + y 2 = 100 is a circle 
of radius 10 units with its center 
at the origin. 

(6) The equation 

ax 2 + by 2 = c, (2) 

where a, 6, and c are positive 
constants, has an ellipse for its 
graph. It is important to notice 
that x and y appear only as 
squares in this equation. This 
means that if (x h y x ) is a point 
on the curve, then ( — Xi, 2 / 1 ), (x 1} — y x ), and {—x X} —y x ) are also on 
the curve. Hence, we say that the curve is symmetric with respect to 
the X axis and to the Y axis. The intercepts on the X axis may be 
found by putting y — 0 to obtain x = zhVc/a; the intercepts on the 
Y axis are similarly found to be y = ztV c/b . 

Illustration: The ellipse whose equation is 
9x 2 + 25 y 2 = 225 

is shown in Figure 80. The coordinates of points on the curve may be 
found by first solving the equation for y to obtain 

y = ±|V25 - x\ 

It is evident that the largest numerical value for y, which is 3, occurs 
for the value x = 0; also y = 0 for x = 5 or — 5. Furthermore, values 
of x greater than 5 yield imaginary values of y\ we are not at present 
interested in such values, of course, since we are concerned only with 
graphs of real values. For the values x = ±3, we have 

y = ±fV25 - 9 = ±-V = ±2.4. 

Hence, (3, 2.4), (3, —2.4), ( — 3, 2.4), and ( — 3, —2.4) are points on the 
curve. As many additional points as are desired may similarly be found. 

(c) The equation 



Fig . 79 


y = ax 2 + bx + c 


(3) 
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has previously been seen to represent a parabola with a vertical line of 
symmetry (see pages 148 to 150). The interchange of x and y in 
Equation (3) gives an equation of the form 


x = ay 2 + by + c, 


(4) 


which also represents a parabola, 
this time with a horizontal axis. 



fig. 80 



Illustration: Figure 81 shows the graph of the equation 

z = H w 2 - \y + i. 

Coordinates of points on the parabola may be obtained by substituting 
values of y and calculating the corresponding values of x. 

(i d ) The equation 

ax 2 — by 2 = c, (5) 

where a, b, and c are positive constants, has for its graph the curve 
called a hyperbola. 

Illustration: The graph of the equation 
16z 2 - 9 y 2 = 144 

is shown in Figure 82. If the equation is solved for y, there is obtained 

y = dbfVz 2 — 9. 

Points on the graph may be found in the usual manner. The formula 
for y shows that y = 0 when x — ±3 and that y is imaginary if x is 
numerically less than 3. This means that the curve is divided into 
two separate pieces, called branches, one to the left of the point ( — 3, 0) 
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and the other to the right of the point (3, 0). As in the case of the 
ellipse, this curve is also symmetric with respect to the coordinate axes. 
If x and y are interchanged in Equation (5), there results 

ay 2 — bx 2 = c, (6) 




wherein a, b. and c are positive constants. The graph of Equation (6) 


is the hyperbola given by Equation 
90°. This statement is illustrated 
in Figure 83 which shows the graph 
of 

lQy 2 - 9x 2 = 144. 

(e) Another form of the equa- 
tion of the hyperbola which is of 
practical importance is 

xy = c, c 7* 0. (7) 

Boyle’s law, PV = k, is an impor- 
tant example of this form. In Fig- 
ure 84, there appears the graph of 
the equation 

xy = 6. 


(5), but turned through an angle of 



Fig . 84 


It is apparent directly from this equation that zero is not a permissible 
value for either x or y; hence, the hyperbola does not cross either axis. 

It is shown in analytic geometry that, if a quadratic equation is 
satisfied by more than one pair of real values of x and y, then the graph 
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is either a conic section of the kind previously described (although it 
might be oriented differently with respect to the coordinate axes) or 
it is a pair of straight lines, called a degenerate conic. 

As an example of a degenerate conic, consider the equation 

(x + 2y - l)(x - 2y + 1 ) = 0 , 

which is the factored form of the quadratic 

x 2 — 4y 2 + 4y — l = 0. 

This equation has for its graph the two straight lines given by 

x + 2y — 1 = 0 , 
and x - 2y + 1 = 0 . 

This follows from the fact that all the points whose coordinates satisfy 
either of the linear equations — and only those points — satisfy the 
quadratic equation. 


EXERCISES 102 


Identify and sketch each of the curves given by the following equations. 
In each sketch, label the intercepts of the curve on the coordinate axes. 


1. y 2 = 16x 
3. x 2 + y 2 = 25 
5. y = x 2 — x — 12 
7. 16z 2 + V = 144 
9. xy = 12 
11. x 2 — y 2 = 9 
13. x 2 — 4 xy + 4 y 2 = 25 


2 . 4 y 2 = x 2 
4. 9x 2 + 2y = 0 
6. 9x 2 + 16 y 2 = 144 
8. x = 2 y 2 + Sy - 35 
10. 4 y 2 - 9x 2 = 36 
12. xy + 24 = 0 
14. y z — 16 x 2 y = 0 


126. One Linear and One Quadratic Equation 

It appears from the nature of the graphs discussed in the preceding 
section that a straight line and a conic section may intersect in two 
points at most. We may also have a straight line tangent to a conic 
or not intersecting it at all. These three cases are characterized analyti- 
cally by the three types of solutions that may occur in solving a system 
composed of a quadratic equation and a linear equation. The system 
of equations may have two real, distinct solutions; one real solution; 
or two imaginary solutions. 

The analytic solution of such a system may always be obtained as 
follows: 
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(1) Solve the linear equation for one of the unknowns. 

(2) Substitute the expression which results from step (1) into the 
quadratic, and simplify to obtain a quadratic equation in one unknown. 

(3) Solve the resulting quadratic in one unknown and substitute the 
roots into the linear equation to find the corresponding values of the 
second unknown. 

(4) The required solutions consist of the corresponding values of the 
two unknowns properly paired. 

Example 1 . Solve both graphically and analytically 

x 2 + 2/ 2 = 25, 

4x — 3y = 7. 

Analytic Solution: Solve the linear equation for x to obtain 

3y + 7 
X 4 

Substitute this expression for x into the quadratic and find 



or 2 oy 2 + 42 y - 351 = 0, 

an equation whose roots are y — 3 and y = — 

If 3 is substituted for y into the 
equation x = £(3 y +7), we find 
x = 4. Similarly, corresponding to 
y = — -W 1 , we find x = “44- Hence, 
the required solutions are (4, 3) and 
Ans. 

Graphical Solution: The graphs of 
the two given equations are shown 
in Figure 85. The first of these equa- 
tions is that of a circle of radius 5 
units with its center at the origin. 

This graph may be drawn with 
compasses. The second equation 
is linear and may be drawn after 
plotting two points. The solutions as read from the graph are (4, 3) and 
(—1.8, —4.7). Ans. 
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Example 2. Solve both analyti- 
cally and graphically 

2z 2 + 4* + y + 1 = 0, 

4x — y + 7 = 0. 

Analytic Solution: It is simpler 
to eliminate y than x in this prob- 
lem, for y occurs only to the first 
power. Hence, we may solve the 
linear equation for y and substi- 
tute into the quadratic, or, more 
efficiently in this instance, we add 
the two equations member by 
member. This addition gives 

2x 2 + Sx + 8 = 0, 

an equation which has real, equal 
roots. By solving this equation 
we find x = — 2. The value x = 
— 2 substituted into the linear equation gives y = — 1. The required 
solutionis ( — 2, —1). Ans. 

Graphical Solution : The given equations represent a parabola and a 
straight line, respectively. The graphs are shown in Figure 86. The 
straight line is tangent to the curve at the point ( — 2, —1). Ans. 

The fact that the straight line is tangent to the conic in Example 2 is 
characterized by the occurrence of a quadratic equation in one unknown 
with real, equal roots. (Compare the discussion on pages 150 to 151.) 
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EXERCISES 103 


Solve each of the systems in 1 to 12 both graphically and analytically. 
Label points of intersection as in the two preceding figures. 


1. 9z — y = 6 
3z 2 = y 

3. x - 2y = 10 
y = x 2 + 2x — 15 

5. u 2 + v 2 = 20 

u -f v = 6 

7. 2s — t = 1 
st = 15 

9. 5 u — 3v = 10 

u 2 — v 2 = 6 


2. 3x — 2y = 9 
y 2 = 9x 

4. x — y + 2 = 0 
x = y 2 - 7y + 10 

6. t 2 + u 2 = 29 
t — 2u = 1 

8. 3s + 2y -f 12 = 0 
xy + 18 = 0 

10. $ = r 2 — 5r + 4 
5r — s = 21 


§ 127 ] 


Two Quadratics with Square Terms Only 365 


11. x 2 + 3y 2 = 12 12. 2x 2 + 3 y 2 = 35 

x — y + 4 = 0 2x + ?/ = 7 

Solve each of the following systems analytically : 


13. 3 xy - x 2 = 26 
2x — y + 1 =0 

15. r 2 + s 2 + 6r — 4s = 12 
r — 7s = S 

17. 3ar + 4y 2 = 4 
2a’ + 2y = 3 

19. 2&a; — 3??zy = 3/; — 3 m 
2 xy — 3 = 0 


14. 3 y 2 + xy = 4 
a; — 3?/ + 10 = 0 

16. x 2 + y 2 - 2x - Sy = S3 
a; + y = 19 

18. 4 u 2 — Sv 2 = —11 
2u — v = 1 

20. 16c 2 e 2 ar — c 2 e 2 y 2 — 4 c 4 — 4e 4 
4cc.t + cey = 2c 2 — 2e 2 


1 27. Two Quadratics with Square Terms OrcSy 

A system of quadratic equations, such as the following : 
aix 2 + biy 2 = c h 
a 2 x 2 + b 2 y 2 = Co, 


may be solved by any of the methods available for the solution of two 
linear equations in two unknowns. For, if we let x 2 = X and y 2 = Y, 
we have 

aiX + biY = ci, 
and a 2 X + b 2 Y = c 2 , 

which is a system of linear equations in X and Y. When X and Y are 
found, the desired values of x and y may be obtained by taking square 
roots, paying due attention to the pairing of the signed values as shown 
in the next example. 

Example 1. Solve analytically the system 

9 x s + 4 y 2 = 261, 

x 2 — y 2 — 16. 

Solution: Multiply both members of the second equation by 4, and 
add the result, member by member, to the first equation to obtain 

13a; 2 = 325. 

Hence, x 2 = 25 

and x = ±5. 


If either +5 or —5 is substituted for x in the second of the given 
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equations, we find 
V 2 = 9 

and y = ±3. 

Since only square terms occur 
in the system of equations, all 
possible combinations of the plus 
and minus signs may be used. 
Therefore, the required solutions 
are (5, 3), (5, —3), ( — 5, 3), and 
( — 5, —3). Arts. 

The graphs of the two equations 
in Example 1 are shown in Figure 
87. This figure is an illustration 
of the case where two conic sec- 
tions have four points of inter- 
section, the maximum number pos- 
sible. It is of interest to note that 
two curves whose equations are of degrees m and n, respectively, may 
intersect in mn points at most. 

Example 2. Solve analytically the system 

9x 2 + 25y 2 = 225, 

x 2 + y 2 = 4. 

Solution: Multiply both sides of the second equation by 9, and sub- 
tract the result, member by member, from the first equation to find 

1 Qy 2 = 189 

, 3 \ 21 

and y = =b 



If these values of y are substituted into the second equation of the 
system, there results 


x 


2 = 


125 

1g 


i5\Zo 


and 


x = ± 


4 
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Therefore, the required solutions are 

.5V5 3V21 
T 


/.5V5 3\/2l\ /.oV5 3\/21\ / . 5V^5 3V2l\ 

vT’T/’v 4 4 /’V 1 4 4 /’ 


and 


(- 


. 5^5 


3 ^ 21 ^ 


^4 ns. 



Fig. 88 


The graphs of the two equations in Example 2 appear in Figure 88. 
Since no provision has been made for graphing points with imaginary 
coordinates, the solutions obtained are not represented in the graph, 
that is, the curves do not intersect. 

EXERCISES 104 


Solve each of the systems in 1 to 6 both graphically and analytically. 
Label points of intersection on your graphs. 


1. x 2 * 4 * 6 * 8 9 + y 2 = 34 

x 2 — y 2 = 16 

3. 4x 2 + y 2 = 25 
x 2 + 4 y 2 — 40 

5 . 5 u 2 - 2v 2 = 13 
Su 2 - v 2 = 11 

7 . x 2 + y 2 = 16 

x 2 — y 2 = —34 


2. x 2 + y 2 = 52 

y 2 - x 2 = 20 

4 . 2r 2 + s 2 = 72 

r 2 + s 2 = 36 

6. 4x 2 - 3*/ 2 = -104 

4y 2 - 3x 2 = 253 

8. x 2 - 4?/ 2 = -20 
3 y 2 - x 2 = 19 


Solve each of the following systems analytically : 

9 . p 2 - q 2 = 12| 10 . 3x 2 - 2 y 2 = 110 . 

3p 2 + q 2 = 124 x 2 - y 2 = 53 
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11. 5m 2 + 8v- - 106 = 0 
4u 2 - 5v 2 - 62 = 0 

13. a 2 x 2 — b 2 y 2 — a 2 b 2 — 0 
b 2 x 2 — a 2 y 2 + a 2 b 2 — 0 


12. 3r 2 - 5s 2 = 115 
2r 2 - 7s 2 - 150 

14. b 2 x 2 - a 2 y 2 - a 2 b 2 = 0 
x 2 + y 2 — r 2 = 0 


1 28. The General Method for Systems Involving 
Quadratics 


In solving any system of equations, we rely on the fundamental idea 
that the solutions consist of sets of numbers which satisfy all of the 
equations simultaneously. Thus, for the system of quadratics 

Ajx 2 + B\xy + Ciy 2 + D x x + E x y + F\ = 0, (1) 

Aojx 2 + Boxy + C^y 2 + D*x + Ety + Ft = 0, (2) 

the solutions would consist of the pairs of coordinates of the points of 
intersection of the two curves represented by the equations. Since at 
each point of intersection, x is the same number in both equations and 
so also is y> we may combine the equations to eliminate either x or y, 
thereby obtaining one equation in one unknown. The roots of this 
equation may be substituted into one of the given equations to find the 
corresponding values of the second unknown. All solutions must, of 
course, be checked in both of the original equations. 

A general method of elimination for Equations (1) and (2) proceeds 
as follows: If the x 2 and y 2 terms are present in both equations, a third 

equation can be obtained with the x 2 term missing by multiplying 

Equation (1) by A 2 and Equation (2) by A x and subtracting, member by 
member, one of the resulting equations from the other. We thus find 
an equation of the type 

B z xy + C z y 2 + Dzx + E z y + F z = 0, (3) 


where the new coefficients are simple combinations of the given coeffi- 
cients. Equation (3) is linear in x and yields 


2 + Ezy + Fz 
Bzy + D 


In case the x 2 (or y 2 ) term is missing from one of the given equations, the 
first elimination may be omitted, as an equation of the type of (3) is 
already at hand. If we substitute this expression for x into either of 
Equations (1) or (2) and multiply both members by the LCD of the 
resulting fractions, the final equation will, in general, be of the fourth 
degree in y ) but may, under special circumstances, be of lower degree. 
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Once the roots of this equation in y are found, they may be substituted 
into Equation (4) to find the corresponding values of x. 

The general solution of a system of two quadratic equations will not 
be considered in this book. However, if the result of the elimination 
previously described is a quadratic equation or even an equation of 
quadratic type, the methods of quadratic equations are available. In 
any case, if the coefficients of the given equations are numerical, the 
methods of the preceding chapter are applicable. 

Example 1. Find the solutions of the system of equations 

x 2 - y = 0, 

2x 2 + Sx — y — 4 = 0. 

Solution: Since the equations are linear in y , we may solve either of 
them for y and substitute into the other. We choose the first equation, 
since it is the simpler, and solve it for y to find 

V = x 2 . 

This result is substituted into the second equation to obtain 
2x 2 + Sx — x 2 — 4 = 0, 
or x 2 + 3x — 4 = 0, 

an equation whose roots are x = — 4 and x = 1. Substituting x = — 4 
into the equation y = x 2 , we have y = 16; similarly, if x = 1, y = 1. 
Thus, the solutions of the system are (“4, 16) and (1, 1). Ans. 

Example 2. Obtain the solutions of the system 

x 2 + 3 y 2 = 7, 
xy = 2. 

Solution: From the second equation, we have 

2 

x = - } 

y 

which we substitute into the first equation to get 

~ 2 + 3y 2 = 7. 
y 2 

Both members of this equation may be multiplied by y 2 and the terms 
collected with the result, 

3 y 4 - 7y 2 + 4 = 0, 
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an equation which is quadratic in y 2 . We now find y 2 = 1 or - and 

3 

2\ / 3 2 

y = =bl or y = ± — — • Bv employing the equation x = - , we obtain 

3 _ y 
the solutions (2, 1), ( — 2. —1), (^\% > :in( l ^ — V3, — ^ /ts - 

Example 3. Solve the system of equations 

x 2 + y 2 = 5, 
x?/ + 4?/ = 6. 

Solution: We solve the second equation for x to obtain 


6-4 y 
x ~ * 

y 

The result of substituting this expression for x into the first equation 
and simplifying is 

?/ + 11 y 2 - 4 Sy + 36 = 0. 

This equation is found to have the rational roots y = 1 and y = 2; and 
the depressed equation is 

y 2 + Sy + 18 = 0, 

which has the roots 

—3 d= iW7 
2 


By using the relation x = , we find the solutions 


(2 


„ , „ x /— 9-tV7 — 3 + i3\ 7\ 

2 ), ( ^ ). 


and 


( 


- 9 + iV7 -3 - ;3\ 7\ 
2 ’ 2 / 


/I n-s. 


These solutions may be checked in the given equations. 

The student should notice in the preceding examples that after the 
values of one unknown have been found, the corresponding values of the 
second unknown are obtained by substitution into the most convenient 
equation which occurs in the procedure. It is frequently simpler to use 
an intermediate equation rather than one of the original equations. 
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Although the general method of elimination given in this section 
may always be used for a system of quadratics, the student should be 
aware of the possibility of simplifying the procedure in special cases. 
For example, the system 

Sx 2 — xy = 18. 
x 2 — y 2 = 0, 

is readily solved by factoring the second equation. The solutions may 
then be found by solving the two systems 

3x 2 — xy = 18, 3x 2 — xy — 18, 

and 

x + y = 0; x - y = 0. 

EXERCISES 105 


Each of the following systems is to be solved both graphically and ana- 
lytically. Problems 1 to 6 lead to quadratic or quadratic-type equations in 
one unknown; Problems 7 to 10 lead to cubics or quartics with rational roots. 


1. x 2 + y 2 = 50 
xy — 7 = 0 

3. u 2 + 5r 2 = 16 
u 2 + v 2 = 4w 

5. x 2 -f y 2 = 40 
4 x = y 2 — 28 

7. y = x 2 — x — 14 
xy + 24 = 0 

9. Qt = 2s 2 + 5s - 24 
5s = 24 + Qt - St 2 


2. xy + 6 = 0 
a; 2 + 2y 2 = 17 

4 . r 2 - s 2 = 20 
9s = r 2 

6. 3x 2 - y 2 = 11 
5 y = 3x 2 - 7 

8. 4r = u 2 4- 10w 4* 8 
uv — 16 = 0 

10 . 6a; = 6 — 7y — y 2 
y = x 2 — 2x — 6 


Solve each of the following systems analytically: 


11. (2s -y - 1)(2*4 ~y) = 0 
3z 2 - 3 xy 4- y 2 = 13 

13. * 2 - 4fu 4- 3 u 2 = 14 
4u — 2£ = 9 

15. 4a; 2 4~ 4a;y 4- y 2 = 81 
4a; 2 — 4a;?/ 4~ 2/ 2 = 1 

17. (5w 4- p) 2 - 16 = 0 
3 n 2 4- 4np 4~ V 2, — 0 

19. x 2 + y 2 = 10 
xy — 3a; = —6 

21. r 2 — 2vw = —9 
4nr 4- w 2 = 45 


12 . (v 4- 2w 4- 5)(5» - 7w) - 0 
y 2 — 2vw 4- 3ir 2 = 6 

14 . x 2 + xy — 2y 2 = 7 
x + 3y = -1 

16 . r 2 4- 5rs — s 2 = 145 
2s 2 - 3rs = -45 

18 . a; 2 - 6 xy 4- 9if - 16 = 0 
6xy 4- 2 y 2 — 9 = 0 

20. r 2 4- 2s 2 = 6 
rs — s = 1 

22 . 2a; 2 + 3xy = 5 
xy + 2y 2 = 3 
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23. x 2 + 4 xy + or = 20 24. + 8 tu + 10u 2 = 53 

3x 2 + 8 xy + 7 y 2 = 28 4 1 2 + 4 tu - 4u 2 = -29 

(Hint: For Problems 25 to 28, divide the members of the first equation 
of the system by the corresponding members of the second equation.) 

25. r 3 - s 3 = 296 26. x 3 + y z = 341 

r — $ = 2 x + y = 1 1 

27. x 2 + xy_ + y 2 = 133 28. 16r 4 + 1 $v 2 w 2 + 1 6w 4 = 91 

x — \/ xy -J- y = 7 4tr + 4 vw + Aw 2 = 13 


The remaining problems of this set may be simplified by first making an 
appropriate substitution in each case. For example, in Problem 29, we may 
let 1/x = a and l/y = v. 


29. 




31. & + uX = 5 
t l A + u % = 13 




- + - = 
r s 


-2 


32. x^ + y l/ * = 9 
X A + y \i = 4i 


129. Miscellaneous Methods 


The methods considered in the preceding sections are sufficient to 
enable the student to handle many of the systems of quadratic equations 
that he is likely to meet in his later work. However, there are also a 
number of cases in which the solution may be simplified with the aid of 
special devices. Examples of such devices are given below. 

(1) Homogeneous Quadratic Equations. Equations whose variable 
terms are all of the second degree in the variables are called homo- 
geneous quadratics. Systems of two homogeneous quadratics can 
always be solved by the method illustrated in the following example. 

Example 1 . Solve the system of equations 

x 2 - 2 xy + 2 y 2 = 5, (1) 

x 2 + xy = 15. (2) 

Solution: Since the terms in x and y are all quadratic, the equations 
may be combined to obtain a third equation in which the constant term 
is missing and which is of the form ax 2 + bxy + cy 2 — 0. This equation 
may be solved for x in terms of y (or y in terms of x) and, thus, will 
usually lead to a pair of linear equations, each of which may be solved 
simultaneously with either of the given equations. 
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Following this idea, we multiply both members of Equation (1) by 
3 and subtract Equation (2), member by member, from the result. This, 
procedure leads to the equation 

2x 2 — 7 xy + 6 y 2 = 0, 

or (2x — 3 y) (x — 2 y) = 0. (3> 


Since Equation (3) is equivalent to the two equations 
2x — 3y = 0 and x — 2y = 0, 
we may combine them with Equation (2) to yield the two systems: 

x 2 + xy = 15, j 
2x - Zy = 0; j 


(4> 


and 


x 2 + xy = 15, 
a; - 2y = 0. 


(5> 


Systems (4) and (5) each consists of one linear and one quadratic- 
equation and, accordingly, may be solved by the method of Section 126.. 
Hence, the solutions of the given system consist of 

the solutions of (4), namely, (3, 2) and ( — 3, —2), 

and the solutions of (5), namely, 

(VlO, *n/Io) and (-V10, -^VlO). 

(2) Symmetric Equations. An equation that remains unaltered if‘ 
x and y are interchanged is said to be symmetric in x and y. Thus, 

x 2 + 3 xy + y 2 — x —y — 5 

is symmetric in x and y. 

A system of two symmetric quadratics in x and y may be solved by 
substituting two new unknowns u and v ) which are related to x and y by 
means of the equations 

x = u + 

and y — u — v. 

This method is illustrated in the next example. 

Example 2. Solve the system 

x 2 + y 2 - x - y - 18, 
xy + 2x + 2y = 26. 


(i> 

( 2 > 
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Solution: We set x = u + v and y = u — v, 

and substitute these expressions into Equations (1) and (2). Then, 
Equation (1) becomes 

2 u 1 2 3 + 2v 2 -2 u = 18, 

or u 2 + v 2 — u — 9. (3) 

Also, Equation (2) becomes 

u 2 — v 2 + 4u — 26. (4) 

By adding the corresponding members of (3) and (4), we find 

2 u 2 + 3 u = 35, 

an equation whose roots are u = —5 and u = +^. By substituting 
these values into Equation (3), we find if u = —5, v = ±i\/ 21, and if 
u — + -J, v = The solutions of the given system may be displayed 

as follows: 


u 

V 

X = U + V 

y = u — v 

-5 

iV 21 

-5 + iV 21 

-5 - zV21 

-5 

-iV 21 

-5 - *V2l 

-5 + iv / 2l 

7 

Ti 

1 

2 

4 

3 

7 

1 

2 

3 

4 


Although there are many more special devices of the type discussed 
in this section, they are of relatively minor importance and will not be 
considered here. The student should not lose sight of the fact that the 
general method of elimination is always available. This means that 
real solutions of systems of quadratics in two unknowns with numerical 
coefficients may always be found as accurately as may be desired. 

EXERCISES 106 


Solve each of the following systems by the method for homogeneous 
equations : 


1. x 2 + 3 xy = 10 

8xy - y 2 = 15 

3. 5 xy — x 2 = 18 
2 y 2 + 5 xy = 36 


2. 2x 2 + xy = 12 
2 y 2 + 3 xy = -10 

4 . 2 u 2 + 5uv = 3 
v 2 - 2 uv = 7 
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5. 

17rs 

- 12 r 2 = 56 

6. 

4x 2 — xy = 8 


3s 2 - 

- 5 rs = 28 


y 2 + 2 xy = 32 

7. 

x 2 - 

xy = 2 

8. 

t 2 — tu — u 2 = —5 


4x 2 - 

- 2 xy - Sy 2 = 9 


2 1 2 + 3tu + u 2 = 2 

Solve each of the following systems by the method for symmetric equations : 

9. 

x 2 + 

xy + y 2 = 19 

10. 

2x 2 + 2 y 2 = 25 


xy - 

x - y = 1 


4 xy — 2x — 2y = 15 

11. 

x 2 + 

y 2 + 3xy + x + y = 2 

12. 

x 2 + y 2 + xy — \2x — 12 y = 36 


x 2 + 

y 2 - 7x - 7y = 8 


H 

<< 

1 

4^ 

H 

1 

4^ 

II 

O 
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1. Find two numbers such that their difference is 3 and the difference of 
their cubes is 513. 

2. Find two numbers such that their product is 176 and the sum of their 
squares is 377. 

3. Find two positive numbers such that their product, their difference, 
and the difference of their squares are all equal. 

4. The diagonal of a rectangle is 34 ft and the perimeter is 92 ft. Find 
the dimensions of the rectangle. 

5. Find the lengths of the sides of a rectangle whose area is 96 sq in. and 
whose perimeter is 48 in. 

6. The perimeter of an isosceles triangle is 50 in. and the area 120 sq in. 
Find the side opposite the vertex angle. 

7. A transport plane flew 600 miles at its normal speed ; but on account 
of motor trouble, it returned to its base at a speed 60 mph slower than normal. 
If it took 50 min longer on the return than on the outbound flight, what was 
its normal speed? 

8. A person receives $170 interest from an amount loaned at simple 
interest. If the interest rate had been 1 per cent higher, he would have 
received $238. What was the amount loaned and what was the interest rate? 

9. A parking lot for cars has an area of 27,000 sq ft. If a strip 10 ft wide 
is eliminated on each of the ends and a strip 10 ft wide is eliminated on each 
of the sides, the available parking space is 20,800 sq ft. What are the over-all 
dimensions of the original parking lot? 

10. When the third term of a geometric progression is subtracted from 
the first, the result is 630 ; when the fourth term is subtracted from the second 
term the result is 105. Find the first four terms of the progression. 

11. If each side of the square base of a rectangular box is increased by 3 in. 
and the altitude is increased by 5 in., the volume is increased by 540 cu in. 
and the total surface area is increased by 306 sq in. Find the original dimen- 
sions of the box. 

12. A plane flies a certain distance at a uniform speed. If it had flown 
50 mph faster, it would have arrived 1 hr sooner. If it had flown 30 mph 
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slower, it would have taken 45 min longer. Find the speed of the plane and 
the distance flown. 

13 . Two planes fly a distance of 3000 miles, and the faster plane arrives 
2§ hr ahead of the slower one. If the speed of each plane had been increased 
100 mph, the faster plane would have arrived lj hr before the slower one. 
Find the speed of each plane. 

14 . The hypotenuse of a right triangle is 5 in. longer than the shorter leg 
and 6^ in. longer than the altitude drawn to the hypotenuse. Find the 
length of each leg of the right triangle. 


Chapter U<1) 



130. The Solution of Two Linear Equations 


In this chapter, we shall need the general solution of a system of two 
linear equations in two unknowns. To obtain this solution, consider 
the equations 

dix + biy = ci, ( 1 ) 

a 2 x + b 2 y = c 2 . (2) 

In order to eliminate y, we multiply both sides of Equation (1) by b 2 
and both sides of Equation (2) by 6i, and then subtract the second result- 
ing equation, member by member, from the first. This procedure gives 

CL\b 2 x — a 2 biX = Cib 2 — c 2 bi , 

or x{dib 2 — d 2 bi) = Cib 2 — c 2 b \ . 


Hence, if the coefficient of x is not zero, 


C\b 2 — c 2 bi 
dib 2 — d 2 b\ 


( 3 ) 


In a similar way, x may be eliminated from the given system to 
obtain 

dib 2 y — d 2 b\y = : d\C 2 — d 2 C \ , 
or y (dib 2 — & 2 & 1 ) = df\C 2 — d 2 C\, 

Therefore, if the coefficient of y is not zero, 


d\C 2 — d 2 C\ 
d\b 2 — d 2 bi 


(4) 


An inspection of Equations (3) and (4) shows that, first, the expre«- 

377 
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sions for x and y have the same denominator, namely, aibo — ajb\) 
second, the numerator for x may be obtained from the denominator by 
replacing each a by the c with the same subscript ; and third, the numer- 
ator for y may be obtained from the denominator by replacing each b by 
the corresponding c. It is therefore not surprising that a very simple 
scheme can be devised as an aid toward writing the required solution. 

131. Solution of Two Linear Equations by Determinants 

An array of numbers, enclosed by two vertical bars, such as 

ai b\ 

do b<i 

is called a determinant; the meaning of this symbol comprising four 
numbers is defined by the equation 

bi 

— Q-iOo — CLoOi. 

02 02 


Illustration: 


2 

6 


-3 
— 7 


(2)(-7) - ( — 3)(6) 


= -14+18 
= 4. 


Each number in the array is an element of the determinant; thus, 
0i, « 2 , bi y and b 2 are the elements of the preceding determinant. Notice 
that the value of a determinant of four elements consists of the product 
of the two elements in the diagonal from the upper left to the lower 
right, minus the product of the two elements in the other diagonal as is 
indicated in the following diagram: 


+ 




The preceding determinant is the array of coefficients in their 
natural positions on the left sides of Equations (1) and (2) in Section 
130; the value of the determinant, as just defined, is the denominator in 
the solution given by the relations (3) and (4) of the same section. We 
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shall speak of this determinant as the determinant of the coefficients and 
shall denote it by D, that is, 

di bi 

0-2 b 2 


D = 


Furthermore, the numerator on the right side of relation (3) is the 
determinant 

ci bi 

c 2 62 


D x = 


which may be obtained from D by replacing the coefficients of x, that is, 
the a’ s, by the corresponding c j s. The subscript x in D x is to suggest 
this replacement. Similarly, the numerator on the right side of (4) may 
be written 

dl Ci 


Dy = 


&2 


c 2 


which is obtained from D by replacing the coefficients of y, that is, the 
b’ s, by the corresponding c’s; again, the subscript y in D y is to suggest 
this replacement. 

We shall take the standard form for a system of two equations in 
two unknowns as 

aix + b x y = ci, 
a 2 x + b 2 y = c 2 . 

The solution of this system ( 1 ) may be obtained as follows: Evaluate 
the three determinants D, D x , and D y . Then, 


X =T' 

Example 1 . Solve by determinants 

5x + 7y = 24, 


( 2 ) 


2x — 3 y = 5. 


Solution: 


and 


D = 
D x = 


D y = 


5 

2 

24 

5 

5 

2 


7 

-3 

7 

-3 

24 

5 


= -15 - 14 = -29; 
= -72 - 35 = -107; 
= 25 - 48 = -23. 
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D x 

-107 

107 

Hence, 





X ~ D 

-29 

” ~29~ 9 


Dy 

-23 

23 

and 



= — • Ans. 


V ~~ ~D ~ 

-29 " 

29 


This answer may be checked in the given equations. The importance of 
a check cannot be overemphasized when the solution is obtained in the 
mechanical way illustrated by this example. 

The student should be careful to keep unchanged the order in which 
the coefficients in the standard form are used; for it is evident from the 
definition that 

ai bi 

a 2 b 2 


bi 

b 2 


ai 

a 2 


(A) 


thus, a change in order of the two columns changes the sign of the determi- 
nant. This fact will prove useful to us in a later discussion. 

In the general result, preceding Example 1, the provision D 5 * 0 has 
been noted. If this condition is violated, we have 


D 


ai 

a 2 


b, 

b 2 


— af ) 2 — a 2 b\ — 0. 


This means 


ai _ 61 
a 2 b 2 


and the two equations of the system are either inconsistent or dependent. 
(Compare Section 33.) We shall return to this situation later. 
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Find the value of each of the following determinants : 


1. 

4 

3 


2 . 

2 7 


3 . 

3 

6 

4 . 

6 

2 


2 

7 



5 8 



-4 

-5 


-11 

-5 

6 . 

-5 



6 

6 . 

14 -9 

7 . 

3a 

c 

8 . 

9?n 

— 4r 


9 


7 


3 0 


-d 

2b 


— 5s 

— a 


Use determinants to solve each of the following systems of equations : 


9 . 5u + 2v = 11 10 . 6r — 7s = 9 

3u + 4v = 1 5r - s = 22 


11 . 2x - 3 y = 36 
3x -f 2y = 2 


12 . 4x + 11 y = -6 
x + 7y = 7 
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13 . 8x + 2y - 7 = 0 
10 * + 9y - 12 = 0 



14 . Sw — z — 4 = 0 
9w + 7z + 3 = 0 




0 


2 u , v 

T+2- 7 - 0 


17 . ax — by = c 
bx + ay = d 

19 . 3 (u + v) - I0(u - v) = 8 
2(u + v) —7 (u — v) = 5 


21 . 



23 -Ji- + -J— = 5 

3 ' 2r + s + 4r - s 

4 ■ + t— — = 2 


2r + s 4 r — 


18 . ax + by — 2ab 

bx + ay = a 2 + 6 2 , a 2 ^ 6 s 

20. 2(r + s) + 7(r - s) = 1 
6(r + s) — 3(r ~ s) = — 5 


22 . 


28 10 
3^ z 



5 

3 


24 . 


+ 


11 


3x + 4 y 4x — 3?/ 


= 6 


21 15 

3x + 4?/ 4x — 3 y 


132. Further Properties of a Determinant 


We saw in the preceding section that the interchange of the two 
vertical columns of the determinant 

ci\ bi 

0,2 b 2 


causes a change in the sign of the value of the determinant. It should 
be clear that the same effect is obtained by interchanging the two hori- 
zontal rows. 

Another simple property of the determinant is given by the identity 


max 

771(12 



ax 

a2 



(B) 


which is easily verified by evaluating both members. Thus, a common 
factor of each element of one column (or row) may be removed and written 
as a multiplier of the resulting determinant. It may be noted in particular 
that m may have the value — 1. 

Direct evaluation may be used to verify a third property, namely, 


ax 

C?2 


b i 

b 2 


+ 


h 

/c 2 


bx 

b 2 


ax + kx bx 

a 2 d - k 2 b 2 


(C) 
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The sum of two determinants , each with four elements and having a com- 
mon column , may be written in the form of a single determinant with the 
common column retained and with a second column whose elements are the 
sums of the con'esponding elements in the unlike columns. 


133. Three Linear Equations in Three Unknowns 


For the standard form of a system of three linear equations in three 
unknowns, we take 

aix + biy + ciz = d h (1) 

a 2 x + b 2 y + Coz — d 2y (2) 

a& + b z y + c.& = dz. (3) 

As a first step in the solution of this system we may eliminate y and 

z to obtain a single equation in x. It is instructive to perform this 
elimination by means of determinants. We rewrite Equations (2) and 
(3) in the form 

b 2 y + c 2 z = d 2 — a 2 x, 
and bzy + c& = dz — a&, 


which we may regard as a system of two equations in the two unknowns 
y and z. We solve this system for y and z in terms of x to obtain 


and 


d. 

— a 2 x 

Co 

dz 

— a 3 x 

Cz 


b 2 C 2 



b 3 Cz 



b 2 

do — a 2 x 

b 3 

dz — azx 


b 2 c 2 



bz Cz 



Using the properties discussed in the preceding sections, we have 

+ 


d 2 — a 2 x 
di — a& 


Co 

Cz 


d 2 

dz 


c 2 

Cz 


— a 2 x 
azx 


d 2 

dz 


c 2 

cz 


—x 


Ch 

az 


c 2 

cz 


[By (C)] 
[By (B)] 
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Similarly, 

b 2 d 2 — d 2 x 

bz dz — azx 


b 2 

bz 


d 2 

dz 


+ 


b 2 

bz 


— a 2 x 

— d'zX 



[By (A) 
and (B)] 


We now substitute the expressions for y and z into Equation (1) 
making use of the transformed numerators just obtained. The result is 


aix + 


h 

di ^2 

~ bix 

d 2 c 2 


d 3 c 3 


dz Cz 



b 2 c 2 




bz Cz 



“Ci 

d 2 b 2 
dz bz 

+ CiX 

do bo 
dz bz 


b 2 c 2 
bz Cz 



= d x . 


By multiplying both members of this equation by the determinant in 
the denominators and isolating on the left side the terms involving x , 
we find 


X 

di 

b 2 
b 3 

Co 

Cz 

-hr 

d 2 

dz 

C 2 

Cz 

+ Ci 

do 

dz 

hi 

bi 

1 

-1 

[* 

b 2 

bi 

c 2 

Cz 

-b 1 

d 2 

dz 

C 2 

Cz 

+ Ci 

d 2 

di 

bi 

bz 

1 


Notice carefully that the second expression in braces may be obtained 
from the first by replacing the a* s throughout by the corresponding d } s. 
The coefficient of x may be obtained from the array 


dl 

h 

Cl 

d 2 

bi 

Co 

dz 

b 3 

Cz 


by following the procedure explained in the next paragraph. 

The coefficient of the element eq is the determinant obtained by 
crossing out the row and column to which ch belongs; the coefficient 
of bi is, except for sign, the determinant obtained by crossing out the 
row and column to which bi belongs; and similarly for the coefficient 
of Ci. Each of these coefficients is a determinant of two rows and two 
columns and is spoken of as a second-order determinant. The array 
of three rows and three columns is called a third-order determinant. 

Thus, let us define 


dl 

h 

Cl 


d 2 

bi - 

c 2 

= dl 

dz 

bi 

Cz 



c 2 

c 3 


-61 


a 2 
a 3 


c 2 

Ci 


+ Cl 


d 2 

dz 


b 2 

bz ’ 
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The second-order determinant by which a\ is multiplied is called the 
minor of a! and similarly for the remaining two second-order determi- 
nants. There are many ways of defining a third-order determinant that 
give a result equivalent to the one just described; this particular method 
of evaluating a third-order determinant is an expansion by minors. 

As in the case of two equations in two unknowns, we write D for the 
determinant of the coefficients of a system of three linear equations in 
three unknowns. Also D x will stand for the determinant obtained by 
replacing the coefficients of x by the corresponding constant terms. A 
similar convention will be used with respect to D y and D z . With this 
understanding, we return to Equation (4) which may be written in the 
form 

xD = D x . 

D x 

Hence, if D ^ 0, x = — * 


We may obtain the values of y and z in the same way as that used to 
find the value of x } or we may regard the results as evident from the 
symmetrical way in which x , y } z , and their respective coefficients enter 
the equations. Thus, we have 



and 



Example 1 . Evaluate the determinant 

2 -1 -3 


9 

6 


4 

-2 


Solution: We expand by minors to find as the desired value 


9 4 

6 -2 


-(- 1 ) 


+ (- 3 ) 


5 4 

7 -2 

= 2( — 18 - 24) + (-10 - 28) - 3(30 - 63) = -23. Ans. 
Example 2. Solve the following system by means of determinants: 

2x + 3y + 2 = 4, 
x + oy — 2z = — 1 , 

3x — Ay + 4z = — 1. 


Solution : 
D = 


1 

-2 

4 


= 2(12) - 3(10) + 1 ( — 19) = -25; 
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D x 


Dy = 


4 3 1 

-1 5 -2 

-1, -4 4 


2 4 1 

1 -1 -2 

3-1 4 


and Z) 2 = 


Therefore, 


and 


3 4 
5 -1 


3 -4 -1 


= 4 ( 12 ) - 3 ( — 6 ) + 1 ( 9 ) = 75 ; 

= 2( — 6) - 4(10) + 1(2) = —50; 

= 2( — 9) - 3(2) + 4(— 19) = -100. 
D x 


X = T=- 3 ’ 

Dy 

z = = +4. .4 ns. 
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Evaluate each of the following determinants : 


1. 

1 

2 

3 

2. 

8 

5 

9 

3. 


4 

3 

5 


7 

6 

1 



7 

1 

2 


3 

4 

2 


4. 

6 

7 

1 

5. 

8 

6 

7 

6. 


0 

3 

3 


3 

4 

0 



4 

1 

-5 


-2 

-1 

3 


7. 

1 

-1 

b 

8. 

u 

V 

1 

9. 


-1 

b 

-1 


3 

2 

1 



6 

-1 

-1 


7 

6 

1 



—3 

1 

2 

d 

c 

0 

x 

5 

2 


1 

-1 

3 

0 

d 


y 

-l 

-3 


2 

-4 

5 

d 

1 

1 

1 


Solve each of the following systems of equations by determinants: 


10. x + 2y — z = 1 
4x — y + 2z = —17 
3z + y — 42 = —13 

12. 4u — v — 3w = 5 
6n + 2v + 7w = 1 
3 u — 3v — Sw = 3 

14. 2x — 5y + 2z = 8 
4a; + 6y — 2 = —2 
2x + 7y + 4z = 6 


11. 2r + 3s - t = -1 
3r + 4s + 2t = 14 
r — 6s — 5t = 4 

13. 5x + 2y + 4z = —5 
lx + Sy - 2z = 13 
2a; - by + 3z = 4 

15. 3n + 4?; + 6w = 11 
n + 8^ — 2w = 12 
3n + — 9u> = 2 


ft- O 
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16. 5r + 3s = -1 

17. 

lx + 1 Sy = 7 

9s + 8/ = 13 


by - 2z = 10 

16/ - 15r = 23 


3z + lOx = -5 

18. gx - ey = / 

19. 

ax + 2by = c 

fy + gz = e 


2 ey + az = b 

ez — fx — g 


bz -f cx = a 

„„ 2 3 1 


3 8 4 

20. h - = 22 

21. 

- + --- = 3 

U V IV 


r , s t 

5,6 4 


6 2 3 

— ! 1 — = 22 


- + - + -= -3 

u v w 


r s t 

1 2 ^ 


9 6 5 



= -2 

u V 


r s t 


134. Higher-Order Determinants 


We shall first rewrite the expansion of a third-order determinant 
using a notation which is better suited for the consideration of determi- 
nants of higher order. In this notation, each element is supplied with a 
double subscript, the first subscript indicating the number of the row, 
and the second the number of the column to which the element belongs. 
Thus, a 32 (read “a sub three-two” or “a-three-two”) is the symbol for 
the element in the third row and the second column. Using double 
subscripts, we have 


an 

#12 

#13 

a 21 

#22 

#23 

#31 

#32 

#33 


#ll(#22#33 ~ #23#32) " #12(#21#33 — # 2 3#3l) 
+ #13 (#21#32 — #22#3l) 


— #ll#22#33 — #11#23#32 


“b #12#23#31 — #12#21#33 
#13#21#32 — #13#22#31* 

An inspection of this result shows that it contains all the products 
that can be formed from the given array by taking one, and only one, 
element from each row and column. 

In order to provide a law that will explain the sign preceding each 
product, we note first that the row subscripts have all been written 
in natural numerical order: 1, 2, 3; whereas the column subscripts 
are not in natural order except for the first product. In a sequence 
of subscripts, if an integer precedes a smaller integer, we say there is 
an inversion. Thus, 2, 3, 1 contains two inversions; for 2 precedes 
1 and 3 precedes 1. 
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Let us list the number of inversions in the column subscripts for the 
preceding products as follows: 


Column Number of 

Subscripts Inversions 

1, 2, 3 0 

Plus Products 2, 3, 1 2 

3 , 1 , 2 2 

1 , 3 , 2 1 

Minus Products ^ 2, 1, 3 1 

3, 2, 1 3 


We see now that, if there is no inversion or if there is an even number 
of inversions , the sign prefixed to the product is plus; if there is an odd 
number of inversions , the sign is minus; consequently , the correct sign will 
always be given by (— l) k , where k stands for the number of inversions . 

In accordance with this discussion, we call the following array of 
n rows and n columns a determinant of the nth order : 


an 

&12 

an 


a\n 

a 2 i 

a 22 

a 2 z 

. . . 

a 2 n 

a$i 

&32 

an 

. . . 

a Zn 

a-ni 

a n 2 

a n 3 


a n n 


The value of this determinant is defined as the algebraic sum of all the 
signed products which can be formed by taking one , and only one , element 
from each row and column. The sign to be prefixed to each product is 
( — l) k , where k is the number of inversions in the column subscripts when 
the factors of the product are arranged with their row subscripts in natural 
order. 

In writing one of the products in the evaluation of an nth-order 
determinant, there are n ways of choosing the first factor; after this 
choice is made, there are n — 1 ways of choosing the second factor; 
then n — 2 ways of choosing the third factor, and so on. Since each 
combination so chosen gives a term of the final sum, we see that there are 


n(n — 1) (n — 2) • • • 2 • 1 = n! 


terms in the expansion. For example, we have seen that a third-order 
determinant has 3! = 6 terms; a fourth-order determinant would have 
4! = 24 terms; and a fifth-order determinant would have 5! = 120 
terms. 
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Because of the large number of terms involved, it is not practical to 
evaluate a higher-order determinant directly by means of the definition. 
However, easier methods become available once we discover a few funda- 
mental properties of determinants. 

We note that in obtaining the proper sign for one of the products in 
the preceding definition, the factors may be so arranged that the column 
rather than the row subscripts are in natural order. We then count 
the number of inversions in the row subscripts to determine the sign as 
before. It is not difficult to see that this number is the same as the 
number of inversions originally in the column subscripts. For, the 
number of inversions in the column subscripts can be found by counting 
the number of subscripts greater than 1 that precede 1, plus the number 
of subscripts greater than 2 that precede 2, plus and so on. Suppose 
that column index 1 occurs in the ( k + l)th position rather than in 
the first, so that its placement accounts for k of the total number of 
inversions. If the 1 is moved to first place, it carries with it the row 
index k + 1 which then precedes k smaller row indices. Thus there are 
then k inversions in the row indices and k of the inversions in the column 
subscripts are removed. Next, if column index 2 is not now in second 
place but is in place number m + 2, its position accounts for m more 
inversions. If the 2 is moved back to its natural position, then row 
index m + 2 is also put into second place, and will precede m smaller 
indices. Continuing in this manner, we see that our conclusion with 
regard to the final number of inversions in the row subscripts is correct. 

It follows now that the value of a determinant is unchanged by 
writing the rows in order as columns. For example, 


dl 

b i 

Cl 


Oil 

a o 

az 

do 

b 2 

Co 

= 

bl 

b 2 

bz 

dl 

b 3 

Cl 


Cl 

C2 

Ci 


From this discussion, there may be drawn an important conclusion, 
namely, 

Property 1: In any theorem involving a determinant , the words “row” and 
“column” may be interchanged throughout. 

The following theorem is an extension of a statement made for 
second-order determinants: 

Property 2: If any two columns (or rows) of a determinant are inter- 
changed, the sign of the determinant is changed. 

The validity of the theorem for the case of two adjacent columns is 
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seen at once from the fact that two column subscripts are interchanged 
and the row subscripts are left unaltered. This means that the number 
of inversions in each product is increased or decreased by 1. Hence, 
the sign of the determinant is changed. 

Now, suppose we wish to interchange the ith and the A;th columns, 
and suppose these two have m other columns between them. The 
desired interchange may be effected as follows : Make m + 1 successive 
interchanges of two adjacent columns to bring the kth column into the 
position previously occupied by the ith. The original ith column be- 
comes the (i + l)th column and, with m similar interchanges, may be 
put into the position previously occupied by the kth column. Since 
m + 1 + m = 2m + 1 is an odd integer, an odd number of interchanges 
of two adjacent columns is used, and the sign of the determinant is 
changed. 

Property (2) enables us to derive very simply the following theorem, 
namely : 

Property 3: A determinant with two identical columns {or rows) has the 
value zero. 

If the value of the determinant is x , the value — x would be obtained 
by interchanging the two identical columns. But, if these columns are 
identical, the determinant is unaltered by this interchange. Hence, 
x = —x; from which we obtain 2x = 0 or x = 0. 

The next theorem is again an extension of a result stated for second- 
order determinants. 

Property 4: If each element of any column {or row) is multiplied by the 
same number m, the value of the determinant is multiplied by m. For 
example, 


ma x 

h 

Cl 


ai 

h 

Cl 

ma 2 

b 2 

C 2 

= m 

a 2 

b 2 

C 2 

ma$ 

b 3 

C3 


«3 

b 3 

Cz 


The proof of Property (4) is obtained directly from the general 
definition of the value of a determinant. If each element in any column 
is multiplied by m, each term in the sum that defines this value is multi- 
plied by m. Hence, the value of the determinant is multiplied by m. 

By taking m = 0 in (4), we find that if every element of any row or 
column is zero , the value of the determinant is zero . 

Property 5; The sum of two determinants , in which each column except 
one of the first is identical with the corresponding column of the second , may 
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be written as a single determinant with the common columns retained; the 
elements of the remaining column are the sums of the corresponding elements 
in the two nonidentical columns. For example, 


ai 

6, 

Cl 


k i 

b, 

Cl 


«i + A'i 

b , 

Cl 

a 2 

b 2 

Co 

+ 


b 2 

Co 

= 

a 2 -j- ho 

b 2 

Co 

dz 

b 3 

C 3 


k* 

b 3 

c 3 


+ kz 

b 3 

C 3 


From the definition of the value of a determinant, we see that each 
term of the expansion of the single determinant is the sum of the two 
corresponding torms of the other determinants. 

We may now obtain a result which will be found useful in the 
numerical evaluation of determinants. 

Property 6: The value of a determinant is unaltered if to each element of 
one column (row) there is added m times the corresponding element of 
another column (row). (Note that m may have any value; in particular, 
it may be +1 or — 1.) Thus, using the notation of the earlier portions 
of this chapter, we should have, for example, 


ai 

b i 

Cl 


ai + mbi 

b i 

Cl 

a 2 

b 2 

c 2 

= 

a 2 + mb 2 

b 2 

C 2 

dz 

b 3 

C 3 


a 3 + mbz 

b 3 

C 3 


After denoting the determinant on the left side by D and the one on 
the right side by D h we may first use Property (5) to obtain 



ai 

br 

Cl 


mbi 

b i 

Cl 

A = 

a 2 

bo 

C 2 

+ 

mbo 

b 2 

C 2 


az 

b 3 

C 3 


mbz 

b 3 

C 3 


Then, if m is factored out of the second determinant, the resulting 
determinant has two identical columns and is, therefore, zero. Hence, 
Di = D. This demonstration for third-order determinants may evi- 
dently be used with almost no modification for determinants of higher 
order. Furthermore, a similar procedure will serve to demonstrate 
Property (6) for any two columns or any two rows. 

EXERCISES 110 

1. How many terms are there in the expansion of a determinant of the 
seventh order? of the ninth order? 

2. Give the number of inversions in each of the following sequences: 

(a) 3, 1, 5, 4, 2 (b) 2, 4, 3, 1, 5 (c) 5, 3, 4, 2, 1 

(d) 5, 2, 1, 4, 3 (e) 4, 3, 1, 5, 2 (/) 1, 5, 4, 2, 3 

(g) 4, 5, 3, 2, 1 (h) 2, 1, 3, 4, 5 (i) 3, 5, 1, 4, 2 
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3. Each of the following products is, except for sign, a term of the ex- 
pansion of a fourth-order determinant. Find the correct sign in each case, 
(a) ^14^21^33^42 (&) GU 3 G 22 G 31 G 44 (c) ^12^24^31^43 

( d ) &11&23&32&44 (tf) ^13^24^31^42 (/) ^12^23^34^41 

Show, without direct evaluation, that each of the next two determinants 
has the value zero. Then, verify by actual evaluation. 


2 

-3 

2 

5 . 

5 

-4 

6 

1 

4 

1 


7 

2 

8 

9 

6 

9 


15 

-12 

18 


Before evaluating the following determinants, show r that 6 is a factor of 
each ; then expand to verify this fact. 


6 . 

6 

1 

5 

7. 

2 

8 

6 


-12 

2 

3 


1 

-1 

3 


12 

-1 

1 


4 

2 

3 


Show by expanding that, if the first and third row T s are interchanged, the 
value of each of the following determinants is changed only in sign. 


8 . 

1 

2 

3 

9. 

5 

2 

1 


2 

-1 

2 


1 

4 

-2 


3 

1 

2 


-3 

-1 

5 


In each of the next tw r o exercises, use Property (5) to express the sum of 
the determinants as a single determinant. 

10 . 


1 

2 3 


3 

2 3 

11 . 

5 1 -8 


-3 2 5 

2 

4 

-1 2 
-3 5 

+ 

-5 

-1 

-1 2 
-3 5 


2 4-3 

1 -2 4 

+ 

2 4-3 

1-2 4 1 


12 . For the adjoining determinant add the third column 4—2 1 

twice to the second column. Then, show, by direct evalua- 5 2—3 

tion, that the value of the determinant is unchanged. 2—3 3 


13 . For the determinant given in the preceding exercise, subtract the 
third column four times from the first column. Then, show, by direct evalua- 
tion, that the value of the determinant is unchanged. 


135. Expansion of a Determinant by Minors 


The minor of an element of a determinant is the determinant that 
remains when the column and row containing the given element are 
deleted . For example, in the f oil owing determinant 


i 

\ 

i 


- — Un di2 


i 

Cl2l &22 

I 

1 

| 

a 31 a 32 

j 


fll3- 


&23 y 


U33 


I 
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the minor of a i2 is 


&21 

&23 

«31 

^33 


The minor of the element a t y (which lies in the it h row and the jth 
column) will be denoted by Mij. The second-order determinant dis- 
played in the preceding illustration is 

We may now show how a determinant of any order may be expanded 
by using the minors of one column or row. 

Let 


an 

au 

• * a\j 

* * Clin 

a 2 i 

a 22 

’ * a 2 y 

* * &2n 

an 

a, -2 

’ * dij * 

* * a{ n 

Clnl 

&n2 * 

' * a n j * 

a^n 


We show first that the product of a n and its minor, that is, a n Mu, 
contains all the terms which have a n as a factor in the expansion. 
Clearly, anMu is the sum of the signed products obtained by multiplying 
an by one, and only one, element from each remaining row and column. 
Furthermore, an would be the first element written in determining the 
proper sign for the product. Therefore, the sign of each term in an Mu 
is the same as that in M n alone. But, the elements of M n are arranged 
in the same order as in the original determinant; hence, anMu contains 
exactly those terms of the expansion which have an as a factor. 

Returning to the determinant D, we may move the ith row to the top 
by interchanging it successively with the i — 1 rows above it. This pro- 
cedure will produce i — 1 changes in sign. Next, we may move the jth 
column to the first position in a similar fashion, this time producing 
j — 1 changes in sign. If D f is the determinant that results, the ele- 
ment aij is in the position previously occupied by an, and 
D' = = (-!);+,*(- 1)-2£, 

that is, D' = (— 1 y+’D. 

Therefore, the terms of the expansion of D that have a t y as a factor are 
given by 

(-1 Y+taijMij, 

where M ,-y is the minor of a t y in the original determinant. 

Combining the results of this discussion, we see that a determinant 
may be expanded according to the elements of any column or row by 
means of the following theorem: 
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Theorem 1 : The value of a determinant is the sum of the products obtained 
by multiplying each element of a column (or row) by its minor with a 
properly prefixed sign . The sign to be used with the element in the i th 
row and j th column is (— l) i+5 . 

Since ( — l) i+? ’is +1 or — 1 according as i + j is even or odd, we have 
the following pattern of signs corresponding to the elements of the 
determinant: 


+ 

— 

+ 

— 

— 

+ 

— 

+ 

+ 

- 

+ 

- 

— 

+ 

- 

+ 


By referring to page 383, it is seen that an expansion by minors ac- 
cording to the elements of the first row has previously been obtained for 
third-order determinants. As a further example, we write the expan- 
sion of a fourth-order determinant according to the elements of the 
second row: 


ay 

h 

Cl 

dy 

Cl2 

h 

C 2 

d2 

az 

b 3 

Cz 

dz 

a 4 

h 

C4 

d 4 



h 

Cl 

dy 


ay 

Cl 

dy 

— &2 

b 3 

Cz 

dz 

+ b<2 

, a z 

Cz 

dz 


64 

c 4 

d 4 


a 4 

Cl 

d 4 


ay 

6l 

dy 


ay 

b 1 

Cy 

-C 2 

az 

bz 

dz 

+ d2 

az 

bz 

Cz 


(j 4 

b 4 

d 4 


a 4 

b 1 

C 4 


The expansion may be completed by developing each of the third-order 
determinants. 

An additional property of determinants which will be useful to us is 


Property 7: If, in the expansion of a determinant by minors according to 
the elements of some one column (row), the elements of this column (row) 
are replaced by the corresponding elements of any other column (row), the 
result is zero. 


This property is an immediate consequence of the fact that a determi- 
nant with two identical columns has the value zero; for if the replace- 
ment described in Property (7) is made, the expansion is that of a de- 
terminant with two identical columns. For example, in the expansion 

by Cy 
tt2 &2 C 2 
az bz Cz 


— ay 


&2 C 2 
bz Cz 


— a 2 


by Cy 

bz Cz 


+ az 


by Cy 
C 2 
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let us replace the a's by the corresponding b’s. The result, 


6. 


?>2 

&3 


C 2 
Cz 


~ b 2 


bi Ci 
bz Cz 



Ci 

c 2 


t 


is the expansion of 


bi bi 

b 2 b 2 

bz bz 


Ci 

c 2 

cz 


= 0. 


In evaluating a numerical determinant, we may use the foregoing 
properties to simplify the work considerably. Some suggested pro- 
cedures are illustrated in the next examples. 

Example 1. Evaluate the determinant 


D = 


5 

2 

0 

4 


7-1 0 

9 5 0 

3 8-2 

0-3 0 


Solution: We note that all but one of the elements of the fourth 
column are zeros; accordingly we expand by minors along this column. 
Since a minor multiplied by zero gives zero, it is unnecessary to consider 
any minor except that of the element —2 in the third row. Therefore, 


D = -(-2) 


5 

2 

4 


7 -1 
9 5 
0 -3 


This third-order determinant may now be evaluated by expanding 
according to the elements of the last row. Thus, 



= 2[4(35 + 9) - 3(45 - 14)] = 166. Ans. 


Example 2. Evaluate the determinant 

6 9-3-3 

2 7 4 -5 

18 2 3 

4 9 6 -2 
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Solution: Using Property (4), we factor 3 out of the first row to 
obtain 

2 3-1-1 

o 2 7 4-5 

18 2 3 

4 9 6 -2 

We next use Property (6) to reduce to zero all except one of the elements 
of the first row. It is convenient to retain the element — 1 in the last 
position. We add twice each element in the fourth column to the 
corresponding element in the first column. This procedure gives the 
result 


2 + 2( — 1) 

3 

-1 

-1 


0 

3 

-1 

-1 

2 + 2( — 5) 

7 

4 

-5 

— 3 

-8 

7 

4 

-5 

1 + 2(3) 

8 

2 

3 

— o 

7 

8 

2 

3 

4 + 2(-2) 

9 

6 

-2 


0 

9 

6 

-2 


Next, add three times each element in the fourth column to the corre- 
sponding element in the second column : 


0 

3 + 3(— 1) 

-1 

-1 


0 

0 

-1 

-1 

-8 

7 + 3 ( — 5) 

4 

-5 

_ Q 

-8 

-8 

4 

-5 

7 

8 + 3(3) 

2 

3 

— O 

7 

17 

2 

3 

0 

9 + 3( — 2) 

6 

-2 


0 

3 

6 

-2 


Subtract each element of the fourth column from the corresponding ele- 
ment in the third column : 



0 

0 

-1 - 

(-i) 

-1 


0 

0 

0 

-1 

3 

-8 

-8 

4 - 

(-5) 

-5 

= 3 

-8 

-8 

9 

-5 


7 

17 

2 - 

(3) 

3 


7 

17 

-1 

3 


0 

3 

6 - 

(-2) 

-2 


0 

3 

8 

-2 


It is now comparatively simple to complete the expansion of the determi- 
nant. First, expand by minors according to the first row to obtain 


3[-(-D] 


-8 -8 9 

7 17 -1 

0 3 8 


Then expand this third-order determinant by minors according to the 
first column 

3[ — 8(136 + 3) - 7 (-64 - 27)] = -1425. Ans. 
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In the preceding problem, we reduced all except one element of the 
first row to zero by making use of the element — 1 in the fourth column. 
The advantage of having 1 or — 1 as an element of the determinant is 
apparent. If no element in the determinant is 1 or — 1, we may obtain 
such an element by using the same type of transformation as in Exam- 
ple 2. As an illustration, suppose two elements in the same row are 5 
and 7, respectively. We may subtract 5 from 7 to obtain 2; then, we 
may subtract 2 twice from 5 to obtain 1. This procedure carried out 
on the two columns involved will yield an element 1 in place of the 
element 5. From this point on, the procedure is as in Example 2. 
Before attempting to evaluate any determinant, the student should 
inspect it with care in order to discover an efficient procedure. 

EXERCISES 111 


Evaluate each of the following determinants: 


1. 

9 

1 

7 

6 

2. 

7 

5 

2 

4 


2 

14 

2 

1 


1 

2 

3 

1 


-1 

7 

-1 

3 


3 

-4 

-8 

3 


3 

-3 

2 

4 


-5 

-3 

1 

-2 

3. 

2 

5 

3 

0 

4. 

5 

3 

1 

7 


1 

4 

1 

3 


8 

6 

3 

5 


-4 

2 

-1 

3 


-6 

2 

4 

-9 


3 

2 

-2 

1 


7 

5 

6 

7 

5. 

4 

6 

4 

3 

6. 

3 

2 

1 

6 


3 

1 

-7 

8 


1 

-3 

-6 

-4 


2 

3 

-1 

4 


2 

-4 

2 

1 


0 

2 

-4 

-3 


-4 

6 

19 

9 

7. 

-2 

-5 

3 

-7 

8. 

6 

-2 

5 

-1 


7 

3 

8 

-1 


2 

3 

1 

-2 


9 

15 

-10 

25 


-7 

1 

-5 

3 


8 

5 

-3 

13 


4 

2 

3 

4 

9. 

0 

0 

0 

d 

10. 

e 

/ 

h 

9 


0 

0 

c 

X 


h 

/ 

e 

9 


0 

b 

e 

y 


e 

9 

h 

f 


a 

f 

9 

z 


h 

9 

e 

f 

11. 

1 

r 

s 

t 

12. 

0 

- a 2 

a 

1 


a 

1 

0 

0 


a 2 

a 

1 

0 


b 

0 

1 

0 


a 

1 

0 

-a 2 


c 

0 

0 

1 


1 

0 

a 2 

a 
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13. 

X 

y 

z 

1 



14. 

x 2 + y 2 

X 

y 

1 



3 

2 

6 

1 




10 

. 1. 

3 

1 



6 

1 

3 

1 




10 

3 

1 

1 



2 

2 

5 

1 




13 

2 

3 

1 


15. 

3 

2 

3 

2 

-1 


16. 

1 4 

-1 

2 


3 


2 

1 

3 

1 

0 



2 5 

1 

3 


4 


1 

-2 - 

■1 

0 

1 



1 -1 

2 

-2 


-1 


-1 

0 - 

3 

-1 

2 



2 1 

4 

-3 


1 


0 

-1 

2 

1 

1 



3 -2 

4 

1 


2 

17. 

The principal diagonal of a < 

determinant is the diagonal running 

the upper left 

corner 

to the lower right 

corner. Show that the value 


determinant is equal to the product of the elements in. the principal diagonal 
if all of the elements lying on one side of that diagonal are zero. 

18. If none of the coefficients in the equation 

a^x b + ai£ 4 + atfc? + a 3 x 2 + d\x + a& = 0 


is negative, it may be shown by methods beyond the scope of this book that 
the equation has only negative real roots or imaginary roots with negative 
real parts if the following three determinants all have positive values. 


di 

do 


d\ 

do 

0 


dl 

d Q 

0 

0 

dz 

02 


d 3 

d2 

di 

) 

d 3 

d2 

di 

CJo 




d§ 

d\\ 

a 3 


d 3 

d\ 

dz 

d2 







0 

0 

d h 

d\ 


Use this result to show that each of the following equations has only negative 
real roots or imaginary roots with negative real parts : 

(a) z 5 + 3z 4 + 5z 3 + 6z 2 + 2z + 2 = 0 

( b ) x b + 2z 4 + 7z 3 + 4x 2 + 6x + 1 = 0 

1 36. The Solution of a System of Linear Equations 


The student has undoubtedly surmised that n linear equations in n 
unknowns can be solved by means of determinants in a manner similar 
to that used for systems of two and three unknowns. It will be seen 
from the following discussion that this guess is not very difficult to verify. 

For the sake of definiteness, we shall fix our attention on four equa- 
tions in four unknowns. However, the student should observe that the 
argument is perfectly general and may be used for n equations in n 
unknowns. 

Let the unknowns be denoted by Xi, x*, x 3 , and x 4 , and consider the 
system 

dnXi -b CI12X2 H" di 3 x 3 ~b dux 4 = k\j 
d2lX\ “b d22.X2 + d2$X 3 “b &24#4 = &2j 

I (1) 

d 3 \X\ “b d 3 2X2 “b ^33^3 “b &34#4 = k 3 , 
a 4 i.ri -b ^42^2 ~b 0 43 . 1' 3 ~b d\\X\ = k\, y 
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We shall denote by D the determinant of the coefficients on the left sides 
of the equations in (1) ; A will denote the determinant obtained from D 
by replacing the coefficients of x\ by the corresponding k 1 s; A, A, and 
A will denote, similarly, the determinants obtained by replacing the 
second, third, and fourth columns, respectively, by the k’ s. We pro- 
pose to show that, if D ^ 0, the solution of the system (1) is given by 


A 


Do 


D 3 


Xl = — , X 2 = — , £3 = — , £4 = 


Di 
D ' 


We make use of Property (7), page 393, in order to eliminate all except 
one of the unknowns from the system. For example, suppose we choose 
to eliminate all except X\. Then, we may multiply the first equation by 
M ii, the second equation by —M 2 1 , the third equation by Mzi, and the 
fourth equation by — Mu. (Recall that Mij stands for the minor of 
an.) Next, we add the four resulting equations to obtain 

D • x i = Di. 

This follows from the fact that the sum of the coefficients of x\ is 
aiiMn — a 2 \Mo\ + aziMzi — auMuy 

which is the expansion of D by minors according to the elements of the 
first column. The sum of the coefficients of x 2 is the preceding expres- 
sion with the first-column a’s replaced by the second-column a 1 s. Hence, 
by Property (7), this sum is zero. Similarly, the sum of the coefficients 
of Xz and the sum of the coefficients of x 4 are each zero. The sum of the 
terms in the right members is the preceding expression with the first- 
column a’s replaced by the corresponding k’s. This sum is an expansion 
by minors of the determinant which we agreed to denote by D\. 

By using the minors of the respective a’s in the second column and 
prefixing the correct sign in each equation, we obtain, in a similar manner, 
the equation 

D • x 2 = Do. 

The corresponding procedures for the third and fourth columns, respec- 
tively, yield 

D • Xz = Dz y 

and D • Xi = D 4 . 

From the method of procedure, it follows that any solution of the 
given system of equations must also be a solution of the following 
system : 

!) . Xl = D h D • .to = 7)o, D • xz = Dz, D • .r 4 = A; (2) 
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for in the derivation of (2), we have used only the legitimate operations 
of multiplying both members of an equation by the same constant and of 
adding equations member by member. 

Now, if D 9^ 0, the solution of the system (2) is obviously 

L\ Dz Z ) 4 

x i = ^ = Xz = > Xa = ~D ’ D 7 * 0 . (3) 

We see in this case that the system (1) may have not more than one 
solution, that given by (3). That this set of values is actually the de- 
sired solution may be verified by direct substitution into the system (1). 

If D — 0 and any one of A, A, D 3 , and A is different from zero, 
the given system has no solution, and the equations are said to be 
inconsistent; for suppose that D — 0 and A 5^ 0, then, if ( x[ , x' 1} x' z , £ 4 ) 
were a solution, we should have from (2) 

D • x[ = A, 

that is, 0 • x[ = D h 

But this is impossible if D x 0. 

If D = 0 and A = D 2 = A = A = 0, the system may or may not 

have solutions. A complete treatment of this situation is beyond the 

range of our discussion. 

As we noted previously, the methods we have used to obtain the 
solution of four equations in four unknowns are quite general; the 
corresponding results may be found by means of the same argument 
for n equations in n unknowns. 

Example 1. Use determinants to solve the following system for y : 
x + 2y — 2z + w = 0 , 

2x — 3y — 2z — w = 2, 
x + 3 y + z + w = 7 , 

3x + y + z — 2w = 1 . 

Solution: 

12-21 



3 11-2 

10-21 



3 11-2 


and 


= - 98 . 
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Thus, 

Example 2. 


Dy 

y= D 


Show that the 


Solution : We find 
D 

and D x 


2x 

Sx 

1 

2 

3 

6 

1 

8 


Therefore, the given system 


-98 

49 


= — 2. Ans. 


following system is inconsistent: 
+ 2y — Sz = G, 

- V + 2=1, 

+ y - 2z = 8. 


2 

-1 

1 

2 

-1 


— 3 
1 

-2 

-3 

1 


= 0, 


= - 1 ^ 0 . 


1 -2 
is inconsistent. 


EXERCISES 112 

Use determinants to solve each of 
check your results. 

1. w + Sx — y + 4z = 5 
2w — x + 2y + z = 4: 

+ 4x + 3y + 2s = 0 
3w — 2x ~h y — z = —5 

3. 2r — s T - t -J- u = 2 
r + 2s + 2^ — u = 7 
r + 5* - 4u = -2 
3s + 2t - 3u = 0 

■6. a 4~ 6 -J- 2c -(- 3d = 4 
3a — 46 4~ 8c d - 3d — 8 
ci 4~ 26 — 4c — 3d = — 2 
4a 4- 56 - 2c 4- 6d = 7 

7. 2A+B + C- D= -3 
A-25 + C- £ = l 
341 - B - 3D + 2£ = 2 
A4-C-£> + £ = 6 
£-C'4-2Z) + E = 6 


the following systems. Do not fail to 


2. r + s 4- t + u = 6 
2r 4- s — t — 3u = 2 
r — 3s — 2t — u = 2 
3r — 5s 4- 2J 4- 2u = 9 

4. w + 2x — 3y — 4s = 1 

4- 5x — 2y 4- 2s = —4 
w 4- 3z 4- 2y — z — 10 
3u> — y 4- 32 = 2 

6 . 2A 4- 4 £ + 3C + 3D = 2 
3A - 3B + C 4- 2D = 1 
A 4- 2# — C 4- 5Z) = -2 
3A 4- 2C — 4Z> = 5 

8. 3v — 2w 4- z 4- y 4- 2z = 1 
2i> 4- tc 4- 2x — 3y 4- z = 0 
v — w-\-x — 2y — z = —7 
v + w + x-\-y + z =1 7 
v 4- 4w — 2x 4- 2?y 4- 3z — 6 


Show that each of the following systems of equations is inconsistent: 

9. 2r 4- s - 3t = 4 10. 3x 4- 2y 4- 2 = 5 

r — 2s — t = 6 2x + y — 2z = 4 

4r 4- 7s — 7t = 12 z — 02 = 15 
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11. 5m - 3v + 2w = 6 12. 6r + 7s — = 0 

4u + 2v — 3w = — 10 r + s + 32 = 3 

u + 17v - ISw = 7 4r + 5s - 112 = -2 
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There are certain applications of algebra where it is necessary to 
consider linear systems with the number of equations not equal to the 
number of unknowns. 

We should not generally expect to find that a system with more 
equations than unknowns has a solution. For in order to have a set of 
numbers satisfy more conditions than there are numbers, some kind of 
consistency relation must hold among the conditions. We shall investi- 
gate this situation for the case where the number of equations is one 
more than the number of unknowns. 

To be specific, consider the system 

aix + biy = ci, 


We assume that 


d 2 x + b 2 y = C2, 
a z x + b z y = c 3 . 


d\ b\ 
CL 2 b 2 


^ 0 , 


so that we may solve the first two equations for x and y. In order for 
the system to be consistent, this solution must satisfy the third equation. 
The substitution of the values for x and y in the third equation yields 


Cl 

b. 


(h 

Ci 

C 2 

b* 

+ b z 

d 2 

c 2 

dl 

h 

di 

b 1 

d 2 

b 2 


d 2 

62 


We may multiply both sides by the determinant in the denominator and 
simplify to obtain 


a 3 


61 

b 2 


Ci 

c 2 



Cl 

C 2 


+ Cz 


dl 

d 2 


b 1 
b 2 


= 0 . 


The left member of this equation is the expansion of 


dl 

b 1 

Cl 

d 2 

b 2 

c 2 

dz 

b 3 

Cz 
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Hence, this third-order determinant must be zero if the system has a 
solution. 

On the other hand, if this determinant is zero, the system may or 
may not be consistent, as can be seen from a consideration of the three 
equations 

x + 2y = 1, 
x + 2y = 2, 


Here, we have 


x + 2y = 3. 


1 2 
1 2 
1 2 


1 

2 

3 


= 0. 


In this illustration, however, no two of the three equations are consistent; 
that is, it is not possible for the same expression x + 2 y to have two of 
the values 1, 2, and 3 simultaneously. 

Note: For the sake of simplicity, we have assumed that one of 
the second-order determinants formed from the coefficients of two of the 
three equations is not zero. It can be shown that the final result is valid 
without this assumption. 

It may be proved in the general case that if n linear equations in 
n — 1 unknowns have a solution , then the nth order determinant formed 
from the array of coefficients and the column of constant terms is zero. The 
converse of this statement is not correct, as is seen from the preceding 
example. 

We shall consider next a system that has more unknowns than 
-equations. Usually such a set of equations has an unlimited number of 
.solutions. For example, the system 

aix + bi y + ciz = d h 


with 


a& + boy + CoZ = d‘ 2) 


ai 
CL 2 


bi 

bo 


9* 0, 


may be written 


aix + b\y = di — Ciz, 


Uox + boy — do — Coz. 

The value of z may now be arbitrarily assigned, and the system will 
have a solution corresponding to each assigned value of z. 
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138. Homogeneous Linear Equations 

A linear equation in which the constant term is zero is called a 
homogeneous linear equation. Let us consider the following set of n 
homogeneous linear equations in n unknowns: 

CLnX\ + 0,12X2 + • • • + Oi n X n = 0 , 

02 \X\ + 022X2 + * • • + 02 n X n = 0 , 


O n \X\ + O n 2X2 + • • • + o nn x n = 0 . 


This system always has the so-called trivial solution 
xi = 0, x 2 = 0, • • • , x n = 0, 

as can be seen by inspection. It is also clear that, if the determinant of 
the coefficients is not zero , there is only the one solution , since each of the 
determinants obtained by replacing a column of a’ s by the constant 
terms has a column of zeros and is therefore zero. 

However, it is shown in higher algebra that if D = 0, the system of 
homogeneous equations always has nontrivial solutions. 

An important instance, which frequently occurs, involves a system 
of the type 

aix + hiy + ciz = 0, 
a 2 x + h 2 y + c 2 z = 0. 


By introducing a third equation, 0-:r + 0- ?/ + 0*2 = 0, we may 
consider this system of three equations as belonging to the present 
discussion. 

We shall show that 


x = k 


hi 

h 2 


Ci 

C2 


,y = -k 


a i 
02 


Cl 

c 2 



hi 

h2 


is a solution of Equations (1) for any value of k. By substituting these 
three values into the left side of the first of Equations (1), we obtain 


k 



hi 
h 2 


Cl 

C 2 



Cl 

C2 


+ Cl 


a\ 

02 


hi 

h 2 


The expression in braces is the expansion of the determinant 


ai 

bi 

Cl 

ai 

Ih 

Ci 

a 2 

h2 

C2 


404 Determinants 


[Ch. 19 


which is zero since the first two rows are identical. Hence, the first of 
Equations (1) is satisfied. It can be shown in the same manner that 
the second equation is also satisfied. 

Example 1. Solve the equations 

2x + 3 y + z = 0, 


Solution : 


x = k 


3 

-4 


2 

1 


y = -Jc 
z = k 

Example 2. Solve the equations 


x — 4y + 3z = 0. 

= 13fc, 

= —5k, 

= —Ilk. Arts. 


2 3 

1 — 4 


x + 2y + 3z = 0, 

a) 

5x — y — 2 = 0, 

(2) 

3x — 5y — 7z = 0. 

(3) 


Solution: Since 


D = 


1 2 3 

5 -1 -1 

3 -5 -7 


= 0, 


the system has nontrivial solutions. 

Multiply both members of Equation (1) by 2 and subtract, member 
by member, from Equation (2) to obtain 


3x — 5y — 7z = 0. 


Since this result is the same as Equation (3), we see that any simultane- 
ous solution of (1) and (2) will satisfy (3). Hence, we may follow the 
method of the preceding example using Equations (1) and (2) only. 
This gives 


x = k 
y = -k 


2 

-1 

1 

5 


3 

-1 

3 

-1 


= k, 

= 1 Qk y 


z = k 


1 

5 


2 

-1 


= — 1 Ik. Ans. 
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It can be shown that, if the determinant of the coefficients of three 
linear homogeneous equations in three unknowns is zero, and if none of 
the left members is a mere numerical multiple of one of the other left 
members, the solutions may always be found from any two of the three 
equations by using the method of Example 1. 

EXERCISES 113 


For each of the following systems of equations, find the nontrivial solutions 
if there are any: 


1. 2x + y — 4z = 0 
x — 3y + z = 0 

3. 3u — 2v + 4w = 0 
2u + 5v — 3k; = 0 

5. 2x + y — 3z = 0 
x — 2y — z = 0 
4x + ly — 7z = 0 

7. 5+ - 2B + 7C = 0 
3+ + 4B + 6(7 = 0 
26 B + 9(7 = 0 

9. 2r — 3s — St = 0 
5r — 2s — 3* = 0 
3r + 3s + 112 = 0 


2. 3+ + 4B — C = 0 
A - 2B - C = 0 

4. r + 5s — 2t = 0 
4r — s + 7t = 0 

6. 6w + 7v — 5w — 0 
u + v + Sw = 0 
4u + 5i> — llw = 0 

8. x — 3y -\r 4z = 0 
2x — 5y + 2z = 0 
5x + y — = 0 

10. 4A - 5B - 2(7 = 0 
6A — 7B - 3(7 = 0 
2A - 4B - C = 0 


In each of the following examples, find the value, or values, of m for which 
the given system has nontrivial solutions. Then, find these solutions. 


11 . 2mA -SB-2C = 0 
3mA + B + 2(7 = 0 
3A + 7B + 6(7 = 0 

13. Su + 5v — 5w = 0 
2 mu + 3v — w = 0 
2u + v — mw = 0 


12. 3r - 7s + 2t = 0 
mr — 2 ms + 32 = 0 
It — 11s + 62 = 0 

14. x - 4y + 132 = 0 
mx + 2y — z = 0 
2x — y + 2 mz = 0 


Find solutions, when they exist, for each of the 
equations : 

following systems of 

15. 2x + y = 1 
3x -\- 2y = —1 
7x + 3y = 6 

16. u + 4f = 18 
3w — v = 2 
2u + 3v = 10 

17. x + 3y = 1 
2x — y = 5 
4x + 5y = 4 

18. 2r + 4s = -7 

3r - 5s = 17 

5r — 3s = 15 

19. 8x + = 1 

3x + by = 3 
5x + 3y = 1 

20. 5.4 + 2B = 4 
2A + 45 = 5 
3A + 5 = 2 

21. 3z + y — s = 4 
x — 2t/ + 9z = 6 

22. 4r - 3s + 42 = -3 
r + 2s - 102 = 13 

23. 10+ + 3B - C = 1 
12+ + 5 B + 3(7 = 4 

24. 2x - 9y + 14z i - 5 
4x + 3?/ — i z = 11 


Chapter ^(Q) 


PSMOTftTOIKli* CMIMIRTIOKIS. 
reilB^IQUTY 


The* topics of permutations and combinations find one of their most 
important applications in the subject of probability. The theory of 
probability is itself fundamental in the study of statistics, which in turn 
is the basis for important branches of the natural sciences, as well as 
being the foundation of the modern business of life insurance. 

Furthermore, many questions both interesting and instructive may be 
answered by application of the fundamental ideas of permutations, 
combinations, and probability. 

Although it is impossible to give an extensive treatment of these 
topics in a few pages, some of the elementary aspects will be discussed. 

139. The Fundamental Principle 

We shall illustrate the reasoning on which the work of this chapter 
is based by a simple example. Suppose that in going from city A to 
city C, it is necessary to pass through city B. Suppose further that it is 
possible to go from A to B by four different routes and from B to C by 
three different routes. Then, the total number of different routes from 
A to C is 3 • 4 = 12. For, we may go from A to B in any one of four 
different ways, and for each of these ways there are three ways of going 
from B to C. 

Since this reasoning may be applied in general, we state it in the 
following form: 

Fundamental Principle: If an act may be performed in any one of m 
different ways , and if, after it is done, a second act may be performed in any 

406 
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one of n different ways , then the total number of ways in which the two acts 
may be performed in the stated order is mn. 

Clearly, the same reasoning may be extended to include any number 
of successive acts. 

Example 1 . In how many ways can five boys and four girls form boy 
and girl couples? 

Solution: Any one of the five boys may be chosen for the first 
member of a couple, and, after this is done, any one of the four girls 
may be chosen for the boy's partner. Hence, by the fundamental 
principle, the total number of different couples possible is 

5 • 4 = 20. Ans. 

Example 2. How many three-digit integers less than 500 can be formed 
from the digits 1, 3, 5, and 7 if repetition of digits is not allowed? 

Solution: The hundreds' place may be filled in either one of two ways, 
namely, by the digits 1 or 3, as the number is to be less than 500. The 
tens' place may then be filled in any one of three ways, namely, by any 
one of the three numbers that are left. And, after making a selection 
for the tens' place, the units' place may be filled in any one of two ways. 
Hence, the total number of different ways in which all three places can 
be filled is 

2 • 3 • 2 = 12. Ans. 

Example 3. For the data in Example 2, how many numbers can be 
formed if repetition of digits is allowed? 

Solution; As before, the hundreds' place may be filled in any one of 
two different ways; however, with repetitions allowed, the tens' and the 
units' places may each be filled in any one of four different ways. Hence, 
the total number of different ways in which all three places can be 
filled is 

2 • 4 • 4 = 32. Ans. 


EXERCISES 114 

1. Three clubs have twelve, fourteen, and fifteen members, respectively. 
How many committees of three people each can be picked if all three organiza- 
tions are to be represented on each committee? 

2. From the top of a mountain there are four ski runs to a warming house, 
and from this shelter there are seven more runs to the bottom of the mountain. 
In how many ways is it possible to ski the entire length of the mountain? 
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3. A person purchasing an automobile from a certain company has a 
choice of four body styles, a choice of two motors, and a choice of 10 colors. 
In how many ways is it possible to choose a car? 

4. Nine persons apply for three different positions. In how many ways 
can these positions be filled? 

5. If there are twelve entries in a contest, in how many ways can first, 
second, and third prizes be awarded? 

6. In how many ways can a person enter a dormitory and leave by a 
different door if there are eight doors? 

7. In how many ways can three persons enter a stadium that has ten 
gates if no two of the persons choose the same gate? 

8. In throwing three dice, in how many ways can they fall? (Consider 
each die separately.) 

9. In how many ways can three persons enter a stadium that has ten 
gates? 

10. There are eleven boys and eight girls in a tennis club. In how many 
ways can a doubles match be arranged if each side is composed of a boy and a 
girl? 

11. How many different integers are exactly divisible into 3 3 • 5 2 ■ 7? 

12. How- many different integers are exactly divisible into 2 4 • 3 2 ♦ o 3 • 7 2 ? 

140. Permutations 

Each arrangement of a set of things, or of a part of the set, in some 
order in a straight line is termed a permutation of the set. For example, 
the set of digits 7, 8, 9 may be arranged in the following six ways, each 
of which is a permutation of the set: 

789 879 978 

/9S 89/ 98/ 

The number of permutations may be calculated beforehand by noting 
that the first place can be filled in any one of three different ways; after 
it is filled, the second place can be filled in any one of two different ways; 
and, then, the third place is filled by the remaining digit. Therefore, in 
accordance with our fundamental principle, there are 

3 • 2 • 1 = 3! = 6 

ways of permuting the three digits. 

If we have four letters x, y, z, and tc, we may have the following 
twelve arrangements of them taken two at a time: 


xy 

yx 

zx 

wx 

xz 

y* 

zy 

wy 

XIV 

yw 

zw 

wz 


§140] 


Permutations 409 


Again, the number of possible permutations can be found beforehand. 
This is accomplished by observing that the first place may be filled in any 
one of four different ways, and, after it is filled, the second place may be 
filled in three different ways. Therefore, there are 

4 • 3 = 12 

waj r s of permuting the four letters taken two at a time. 

We may arrive at the corresponding result in the general case by the 
same argument as we used in the preceding illustrations. If we have n 
different objects to be permuted k at a time, the first position may clearly 
be filled in n different ways; after making the first selection, the second 
position may be filled in n — 1 different ways, and so on; the kth position 
can be filled in n — k + 1 different ways. Hence, denoting the number 
of permutations of n different things, k at a time, by P(n, k), we have 

P(n, k) = n(n — 1) (n — 2) • • • (n — k + 1), (1) 

there being k factors in the product. 

In particular, if k = n, we obtain the number of permutations of n 
different things, n at a time, as 

P(n, n) = n(n - 1) <n - 2) • • • (2) (1) = n! (2) 

It should be emphasized that the formulas given by (1) and (2) 
apply only when the objects to be permuted are all different. 

Example 1. How many three-digit integers can be written with the 
digits 1, 2, 3, 4, 5 if no repetition of digits is allowed? 

Solution: We have five different digits to be taken three at a time. 
Therefore, the required number is 

P(5, 3) = 5 • 4 • 3 = 60. Ans. 

Example 2. How man}^ four-digit integers can be written with the 
digits 0, 1, 2, 3, 4, 5 if no repetitions are allowed? 

Solution: Since the thousands’ place may not be filled with 0, there 
are only five different digits for this position. After the thousands’ 
place is filled, there are five digits left for the other three places. Hence, 
the total number of numbers satisfying the conditions is 

5 . p(5, 3) = 5(5 • 4 - 3) = 300. Ans. 

We consider next the permutations of n things not all different, 
taking them n at a time. For example, to find the number of possible 
permutations of the letters in the word eleven, using all the letters, we 
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first mark the three e’s so that they become distinguishable, say e h e 2 , e 3 . 
The six different symbols ei, l , e 2 , v i e 3 , and n may be arranged in 

P(6, 6) = 6! 

different ways; and one of these 6! permutations is 

e\ le 2 vetfi. 

If the l, v , and n are held in these positions, the three e’s may be per- 
muted in 

P( 3,3) = 3! 

ways. However, if the subscripts attached to the e’s were erased, these 
3! permutations would be indistinguishable from each other. This 
means that to each distinct permutation with the e’s alike, there corre- 
spond 3! permutations with the e’s different. Therefore, if P is the 
number of distinct arrangements, the total number of arrangements 
with different e’s is 3 !P. But this total number is P( 6 , 6). Hence, 

3 IP = 6! 

6 ! 

or P = — = 120. 

o ! 


In dealing with a set of n things, some of which are duplicates of 
others, we may separate the like things into groups such that no group 
contains the duplicate of a member of another group. By applying the 
reasoning of the preceding paragraph, we find that the number of 
permutations of n things taken all at a time, of which n i are alike, n 2 
others are alike, and so on, is 


P = 


n! 

• 

ni!n 2 !n 3 ! * * * 


( 3 ) 


Example 3. How many distinct permutations are there of ail the 
letters in the word potato? 


Solution : We have six letters with two o’ s and two t’s; hence, For- 
mula (3) gives 


6 ! 

( 2 !)( 2 !) 


180. /Ins. 


It is sometimes necessary to consider the arrangement of objects in 
a circle rather than in a straight line. In this case, we agree that two 
arrangements are the same if one can be obtained from the other by 
rotation alone. Hence, if there are n objects, and any one of them is 
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placed, the remaining ones may be permuted in (n — 1) ! ways. Thus, 
the number of permutations of n different objects, n at a time, in a 
circle is (n — 1) !. 

EXERCISES 115 

1. Find n, if P(n, 2) = 110. 

2. If P(n + 1, 2) = 3 P(n - 3, 2), find n. 

3. Find n, if 7P(n, 2) = 12P(n - 2, 2). 

4. A president, a vice-president, a secretary, and a treasurer of an 
organization are selected from thirty members. In how many ways can this 
selection be made? 

5. There are twelve men available for the four backfield positions of a 
football team. If we assume that each of the twelve men can fill any position, 
in how many ways can these positions be filled? 

6. How many three digit numbers can be formed from the digits 1, 3, 4, 

7, 8, 9 if no repetitions of digits are allowed? 

7. How many permutations can be made of the letters in the word 
consider if four letters are taken at a time? if six letters are taken at a 
time? 

8. In how many ways can eight people be seated at a round table? 

9. In how many ways can twelve people be seated at a round table if 
two particular people sit opposite one another? 

10. In how many ways can five men and five women be seated at a round 
table so that the men and women are seated alternately? 

11. How many odd numbers, each consisting of four digits, can be formed 
from the digits 1, 2, 4, 5, 6, 8, 9 with no repetitions allowed? 

12. How many even numbers, each consisting of four digits, can be formed 
from the digits 1, 2, 4, 5, 6, 8, 9 with no repetitions allowed? 

13. How many numbers of not more than four digits each can be formed 
from the digits 3, 4, 5, 6 if repetitions are not allowed? 

14. How many numbers of not more than four digits each can be formed 
from the digits 3, 4, 5, 6 if repetitions are allowed? 

15. How many six-digit numbers can be formed from the digits 2, 4, 5, 6, 

8, 9 so that the digits 4 and 8 are not adjacent to one another? (Hint: First, 
consider the number of nonpermissible arrangements.) 

16. In how many different orders of distinctly different appearance can 
a row of five pennies, four nickels, four dimes, and three quarters be arranged? 

17. There are eleven flags that are displayed together, one above another, 
on a flagpole. How many signals are possible if four of the flags are blue, two 
are red, three are yellow, and two are white? 

18. How many distinct permutations can be made of the letters in the 
word speeders, taken all at a time? How many of these will have P in the 
first place? 
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19. How many distinct permutations can be made from the ten letters in 
the word difference, taken all at a time? 

20. How many distinct permutations of seven letters each can be formed 
from the word without if the vowels are to occupy the even places? 

21. At a football game there are three groups of people sitting in a row. 
There are eight persons in the first group, seven in the second group, and four 
in the third group. In how many ways can these people be arranged in the 
row if all the persons of the same group must be kept together? 

22. In how many ways can five different books on mathematics, four dif- 
ferent books on history, and three different books on psychology be arranged 
on a shelf so that those on the same subject shall be together? How many 
different arrangements are possible if only the books on history must be kept 
together? 

23. In how many ways can ten different flags be arranged consecutively 
on a pole so that three particular flags shall not all be together? 

24. In how many ways can ten different flags be arranged consecutively 
on a pole so that no flag of a particular group of three flags shall be next to 
any other flag of that group? 

141. Combinations 


A set of k different things selected without regard to order from a set of 
n different things is called a combination of n things, taken k at a time. 
Thus, xyz is one of the combinations of the four letters x, y } z, w taken 
three at a time. Furthermore, xyz and zyx are the same combination, 
although they are different permutations. Clearly, then, there are more 
permutations than combinations of n things k at a time. 

Since a set of k different things may be permuted among themselves 
in A;! different ways, each combination of n things k at a time must 
furnish k\ of the total number of permutations of the n things k at a 
time. Therefore, if the number of combinations is denoted by C{n, k), 
we have 

k\-C(n,k) = P(n, k) y 


C(n , ft) 


Pin, k) 
~ k\ 


_ n jn - 1) * - - jn - k + 1) 
ft! 

Example 1. How many different subcommittees of three persons each 
can be chosen from a committee of ten persons? 

Solution: Since the order in which the members of a subcommittee 
are chosen is assumed to be immaterial, we must find the number of 
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combinations of ten things taken three at a time. Hence, the required 
number is 


C(10, 3) = ™ 2 9 3 8 - = 120. Ans. 


Each time that a combination of k things is taken from a set of n 
things, a combination of n — k things is left. From this statement, it 
follows that 

C(n, k ) = C(n , n - k). (5) 


We may verify this fact directly by noting that 


C(n, k) = 


n(n — 1) • • • (n — k + 1) 
k\ 


(n-k)\ 
(n - ft) ! 


n! 


(n- fc)!fc! 


and 


C(n,n — ft) 


n(n — 1) • • • (ft + 1) k\ 
(n - k ) ! ft! 


n! 

(n - k)Tkl * 


Thus, i/ie number of combinations of n things kai a time is the same as the 
number of combinations of n things n — k at a time. 


Example 2. Find the number of combinations of twenty things taken 
seventeen at a time. 


Solution: Using Formula (5), we have 

20 . IQ . ig 

C(20, 17) = <7(20, 3) = - — = 1140. Ans. 

-L * d • (j 

Note that it is much more efficient to develop <7(20, 3) than <7(20, 17). 

In problems involving permutations and combinations, we must be 
careful to differentiate between situations according as the arrangement 
of things is, or is not, to be considered. If the arrangement is to be 
taken into account, the problem involves permutations; if the arrange- 
ment is to be disregarded, the problem involves combinations. It is 
advisable always to rely on fundamental ideas rather than on formulas; 
each problem should be carefully analyzed, and a formula should be 
used only when it fits the situation exactly. 

Example 3. In a certain county, there is to be appointed a commission 
consisting of two bankers and three engineers. If five bankers and six 
engineers are candidates for the appointments, how many different 
committees are there from which to choose? 

Solution: From the five bankers, two may be chosen in any one of 
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C(5, 2) ways. Similarly, from the six engineers, three may be selected 
in any one of C(6, 3) ways. Since any choice of the bankers may be 
combined with any choice of the engineers, the required number is 

C(5, 2) • (7(6, 3) = = 200. Ans. 

142. Combinations and the Binomial Formula 

By comparison of the formula 

n, ^ n(n - 1) ■ ■ ■ (n - k + 1) 

C(n, k ) = — 

with the coefficients in the binomial formula 
n n(n — 1) 

(a + 6) n = a n + - a n_1 6 H — — — a n ~ 2 b 2 + • • • 

1 1 * z 

n(n - 1) • • • (n - fc + 1) 

H a n k b k + • • • + a n , 

rC ; 

we see that C(n , /c) is the coefficient of the ( k + l)th term in the expan- 
sion of (a + 6)", where n is an integer. Hence, we may write 

( a + b) n = a n + C(n, 1 )a n ~ 1 b + C(n, 2 )a n ~ 2 b 2 + • • * 

+ C(n, k)a n ~ k b k + • • • + C(n, n)6 n . 

In fact, we may derive the binomial formula directly by means of 
combinations as follows: 

(a + b) n = (a + b)(a + b) • • • (a + 6), for n factors. 

Hence, each term of the final expansion may be regarded as the product 
of n letters, one taken from each factor. For example, a product 
a n-kjjk wou ld be obtained by taking a from n — k factors and b from the 
remaining k factors. It is evident that the number of ways in which 
such a product can be formed is C(n, k), the number of ways in which k 
things can be selected from n things. 

143. The Total Number of Combinations 

If in the expansion of (a + b ) n , we set a = b = 1, we get 
(1 + i)» = 2” = 1 + C(n, 1) + C(n, 2) + • • • + C(n, n), 
and, by subtracting 1 from both members, we find 

C(n, 1) + C(n, 2) + • • • + C(n, n) = 2 n - 1. 


( 6 ) 
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This formula gives the total number of combinations of n things taken 
1, 2, 3, • • • , n at a time. 

Example 1. Verify the preceding formula for n = 3 by finding the 
total number of combinations of the letters x y y , and z, taken one, two, 
or three at a time. 

3 

Solution: C(3, 1) = - = 3, 

C(3, 2) = ^| = 3, 

and C(Z, 3) = - — . ^ = 1. 

So, the total number of combinations is seven; also, if n — 3, 2 n — 1 = 7. 
The seven combinations may be written out as follows : 

x y z (1 at a time) 

xy yz zx (2 at a time) 

xyz (3 at a time) 

EXERCISES 116 

1. Evaluate (a) C(28, 24); ( b ) (7(41, 38). 

2. If P(n, r ) = 840 and C(n, r) = 35, find n and r. 

3. A sports dealer has ten new fishing rods to display. If he wishes to 
display only three rods at a time, in how many ways can he choose them? 

4. In how many ways can five committeemen be selected from a group 
of eleven men? 

5. A ski club has fifteen men who desire to be on a five-man ski team. 
Find the number of different ski teams that can be formed. 

6. If twenty-eight people all shake hands with one another, how many 
handshakes are there? 

7. How many five-man basketball teams can be formed from a squad of 
sixteen players if two men can play the center position only, and each of the 
remaining men can play in any other position? 

8. There are eleven points, no three of which are in the same straight line. 
How many lines are determined by these points? 

9. From a squad of twenty men, three men can catch and three men can 
pitch. If these six men can play at no other positions, how many baseball 
nines can be formed? 

10. How many rectangles are formed by seven parallel lines intersecting 
another set of nine parallel lines which are perpendicular to the first set? 
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11. How many four-letter permutations can be formed from the alphabet 
if each permutation contains the letters a and e ? Xo repetitions are allowed. 

12. How many five-letter permutations can be formed from the alphabet 
if each permutation contains a, e, and o? Xo repetitions are allowed. 

13. A department store wishes to fill ten positions with four men and six 
women. In how many ways can these positions be filled if nine men and 
eleven women apply for them? 

14. In how many ways can a person choose five cards from a pack of 
fifty-two cards if three of them are to be clubs? 

15. From a group of eighteen men a committee of five is to be selected. 
How many different committees can be formed? On how many different 
committees can some one particular man serve? 

16. Find the total number of different weights that can be formed with 
five objects that weigh 1, 3, 5, 10, and 20 lb, respectively. 

17. What is the total number of combinations that can be made with the 
letters a, b, c, d, e, /, g, 111 

18. How many different sums of money can be formed from a penny, a 
nickel, a dime, a quarter, a half dollar, and a dollar? 

19. How many different sums of money can be formed from the coins in 
the preceding exercise if each sum consists of two or more coins? 

20. How many committees can be formed from twelve men if each com- 
mittee must consist of at least three men? 

21. How many diagonals does a polygon of eight sides have? of n sides? 
(A diagonal is a line joining two nonadjacent vertices.) 

22. A committee of five men is to be chosen from among eleven men. If 
a certain two men cannot serve on the same committee, how many committees 
can be formed? 

23. A committee of five men is to be chosen from among eleven men. If 
a certain two men must serve on the same committee, but do not have to 
serve on all committees, how many committees can be formed? 

24. In how many ways can ten objects be divided into two equal groups? 

25. In how many ways can ten objects be divided into two groups? 

26. A pack of fifty-two playing cards is divided into four hands of thirteen 
cards each. If the order of the hands is taken into account, in how many ways 
can this be done? 

27. In how many ways can ten different planes be distributed among five 
airfields so that each field receives two planes? 


144. Probability 

If a nickel and a dime are tossed, they may fall in any one of four 
different ways: both heads up; both tails up: nickel tails up, and dime 
heads up; or, nickel heads up, and dime tails up. So far as we know, 
any one of these falls is as likely to occur as any other. We say, there- 
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fore, that the probability of two heads is the probability of two tails is 
x, and the probability of one head and one tail is -§■ or J. 

The mathematical measure of probability is defined in the following 
way: 

Mathematical Probability: If on any trial , an event can happen in any 
one of m ways and can fail to happen in any one of n ways , and if these 
m + n ways are all equally likely, then the probability of the event happening 
is 

m 

p - — 9 

m + n 

and the probability of its failing to happen is 

n 

q = • 

m + n 

For example, when two coins are tossed, there are four ways in 
which the coins may fall. In three of these ways, at least one head 
occurs; and, in the remaining one way, heads fail to occur. Hence, the 
probability that at least one head will turn up is 

3 3 

V ~ 3 + 1 “ 4 * 

The probability that heads fail to occur is 

1 _ 1 

q ~ 3 + 1 ~ 4' 

If follows from the definition that, if an event is certain to happen, 
its probability of happening is 1 ; and, if it is certain not to happen, its 
probability is 0. If it is certain that an event will either happen or fail 
to happen, the sum of the probabilities of success and failure is 1. 

In many important instances it is impossible to make an analysis 
of an event so that the number of equally likely ways in which it can 
happen or fail to happen is known. However, it may be possible to 
observe a large number of trials of the event and to record the number 
of successes and failures. The ratio of the number of successes to the 
total number of trials is then called the relative frequency of occurrence 
of the event. If the number of trials is quite large, we assume that 
the relative frequency is approximately equal to the probability and 
may be used in place of it. To distinguish this type of probability 
from mathematical probability, the name empirical probability is some- 
times used. 
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For example, suppose an inspector examines a sample lot of 1000 
small machine parts and finds 25 defective pieces. On the basis of this 
experiment, we should say that the empirical probability of a part being 
defective is or 0.025. In this situation, there is no practical 

possibility of determining the mathematical probability. 

As another important example of empirical probability, it may be 
noted that until recently insurance companies based their computations 
on the American Experience Table of Mortality . This table gives the 
number of persons surviving at various ages out of an initial group of 
100,000 alive at ten years of age. The following items are taken from 
this table: 


Mortality Table 


Age 

Number Living 

Age 

Number Living 

10 

100,000 

60 

57,917 

20 

92,637 

70 

38,569 

30 

85,441 

80 

14,474 

40 

78,106 

90 

847 

50 

69,S04 

100 

0 


We see that, of the group of 100,000 persons alive at ten years of age, 
69,804 were still alive at age fifty. Hence, the probability of a child of 
age ten living to age fifty is taken as 

69,804 

= 0.698 approximately. 

100,000 

Example 1 . Calculate from the preceding table the probability that a 
person of age twenty will die before age thirty. 

Solution: We read from the table that of 92,637 persons alive at age 
twenty, 85,441 are still alive at age thirty. Therefore, the number 
dying between ages twenty and thirty is 

92,637 - 85,441 = 7,196, 


and the required probability is 


7,196 

92,637 


0.0777 approximately. Ans . 


The remaining fundamental ideas in our discussion of probability 
will be dealt with in connection with examples. 
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Example 2. Find the probability of throwing an 11 in one trial with a 
pair of dice. 

Solution: Each die can fall in six different ways; so that a pair of dice 
can fall in 6 • 6 = 36 ways. Of these ways, the sum 11 is obtainable in 
only two ways : 6 and 5 or 5 and 6. Hence, the required probability is 
-h or iV Ans. 

We may also reason as follows: One of the dice can turn up a 5 or a 6 
in two ways, and the probability that this event will happen is f . If one 
of these numbers comes up, the second die can fall in only one way to 
give the sum 11. The probability that the second die falls favorably is, 
therefore, Consequently, the probability that an 11 will be thrown is 

t * tV as before. 

The reasoning in Example 2 illustrates the general principle: If the 
probabilities of the occurrence of n independent events are pi, p 2 , • • • , p n , 
respectively , then the probability that all the events will occur is 

P = Pi ‘ P2 Pn* 

Example 3. From a box containing five black balls and three white 
balls, 3 balls are drawn in succession. Find the probability that all are 
white (a) if each ball is returned to the box before the next is drawn; 
(b) if the balls are not returned to the box. 

Solution: (a) The probability of getting a white ball on any drawing 
is |; and each of the three drawings is independent of the other two. 
Hence, the required probability is 

f * f * t = ~s~r 2 = 0.0527 — . Ans. 

(5) The probability of getting a white ball the first time is f . If a 
white ball is drawn, the probability of getting a white ball the next time 
is f; and if the second white ball is drawn, the probability of drawing a 
white ball on the third trial is Therefore, the required probability is 

f • f • i = tb- = 0.0179-. Ans . 

The next example deals with mutually exclusive, rather than inde- 
pendent, events. 

Example 4. Four coins are tossed. What is the probability that (a) 
all four will turn up alike? ( b ) at least two will be heads? 

Solution: (a) The total number of ways in which four coins can fall 
is 2 4 = 16. Of these ways, only two are favorable, that is, all heads or 
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* all tails. Hence, the required probability is 

= i* *4 ns. 

Also, the probability of getting all heads is and the probability of 
getting all tails is iV Notice that the answer to part (a) is + rV = i- 
(6) In order to calculate the probability that there will be at least 
two heads, we may use the following analysis: There is one way of 
getting all heads; and there are (7(4, 3) ways of getting three heads and 
C (4, 2) ways of getting two heads. Hence, the number of ways of 
having at least two heads is 


1 + (7(4, 3) + (7(4, 2) = 1 + 4 + 6 = 11. 

Thus, the required probability is Ans. 

In part (5), the probability of all heads is Yt, of three heads is 
(7(4, 2) 


(7(4, 3) 
16 


and of two heads is 


16 


As in part (a), our answer is again 


obtained by adding these three probabilities. 


The argument in Example 4 may be used in general to demonstrate 
the principle: If the probabilities of the occurrence of n mutually exclusive 
events are pi, p 2 , • ♦ • , p n , respectively , the probability that one of these events 
will occur is 

P = Pi + p2 + * * • + Pn- 


Example 5. A box contains five white balls and three black balls. 
Find the probability that, in four successive drawings, (a) exactly one 
white ball will be obtained; ( b ) exactly two white balls will be obtained; 
(c) that either one or two white balls will be obtained. The balls are 
returned to the box after each trial. 

Solution : (a) Suppose that the white ball is to be obtained in the first 
drawing; the probability of this occurrence is f. Also, the probability 
that a black ball is drawn in any trial is |. Therefore, the probability 
that one white and three black balls are drawn in the stated order is 
(f)(1) (I) (I) = (f)(1) 3 - Evidently, this result is the probability of 
getting exactly one white ball regardless of the order in which the colors 
are assumed to be drawn. Since there are (7(4, 1) = 4 different posi- 
tions in which the white ball may be drawn, the required probability is 


C(4, 1) 


/5\/3Y 

Ww 


135 

1024 


0.132 — . Ans. 
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(6) As in part (a), we see that the probability of drawing exactly two 
white balls in any chosen position in four drawings is (f ) (f ) (f ) (I) or 
(I ) 2 (f) 2 - Furthermore, the number of ways in which the positions of the 
white balls can be chosen is C( 4,2) = 6. Any of these positions is 
permissible; therefore, the probability that exactly two white balls will 
occur is 


C( 4, 2) 



675 

2048 


0.329+. Arts. 


(< c ) Since the occurrence of exactly one white ball and the occurrence 
of exactly two white balls are mutually exclusive events, the probability 
that either one or two white balls occur is the sum of the answers to 
parts (a) and ( b ) : 


135 675 _ 945 

1024 + 2048 “ 2048 


0.461 + . Ans. 


EXERCISES 117 

1. Five judges for a certain contest are to be picked at random from a 
group of 50 people. What is the probability that a certain person in the 
group will be chosen? 

2. Twelve persons are paired at random to play in a singles tennis 
tournament. What is the probability that two particular players will be 
paired with one another? 

3. Eleven persons are to be seated at a round table. What is the 
probability that two particular persons will sit together? 

4. A small coin bank contains seven dimes and nine quarters. What is 
the probability of shaking two dimes in succession out of the bank? 

5. A committee of five is to be chosen at random from ten boys and 
eight girls. What is the probability there will be three boys and two girls 
on the committee? 

6. A committee of seven is to be chosen at random from twelve men and 
eleven women. What is the probability that there will be four men and three 
women on the committee? 

7. Find the probability of throwing a 9 in a single throw of two dice. 

8. Two cards are drawn from a suit of thirteen cards. Find the probabil- 
ity that the ten and jack are drawn. 

9. What is the probability of throwing at least a 4 in two throws of a die? 

10. If five coins are tossed, what is the probability that exactly three of 
them are heads? 

11. In throwing a die five times what is the probability that an ace will 
turn up exactly two times? 
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12. A baseball player has a batting average of 0.300. Find the probability 
that he will get exactly three hits out of four times at bat. 

13. In a rifle club, .4 is able to hit the bull's-eye 9 times out of 10; B, 85 
times out of 100; and C, 95 times out of 100. What is the probability of 
their hitting the bull's-eye at least once if they shoot simultaneously? 

14. If thirteen coins are tossed, what is the probability that at least five 
of them will be tails? 

15. If ten coins are tossed, what is the probability that at least six of them 
will be heads? 

16. What is a person's chance of throwing an 8 or higher in a single throw 
of two dice? 

17. What is the probability that of four cards drawn from a deck of 
fifty-two cards three will be hearts and one will be a diamond? 

18. From a box that contains eight red balls and six white balls, five balls 
are taken at random. What is the probability that all the balls are red? 
What is the probability that at least three are red? 

19. A person draws three cards from a suit of thirteen cards. What is 
the probability that a face card is not drawn? What is the probability that 
one or more face cards are drawn? What is the probability of drawing all 
face cards? 

20. If four blue books, six green books, and five red books are placed at 
random on a shelf, what is the probability that the blue books will all be 
together? 

21. If four blue books, six green books, and five red books are placed at 
random on a shelf, what is the probability that at least three green books 
will be together? 

22. Find the probability that a man forty years old will be dead twenty 
years later. (Refer to the mortality table on page 418.) 

23. Find the probability that a child ten } r ears old will die in the next 
thirty years. Also find the probability that he will live for at least thirty 
years. 

24. What is the probability that a person twenty years old will live to be 
thirty and die before he reaches sixty? 

25. What is the probability that five persons thirty years old will all be 
alive ten years hence? At least three will be alive? 


Chapter 


l?lr)ro@IL 


145. Introduction 

In the more elementary portions of algebra, the student learns how 
to combine a group of simple algebraic fractions joined by plus and 
minus signs into a single fraction. It is easy to show, for instance, that 

2 1_ _ x + 3 

x — 1 x + 1 x 2 — 1 

The reverse process of decomposing a fraction into a sum of simple 
fractions is frequently of importance in more advanced work, notably 
in the calculus. Each of the simpler fractions occurring in this process 
is called a partial fraction, and the process itself is called decomposition 
into partial fractions. Thus, in the preceding illustration, the two 
fractions on the left, 2/ (x — 1) and — l/(x + 1), are the partial frac- 
tions corresponding to the fraction (x + S)/(x 2 — 1). 

We shall be concerned entirely with rational fractions having real 
coefficients, that is, with fractions of the type 

a 0 x m + aix m ~ l + • • • + a m 
b 0 x n + 6i^ n_1 +••• + &» 

where the a’ s and the b’s are real constants, n is a positive integer, and 
m is a positive integer or zero. For the sake of brevity, we shall denote 
a rational fraction by p(x)/q(x) with the understanding that p(x) and 
q(x) stand identically for the polynomials in the numerator and in the 
denominator, respectively. 

A proper fraction is one whose numerator is of lower degree than its 
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denominator. If p{x) is of degree greater than or equal to that of q(x), 
we can divide p(x) by q{x) and obtain an integral expression plus a 
proper fraction. For example, 


z 4 + 2x 3 
x 2 — 1 


= x 2 -f- 2x -f- 1 4~ 


2 x 4- 1 
x 2 — 1 


We shall assume in the remainder of this chapter that such a division, 
if possible, is always performed before any other decomposition is 
attempted. Accordingly, our work will concern itself entirely with the 
decomposition of proper rational fractions in their lowest terms. 

Since every polynomial with real coefficients has only conjugate 
imaginary zeros and/or real zeros, it follows that the polynomial q(x) 
has only real quadratic and/or real linear factors. As will appear 
presently, the type of partial fraction we use depends upon the fac- 
torization of q(x). 


146. Simple Linear Factors 

A factor of the polynomial q(x) is called simple if it occurs to the 
first and no higher power. If x — r is a simple factor of q(x), then 
q(x) = (x — r)q\(x ), where qi(x) is a polynomial of degree one less than 
that of q(x) and such that qi(r) ^ 0, that is, qi(x) does not contain 
x — r as a factor. Thus, we have the identity 

p(s) = P(s) 
q(x) (x - r)fc(x) 

In this case, we shall show that p(x)/q(x) has a corresponding partial 
fraction A/(x — r), where A is a nonzero constant. 

Let us consider the problem of determining A so that the difference 

p(x) A 

(x — r)qi(x) x — r 

shall combine into a fraction that can be reduced by dividing numerator 
and denominator by x — r. Combining the two fractions, we obtain 

p(x) - AfrQc) 

(x - r)qi(x) 

where the numerator is a new polynomial. Hence, if this numerator has 
the factor x — r, it must be zero for x = r, that is, 

P(r) - Aqi (r) = 0, 
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or 


A = 


p(r) 

Qi(r) 


( 1 ) 


Since x — r is not a factor of p(x), we know that p{r) cannot be zero and 
A is a nonzero constant. Using the preceding value of A, we have 

p(x) - Aq ip) _ (x - r)pi(x) _ pi(x) 

(x - r)qi(x) (x - r)qi(x) q x (x) 

Furthermore, the degree of p(x) is by hypothesis less than that of 
(x — r)qi{x) so that p(x) — Aqi(x) is of no higher degree than qi(x). 
Consequently, pi(x) is of lower degree than qi(x), that is, Pi(x)/qi(x) is 
also a proper fraction. We thus have the result that 

P(s) = ^ + Pi(x) 

(x — r)q x (x) x — r qi(x) 

It should now be clear that, if qi(x) has a simple linear factor, the 
same procedure will serve to split off another partial fraction from the 
fraction pi(x)/qi(x). Indeed, if the original denominator, q(x), has 
only simple linear factors, we can continue the procedure until p(x)/q(x) 
is completely decomposed into partial fractions, all of the type A / (x — r). 
Now, suppose that 

P&) = PW 

q(x) b 0 (x — n)(x — r 2 ) • • • (x - r„) 

where the r’ s are all distinct. We have shown that there exists a set of 
partial fractions such that 

p(x) Al Ao ^ A n 

q(x) x — n x — r 2 x — r n 


It is a fact, although we omit the proof, that there is one and only one 
set of values for the A's regardless of the method or the order used to 
find them. Consequently, each A may be obtained from the original 
fraction by a formula corresponding to Formula (1). If we let qk(x ) 
denote the polynomial resulting from q{x) when the factor x — is 
deleted, then 


. _ pO*) 

' * q k (n) ' 


( 2 ) 


Example 1 . Decompose into partial fractions: 

x 2 - 3x + 4 
(x - l)(x + l)(x + 2) 
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Solution: First Method: We take n = 1, r 2 = —1, and r 3 = —2. 
Then ?i(x) = (x + l)(x + 2), 

02 0*0 = (s - l)(s + 2), 

03(x) = (x - l)(rc + 1), 


and, by the use of Formula (2), 

A _ P(l) _ l"3 + 4 = 1 ^ 

0i(l) (1 + 1) (1 + 2) 3 

= p(-l) = 1+3 + 4 = 

2 ff.(-l) (~ 1— 1 ) ( — 1 + 2) 

^ , p(-2) 4 + 6 + 4 14 

0*(- 2) ( — 2 — 1) ( — 2 + 1) 3 

Therefore, 

x 2 - 3a: + 4 | 4 

(x — 1) (x + 1) (x + 2) x — 1 x + 1 x + 2 


4 ns. 


The student may combine the three partial fractions as a check on the 
result. 

Second Method ( Method of Undetermined Coefficients) : It follows from 
our general discussion that the given fraction can be decomposed as 
follows : 

x 2 — 3x + 4 4i 4 2 4 3 

(x — l)(x + l)(x + 2) x - 1 + X + 1 + x + 2 

where 4i, 4 2 , and 4 3 are constants to be evaluated. In order to effect 
this evaluation, we first multiply both members of the equation by the 
original denominator to get 

x 2 — 3x + 4 = 4i(x+ 1) (x + 2) + 4 2 (x — l)(x + 2) + 4 3 (x — l)(x + 1). 

This equation is to be valid for all values of x except possibly the values 
1, —1, and —2 (which make the original denominator zero). Hence, 
it follows from Theorem 3, Section 110, that the equation is an identity 
valid even for the values x = 1, — 1, and —2. 

By putting x = 1 in both members, we knock out in the right 
member all but the 4i term, and find 2 = 64i, or 4i = -g-. Similarly, 

by using x = — 1 and x = — 2, we find 4 2 = —4 and 4 3 = -V-, as in the 

preceding method. If the form of the partial fraction expansion is 
assumed, this second method can be used to derive Formula (2). The 
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method of undetermined coefficients is especially important in the later 
sections of this chapter. 

In place of taking special values of x , we may compare coefficients on 
both sides of the identit}^ as in Section 110. We have 

x 2 — 3 x -T 4 = (Ai A 2 Az)x 2 + ( 3 Ai A<>)x -\- (2Ai — 2A2 — A 3), 

so that 

1 = A1 + A2 + A3, 

- 3 = 3 A X + A 2 , 

4 = 2A X — 2A2 — A3. 

The student may show that this system has the solution Ai = -3-, 
A 2 = — 4 , A 3 = previously found. 

147. Repeated Linear Factors 

If q(x) has a factor x — r occurring more than once, this factor is 
termed a repeated or multiple linear factor. The highest power to 
which such a factor occurs is called its multiplicity. For example, 
in the polynomial 

x 4 — 2x 3 + 2 x — 1 = (x — l) 3 (x + 1), 

the factor x — 1 is a repeated factor of multiplicity 3 . 

When Ihe denominator of our rational fraction has a repeated factor, 
we can proceed in a manner similar to that in the preceding section. 
Thus, let x — r be a factor of multiplicity k > 1 . Then 

q(x) = (x — r) k qi(x)j where q\(r) ^ 0, 
p(x) = p(x) 
q(x) (x - r) k qi(x) 

We show here that p(x)/q(x) has the partial fraction Ai/(x — r ) k , 
where Ai is a nonzero constant. 

As before, we form the difference 

p{x) Ai _ p(x) — Aigi(x) 

( x — r) k qi(x) (x — r) k (x — r) k qi(x) 

and ask that the polynomial in the numerator have x — r as a factor. 
(Notice that we do not require this factor to be more than a simple one, 
although in special cases it may turn out to be of multiplicity 2 or more.) 
Again, we must have 


p(r) - Aiqi(r) = 0 , 
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or 


A x 


V(r) 

Qi (r) 


( 1 ) 


where it is to be emphasized that qi(x) is the polynomial resulting from 
p(x) when the factor (x — r) k is deleted. Since p(r) ^ 0, Ai is a non- 
zero constant as we predicted. 

The value of A\ just found may be used to write 


p(x) - Aiq x (x) _ (x - r)pi(x) _ pi(x) 

( x — r) k qi(x) (x — r) k qi(x) (x — r)* -1 r/i(a;) 


Thus, we have 


p(x) 




+ 


Pi(z) 


(x — r) k qi(x) (x — r) k (x — r) k ~ l qi(x) 


It is left to the student to show that the second term in the right member 
of this identity is a proper fraction. 

Now, if p\{x) does not have x — r as a factor, then in the second 
fraction on the right the factor x — r occurs k — \ times in the denom- 
inator. In any case, our procedure yields a result in which the mul- 
tiplicity of x — t has been reduced by unity at least. Obviously, the 
same procedure may be applied repeatedly to split off more partial frac- 
tions until the factor x — r is completely removed. The end result will 
be 

p(s) = At + A? At | Mx) ' 

(x — r) k qi(x) (x — r) k (x — r) k ~ l x — r qi(x) 


where the last fraction is a proper one to which the same methods may be 
applied. We do not attempt to give formulas for Ao, A h • * • , A k in 
this case. However, we can compute the A J s one at a time in succession 
as is indicated by the preceding discussion. Alternatively, we can use 
a second method which will be explained b} r means of the next example. 
It is again of importance for us to know that the A ’ s are unique, inde- 
pendent of the method used to find them. We shall not prove this fact. 
Notice that A\ cannot be zero, but any of the other A’s may be zero in 
special cases. 

x ^ -j- 4 

Example 1. Expand into partial fractions: — — ; — • 

(x — l) 2 (a; — 2) 2 


Solution — First Method: We know that there are partial fractions 
A i/ (.r — 1 y and Bi/ (x — 2) 2 , where, by Formula (1), 


A i = 


z 2 + A I 
(x - 2) 2 _Li 


= 5 , 
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“ d B ' ~ J^TT'L = 8 - 

(The notation f(x)\ x=a means the value of /(x) for x = a.) 

Now subtract the two partial fractions from the original fraction: 

x 2 + 4 5 8 — 12(x 2 — 3x + 2) 

(x - l) 2 (x - 2) 2 ” (x - 1 ) 2 ” (x - 2) 2 (x - l) 2 (x - 2) 2 

_ -12 
(x - l)(x - 2) 

The last fraction can be split by the method of the preceding section 
to give 

-12 12 12 
(x — l)(x — 2) x — 1 x — 2 

Therefore, 

x 2 + 4 5 12 , 8 12 

== | 1 _ - * 4 s 

(x — l) 2 (x — 2) 2 (x — l) 2 X — 1 (x — 2)2 X — 2 

Second Method: Our general discussion shows that the given frac- 
tion can be decomposed as follows : 

x 2 4 _ Ai A 2 Bi B 2 

(x - l) 2 (x - 2)2 = (x - l7 2 + (x - 1) + (x - 2)2 + X - 2 ’ 

where the A ’ s and B’s are numerical coefficients whose values are to be 
properly determined. In order to effect this determination, we first 
multiply both members of the equation by the original denominator to 
get the identity : 

x 2 + 4 = Ai(x — 2)2 + 4 2 (x — 1) (x — 2)2 + Bi(x — l) 2 

+ B 2 (x - l) 2 (x - 2). 

By putting x = 1 in both members, we knock out in the right 
member all except the Ai term, and find 5 = 4i. Similarly, by using 
the value 2 for x, we get 8 = Bi. In order to determine 4 2 and B 2 , 
we may equate corresponding coefficients on both sides. We have 

x 2 4“ 4 = (A 2 4“ B 2 )x z (4-1 — 54.2 4~ B\ — 4Z?2)x 2 

4 " ( — 44 1 4 “ 842 — 2B\ 4 - oB^x 4 ~ ( 44 1 — 442 4 ~ B\ — 2B 2 \ 
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so that comparison of coefficients gives the equations: 

0 = A 2 + Bo, 

1 = A i — 5/1 2 ~|“ B\ — 4B 2j 

0 = — 4.4 1 8 .A 2 — 2Bi 4- 5i?2, 

4 = 44 1 — 44.2 + B\ — 2B 2 . 

Since we know that A\ = 5 and B i = 8, we need only two of these 
four equations. Taking the first two, and using the known values of 
4i and B i, we find A« = 12 and B 2 = —12, as before. The student 
may check the four values in the remaining two equations to show their 
consistency. 

Since it is frequently easy to find some of the coefficients by the use 
of special values of x, as in this example, it seems a good plan to pick off 
only the simpler terms of the identity for the remaining necessary equa- 
tions. For instance, the student should be able by inspection to write 
the coefficients of x and the constant terms in this example to obtain the 
first and the last of the preceding equations, respectively. 


EXERCISES 118 


Resolve each of the following into partial fractions: 


1. 


3 . 


5 . 


9. 


11 . 


13 . 


15 . 


3x 


(x - l)(x - 3) 
v -f 14 

v 2 + 14i> + 48 
5x 2 - 30 
x 2 — x — 6 
9w 2 + 2w - 14 
w 2 (w — 7) 

2z 2 -2 + 8 
Z(z - 2) 2 
-5 1 -f 24 
(2*-3)(* + 4) 

-9v - 7 
(2v + 1 ) (3r + 2) 

— 21x + 11 

(x — l)(x — 2)(x — 3) 
7 if + Vy 4- 14 
(y - 1)0/ + 4)0/ 4- 1) 


2 . 


4 . 


6 . 


10 . 


12 . 


14 . 


16 . 


18 . 


0/4- 5)0/ + 2) 

4r 4- 2 
r 2 - 4r - 21 
u z 4- 2 
u 2 — 2u — 8 
-3 k 2 4- 5/b 4- 5 
k 2 (k 4- 1) 
x 2 4- x + 29 
(x -4)(x4-3) 2 
13 y - 24 
(31/ - 5)0/ ~ 2) 

2 u 4- 19 

(2u - 5) (2 u - 1) 

1 1??? 4- 31 

(m 4- l)(m 4- 2 )(m 4- 5) 
v 2 — Sv 4- 9 
(v - 2)(v - 4)(v - 5) 


17 . 
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hz 2 - 21 z + 13 

20. 

-s 2 + 13s - 26 

(z - 3) 2 (z + 2) 

(s + l) 2 (s - 4) 

lOtfl - 2 

22. 

k — 3 

(w + 3) (w — 5) 2 

(k + 7)(k - l) 2 

4 

24. 

32 

x 2 (x - 2) 2 

y\y + 4) 2 

3v 2 + 14© - 37 

26. 

7x + 16 

(v+l) 2 (v-3) 2 

(* + 2) 2 (x + 3) 2 


148. Quadratic Factors 


Although the methods of the last two sections are not theoretically 
restricted to the case of linear factors that are real, the results will 
generally involve imaginary coefficients when the factors are not real, 
and hence will not be in suitable form for many of the applications. 
Since we are dealing with rational fractions having real coefficients, we 
know that imaginary factors of the denominator can occur in conjugate 
pairs only, that is, if x — a — ib is a factor then so is x — a + ib. Sup- 
pose these factors to be simple ones. Then, according to our previous 
discussion, there will be two partial fractions C 1 / (x — a — ib) and 
C 2 /(x — a + ib ), where Ci and C 2 will usually be imaginary. If these 
two partial fractions are added, it can be shown that the result is of the 
form {Ax + B)/{x 2 + cx + d), where all the coefficients are real. 
As a consequence we know that, if q(x) has the real quadratic factor 
x 2 + cx 4- d, then p{x)/q{x) has the partial fraction 

Ax + B 
x 2 + cx + d 


By an argument similar to that used in Section 147, we can show 
that, if x 2 + cx + d occurs as a repeated factor of multiplicity k, then 
there is the following partial fraction expansion corresponding to this 
factor : 


Aix + Bi 


+ • 


A 2 x T- B 2 


(x 2 + cx + d) k (x 2 + cx + d) 


+ ••• + 


AkX + Bu 
x 2 + cx + d 


This expansion is completely analogous to the one for a repeated 
linear factor. The method of undetermined coefficients is usually used 
for the determination of the A 1 s and the B’s. It is to be understood that 
the denominator of the original rational fraction may be any combina- 
tion of real linear and quadratic factors, simple or repeated. The com- 
plete partial fraction expansion will consist of the sum of the various 
fractions which are characteristic of the respective factors. 
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Example 1 . Decompose into partial fractions: 


4x — 16 


(x + 2) 2 (x 2 + 4) 


Solution : We know that 
4x - 16 


Ax 


+ 


A 2 


+ 


Bx + C 


(x + 2) 2 (x 2 + 4) (x + 2) 2 x + 2 x 2 + 4 


Multiplying both members by the original denominator, we get the 
identity 

4x - 16 = A.\(x 2 + 4) + A*(x + 2)(x 2 + 4) + (Bx + C)(x + 2) 2 . 


Putting x = — 2, we find 

— 24 = 8/1 1 or Ai = —3. 

By collecting the coefficients of the following indicated terms, we obtain 
three equations for the remaining constants. 

x 3 : 0 = A 2 H - B } 

x 2 : 0 = A i + 2i4o 4 B + C } 

x°: -16 = 4 A x + 8-4 2 + 4 C. 

We solve these three equations and collect results: 

Ai = -3, A 2 = -1, B = 1, C = 1. 


Therefore, 

4x - 16 

(x + 2) 2 (x 2 + 4) 


3 

(x + 2) 2 


1 x + 1 
x + 2 + x 2 + 4 * 


Ans. 


Example 2. 


Expand into partial fractions: 


x 3 + x 2 + 3x - 3 
(x 2 + l)(x 2 + 2x + 2) 


Solution: We have 

x 3 + x 2 + 3x — 3 Ax + B Cx + D 
(x 2 + 1) (x 2 + 2x + 2) x 2 + 1 x 2 + 2x + 2 

and, thus, can write the identity 

x 3 + x 2 + 3x - 3 = (Ax + B)(x 2 + 2x + 2) + (Cx + D)(x 2 + 1). 

Equating coefficients, we obtain the system of equations 
x 3 : 1 = A + C, 

x 2 : 1 = 2 A + B + D } 

x : 3 = 2A + 2B + C, 

x°: -3 = 2 B + D. 
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This system has the solution A = 2, £ = 0, C = — 1 , D = —3 so 
that 


x 3 + x 2 + Sx — 3 2x x + 3 

(x 2 + l)(x 2 + 2x + 2) “ x 2 + 1 ^ x 2 + 2x + 2 ‘ 


Example 3. Expand into partial fractions: 

Solution: We write 

8 A Bx + C 

x(x 2 + 2) 2 ~ x + (x 2 + 2) 2 


8 

x(x 2 + 2) 2 

Dx -J” E 
+ x 2 + 2 ‘ 


Ans. 


When both sides are multiplied by x(x 2 + 2) 2 , the resulting identity is 
8 = A(x 2 + 2) 2 + x(Bx + C) + x(x 2 + 2 ){Dx + E ). 

The value x = 0 gives 8 = 4A or A = 2. By equating coefficients, 
we get 

x 4 : 0 = A + D, 
x 3 : 0 = E, 

x 2 : 0 = 4A + B + 2D, 
x : 0 = C + 2E. 


With A = 2, these equations have the solution 

B = —4, C = 0, D = -2, £? = 0. 

Accordingly, 

8 2 4x 2x 


x(x 2 + 2) 2 x (a: 2 + 2) 2 x 2 + 2 


Ans. 
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Resolve each of the following into partial fractions : 


1. 


3 . 


5 . 


6 

x(x 2 -f 3) 

9 y 2 + 29 

(y - 2) (y 2 + 2y + 5) 
^ 3 + 5 u 2 + 14 
u z + 7 u 


1 ' (2w - 1) (4 w 2 + 1) 

o * 2 + 1 

' (2a: 2 + x + 4) (2x - 1) 


2 ' (v - 6) (w 2 + 4) 

15s 

4 ’ ^"+8 

2x 3 + x — 15 
x 3 — x 2 + 3x — 3 
9* 2 + 351 
(5 1 — 3) (3 1 2 + 7) 

IQ Qk 2 ~h A* + _1 

(A: + 3) (3 k 2 + k + 2) 
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11 . 

r 3 + 4 

12 . 

3m 3 + u - 4 

(r - l)(r + 2 )(r 2 + 3r + 1) 

u(u + 2)(u 2 + 2m + 5) 

13 . 

5y 2 + 7 

14 . 

lOx + 6 

y 4 + y 2 - 2 

x 4 — 8x 2 — 9 

15 . 

3x 3 + x 2 + llx - 15 

16 . 

2 3 + 521 + 12 

(x 2 + 1 ) (x 2 + 9) 

(2 2 + 2)(2 2 + 5) 

17 . 

2f 3 + 4 

18 . 

6 


v 4 + 1 


y 6 - l 

19 . 

2 to 3 - 4m + 37 

20 . 

4x 2 - 2 

(m - 2) 2 (m 2 + 5) 

(x + l) 2 (x 2 + l) 2 

21 . 

2x 3 - x 2 - 21 

22 . 

hv 2 - - 18v 

(x 2 + x + 7) 2 

(v 2 -3v+ l) 2 

23 . 

3s 3 + 6s 2 + 13s + 22 

24 . 

4x 2 

(s - 2)(s 2 + 4) 2 

(x + 1 ) (x 2 + l) 2 


Chapter 
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149. Introduction 

In this chapter we shall consider the topic of finite differences, which 
is concerned with a study of the change that takes place in a function 
when its independent variable is increased or decreased by a given 
amount. We shall discuss the application of finite differences to certain 
series that are generalizations of the arithmetic series, and we shall 
describe the application to a simple interpolation problem. 

It is beyond the scope of this book to give more than a brief introduc- 
tion to the simpler algebraic notions connected with finite differences. 
However, it is interesting to know that one of the most outstanding 
present-day uses of this topic is as a means of writing practical approxi- 
mate equations for many vital physical problems. The employment of 
differences in such problems most frequently involves an enormous 
amount of numerical calculation so that the method is severely handi- 
capped without highly efficient means of computation. The advent of 
modern electronic computing devices has made the present importance of 
difference methods difficult to overestimate. 

1 50. Higher Order Arithmetic Progressions 

In Section 86 we studied simple arithmetic progressions, finding them 
to be characterized by the fact that the difference between each term 
and its predecessor is a constant, the so-called common difference. We 
shall now consider a certain type of progression where there is no con- 
stant difference between successive terms but where the sequence of 
differences themselves is a simple arithmetic progression. For ex- 
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t.mple, let the progression be 

ao = 1, «i = 4, a 2 = 9, = 16, a 4 = 25, 

where, as a matter of convenience, the first term has been numbered 
n = 0 rather than n = 1. Writing the sequence of differences 

do — (i\ — ao = 3, di = a 2 — a 4 = 5, d 2 — clz — a 2 = 7, 

= a 4 — a 3 = 9, 

we see that, although the sequence of a } s is not a simple arithmetic 
progression, the sequence of d 1 s is exactly such a progression; there is 
the common difference 2 between each pair of consecutive elements. 
Because the differences of the differences are constant, we call the 
sequence of a 9 s a second-order arithmetic progression. Clearly, we may 
similarly define third-order, fourth-order, and generally higher-order 
progressions. 

In order to deal more conveniently with these higher order pro- 
gressions, it is best to introduce here the notation of finite differences. 
We denote the difference a n+ i — a n by the symbol A a n , read “delta-a n ,” 
the symbol A being the standard one used to symbolize a difference. 
Notice that A a n does not mean A times a n , but that 

A a n — a n . 

Thus, for the progression of a’s in the preceding illustration we have 
Aa 0 = 3, Aai = 5, A a 2 = 7, Aa 3 = 9. 

To go on, we denote the second differences by the symbol A 2 , that is, 
A 2 a n = A (A a n ) = Aa„+i - A a n . 

Again, for the illustrative sequence of a’s under consideration, 

A 2 a 0 = 2, A 2 ai = 2, A 2 a 2 = 2. 

In general, the kth order differences are denoted by A* so that 
A k a n = A (A * -1 a„) = A k ~ l a n+ i — A k ~ l a n . 

It follows from this definition that the symbol A* obeys the law of 
exponents in multiplication. If j and k are both positive integers, then 

A ; (A*.r n ) = A k (A i x n ) = A’+ k x n . 

In the table at the top of the opposite page is shown a third order 
progression of five terms and its corresponding differences. 
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Notice within the table the triangular arrangement wherein each differ- 
ence is written on a line between the two items from which it is formed. 
This is a standard method for setting up such a table. 

Suppose that we should like to extend the foregoing progression of 
a’s by adjoining a few more terms. We can build up our table stepwise 
by working backward from the third differences. Thus, in the next 
table, we have repeated the last item in each column of the last table, 
and have then adjoined another item, — 10, in the third difference 
column. The next item, — 29, in the second difference column is* 
obtained by adding the third difference —10 to the last given second 
difference — 19. Then the —29 is added to the last given difference —24 
to get the next one, —53, and, finally, the —53 is added to a 4 , —20, 
to get a 5 = —73. In each case, an item from one column is added to the 
item to the left and just above it in the column to the left to get the next 
item in this left-hand column. The table may be extended as far as we 
like by following this same procedure repeatedly. 


n 

a n 

Aa„ 

A 2 a„ 

A 3 a„ 





-10 




-19 




-24 


-10 

4 

-20 

— 53 

-29 


5 

-73 





Although the schedule given in the last paragraph would not be too 
laborious if only one or two additional terms of the progression were 
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desired, it would be highly inefficient if, say, the 50th term were wanted. 
For this reason and also because the result is of interest in other respects, 
we derive a formula for the general term in terms of the first term a 0 
and the differences A ? oo, j = 1, 2, 3, 

We have by definition 

d\ — Go 4* Aao, 

and do = di 4~ Aai. 

Upon substituting from the first into the second of these equations, 
we get 

do — do 4* Ado -|- A(ao 4“ Aao) 

= fl-o Aao 

4" Aao 4~ A 2 ao, 
or a 2 = do 4“ 2Aa 0 4- A 2 ao. 

Next, 

a 3 = do 4" Aa 2 

= Oo 4~ 2Aa 0 4“ A 2 a 0 4” A(ao 4* 2Aao 4“ A 2 ao) 

= da 4“ 2Aao 4" A 2 ao 

4“ Aao 4“ 2A 2 ao 4~ A 3 ao, 
or 

dz ~ do 4" 3Aao 4“ 3A 2 ao 4“ A 3 ao. 

In these results, the coefficients in the right members are exactly the 
binomial coefficients corresponding to the index in the left member. 
Furthermore, a comparison of the formation of the coefficients in general 
with that of the binomial coefficients in Section 81 shows that the two 
are the same. Thus, it follows by mathematical induction, all details 
being as in the proof of the binomial formula, that the desired general 
formula is 

d n = d 0 4" ^ Aa 0 4~ ^2^) ^ 2a ° “1“ * * ' A n ao. (1) 

If we detach the A from the a< j, it is easy to write a simple symbolic 
formula for this relation: 

d n = (14* A)*ao, (2) 

where, after expanding, each power of A is to apply to the a 0 as in 
Formula (1). 

Since we have made no use of the constancy of any order of differ- 
ences, these formulas apply even when the progression is not an arith- 
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metic one. If n is a positive integer, which is inherent in the derivation 
that we have employed, the formula, as in the case of the binomial 
formula terminates with the (ft + l)th term, A n a 0 , unless the kth 
differences are constant and k < n. In the latter case, the formula 

fn\ 

terminates with the kth difference term, ( , ] A^ao. 


With these formulas, it is easy to obtain the 50th term of the third- 
order progression described in the preceding table. With constant 
third differences, we may write 


an — a o + 





( 3 ) 


We must remember that the first term corresponds to n = 0, so the 
50th term is 


(Z49 — do ~b 


/49\ /49\ /49\ , 


-2 + f(3) + ^(l, + MM(47) ( _ 1 o ) 

= 2 + 147 + 1176 - 184,240 = -182,915. 


In fact, we can do even better than this; we can write a formula for 
the general term a n in terms of n alone. Thus, by substituting for ao and 
its differences in Equation (3), we find 


a n — 2 + 



(-10) 


= 2 -f- 3ft + 


ft (ft — 1) 

2 


10ft(ft — l)(n — 2) 
_____ 


= £(12 - 5ft + 33n 2 - 10ft 3 ), 


a third degree polynomial in ft. 

Our discussion now makes evident the following important fact. 
The general term a n of any kth order arithmetic progression is a kth degree 
polynomial in n. (That the degree is exactly k is easy to see since the 
kth order difference A k a 0 cannot be zero.) 

It is not difficult to prove that the converse of the preceding result 
is also a valid theorem. If it is shown that the first difference of a kth 
degree polynomial in n is of degree k — 1, then the desired theorem 
follows by repeated application of the differencing process. Accord- 
ingly, let 

a n = c 0 n k + cift*" 1 + • • • + Cfc-ift + C/c, 
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so that 

fln+i = Coin + 1)* + Ci(n + l)* -1 + • * • + Cjt_i(n + 1) + c*, 

and 

A(Zn = n n +l Cln 

= Co[(?l + 1)* — ft*] + Ci[(n + l)* -1 — ft* -1 ] + • • ♦ 

+ c*_i[(ft + 1) — ft]. 

It is now clear that when the last expression is simplified, the result will 
be a polynomial of degree A* — 1. The converse theorem follows as an 
immediate consequence of this fact. 

Our next example illustrates the use of differences to construct a 
polynomial curve of degree not exceeding k that passes through A' + 1 
points with equally spaced ordinates. 

Example 1. Find the cubic curve y = c 0 x 3 + Ci.r 2 + c 2 x + c 3 that 
passes through the four points: (1,0), (3, —44), (5, —40), and (7, 108). 

Solution; In order to fit the values of x into our difference scheme, 
let us put x = b + nh, where b is the starting value of x, and h is the 
common interval between successive values of x. In this example, 
b = 1, h = 2, and the values of x correspond to n = 0, 1, 2, 3, in suc- 
cession. The table of differences follows: 


ft 

x = 2ft + 1 

a n 

Aa„ 

A 2 a n 

A 3 a n 

0 

1 

0 

-44 



1 

3 

-44 

4 

48 

9G 

2 

5 

-40 

148 

144 


3 

7 

108 





The general formula for a n is then 



= lGft 3 - 24ft 2 - 36ft. 
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We now write y in place of a n and substitute n = — 1) to get 

y = 2x z — 12x 2 + 10. Arts. 

The correctness of this answer follows from the fact that y does have the 
required values for n = 0, 1, 2, 3, that is, for x = 1, 3, 5, 7. Also there 
can be not more than one polynomial curve of degree k passing through 
/> -|- 1 distinct points, although it may happen that a curve of lower 
degree passes through these points. This last situation will appear 
fiom the table of differences when the items in a column of differences 
of order less than k are constant. 


151. The Sum of a Higher Order Progression 

A simple little trick enables us to find the formula for the sum of the 
first n terms of an arithmetic progression of order k. We first write S n 
for this sum so that 

S n = a 0 + «i + a 2 + • • • + a n -i, n = 1, 2, • • • , 

and 

S n +l = do + «1 + «2 + * * * + dn~ 1 + CL n . 

It is then immediately obvious that 

^ Sn ^n+1 Sn 71 — 1, 2, * * * , 

and the sequence of S’ s has the sequence of a’ s, starting with a h as its 
first differences. In order to make the sequence of differences begin 
with a 0 , we put So = 0, which gives 

ASo — Si — Sq = clq. 

We may now write A 2 S 0 = A a 0 , A % = A 2 a 0 , and so on. 

Thus, by the use of the formula for the general term of a higher 
order progression, we have 

Sn = So + ^ A(So + (ffj A 2 £ 0 + b ^ ^ A 4+1 £ 0 . 

Ihe formula stops with the (k + l)th difference term because the order 
of the progression of S’s is one greater than that of the a’s. Putting in 
the values So = 0, ASo = a 0 , and, in general, 

A m+1 S 0 = A m a 0 , m — 1, 2, • • ♦ , 

we get 

8n = (l) 00 + (2) Aa ° + (3) A2ao + • • • + G + 1) (D 

as the desired formula. 
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Example 1. Find the formula for the sum of the cubes of the first n 
integers. 

Solution : We are to sum the third order progression 
l 3 + 2 3 H + n\ 

Accordingly, we construct the following table of differences, where 

a n - 1 = n 3 : 


n 

On 

Ao„ 

A 2 a n 

A 3 a„ 

0 

1 

7 



1 

8 

19 

12 

6 

2 

27 

37 

18 


3 

64 





Then, by Formula (1), 

S, - (j) a. + (“) to, + 4>®> + (“) 

- > + (7) + ,>( " ~ '><" ~ 2> (X2) 

7i (n - 1 )(n- 2 )(n - 3) 

H ^ (6). 


24 


After simplification, the final result is 
<S„ = l 3 + 2 3 + 


n-(n + l) 2 

+ n 3 = • Ans. 


1 52. Interpolation 

As we have seen in connection with logarithms, linear interpolation 
(interpolation by proportional parts) is sufficiently accurate for a table 
or a portion of one in which the first differences are very nearly constant. 
It frequently happens that, although the first differences are not nearly 
constant, some higher order differences may be. In such a case, the 
interpolation may be performed with a higher order difference formula. 

We know that, if the kth order differences are actually constant, we 
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can construct a polynomial curve of degree k passing through k + 1 
points determined by k + 1 consecutive tabular entries, and this curve 
will fit the tabulated function exactly. If the differences are only 
approximately constant, then the curve is only an approximate one. 
However, this curve usually fits the function closely enough so that 
intermediate values may be obtained from the difference formula with 
sufficient accuracy for practical computation. The method will be 
explained by means of the next example. 

Example 1 . Using Table I of the Appendix, find V 1.525. 

Solution: We first construct the difference table using entries from 
Table I starting with N = 1.5. 


n 

N 

a n = VN 

Aa„ 

A 2 a n 

A 3 a„ 

A 4 a„ 

0 

1.5 

1.22474 

4017 




1 

1.6 

1.26491 

3893 

-124 

11 


2 

1.7 

1.30384 

3780 

-113 

9 

-2 

3 

1.8 

1.34164 

3676 

-104 

9 

0 

4 

1.9 

1.37840 

3581 

-95 

7 

-2 

5 

2.0 

1.41421 

3493 

-88 



6 

2.1 

1.44914 






Decimal points have been omitted in the columns of differences. 

We see that the fourth differences, —0.00002, 0.00000, —0.00002, vary 

so little that they may be assumed nearly constant. 

Writing N = b + nh } we have b = 1.5, the starting value, and 

h = 0.1, the tabular interval. Consequently, in order to find vl.525, 

we must choose n = 0.25. Then, using our formula for the general 

term of a higher order progression, we have 

y / 0.25\ / 0.25\ / 0.25\ /0.25\ 

V 1.525 = «o + ( ^ j g ) A 2 a 0 + ( ^ j A 3 ao + ( ^ jA 4 ao- 

Hence upon utilizing the differences tabulated in the preceding 
schedule, we get 
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\ 1.525 = 1.22474+ (0.25) (0.04017) + t a2 °H 0.<o) ^_ a0Q124 ^ 

+ (aooou) 


+ l»J5)l r04»Hji. ZS)( z .2.ra) ( _ 0 . 00002) 

= 1.22474 + 0.0100425 + 0.0001162 + 0.0000060 + 0.0000008 
= 1.23491. A ns. 


This result can be shown to be correct to five decimal places. If first 
differences alone were used, the result would be correct to only three 
decimal places. 


EXERCISES 120 


For each of the given progressions, form the table of differences and extend 
it far enough to find the next two terms: 

1 . 24, 22, 20, 24, 40 2 . -10, -5, 0, 17, 58 

3. -52, -1, 14, 11, 18 4 . 18, 17, 10, -9, -46 

In Numbers 5 to 8, find the equation of the cubic y = cqX 3 + CiX 2 + c%t + c% 
which passes through the given points. 

5. (0, -10), (1, -7), (2,2), (3,23) 

6. (2,8), (3,24), (4,58), (5,116) 

7 . (-3, -56), (-1, 10), (1,4), (3,70) 

8 . (-2, -27), (0, -15), (2,5), (4, 129) 

Find the equation of the quartic y = tyx 4 + Ci-r 3 + c^x 1 + c 3 x + c 4 which 
passes through the given points. 

9 . (-1,13), (0,7), (1,3), (2,13), (3,73) 

10 . (-2, 4), (-1, -9), (0, -8), (1, -5), (2, 12) 

11 . (-2, 21), (0, 13), (2, 13), (4, 45), (6, 229) 

12 . (-6,565), (-4,85), (-2, -11), (0, -11), (2, -11) 

Find the nth term, a n _i, and the sum of n terms for each of the following 
progressions : 

13 . 18, 4S, 90, 144, 210 14 . 2, 6, 12, 20, 30 

15 . 4, 10, 18, 28, 40 16 . 5, 12, 21, 32, 45 

17 . Show that the sum of the squares of the first n positive integers is 

(n/6)(n + 1)(2» + 1). 

18 . Show that the sum of the squares of the first n positive odd integers is 

(»/3)(2n + 1 ) (2n - 1). 
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19. Show that the sum of the cubes of the first n positive odd integers is 

n 2 (2n 2 — 1). 

In Numbers 20 to 22 find a formula for the sum : 

20. 2-3 + 3*6 + 4*11 + b (w + l)(n 2 + 2). 

21. 1 • 2- 3 + 2 *3 *4 + 3-4- 5 + • • • + n(n + l)(n + 2). 

22. 1 • 3 • 5 + 3 • 5 • 7 + 5- 7- 9 + b (2 n- 1)(2 n + 1 ) (2 n + 3). 

With the aid of finite differences and Table I of the Appendix calculate 
the following: 

23. V2.475 24. V 4.225 25. VI. 498 

26. V 5372 27. ^3.855 28. ^117.6 

Assume that you are able to find the logarithm of a number with two 
digits only ; for example, you may look up log 2.1, log 2.2, log 2.3, and so forth. 
Then with the aid of finite differences and Table II of the Appendix obtain 
values of the following logarithms. Check the results b}^ reading the correct 
values from the table. 

29. log 2.125 30. log 3.475 31. log 4.538 

32. log 3.857 33. log 5.252 34. log 2.316 



TABLE I 

Powers, Roots, Reciprocals 


N 

1/N 

N 3 

Vn 

VTon 

N 3 

v'N 

v-'Ton 


v'IOON 

1.0 

1.00000 

1.00 

1.00000 

3.16228 

1.000 

1.00000 

2.15443 

4.64159 

1.1 

0.90909 

1.21 

1.04881 

3.31662 

1.331 

1.03228 

2.22398 

4.79142 

1.2 

0.83333 

1.44 

1.09545 

3.46410 

1.728 

1.06266 

2.28943 

4.93242 

1.3 

0.76923 

1.69 

1.14018 

3.60555 

2.197 

1.09139 

2.35133 

5.06580 

1.4 

0.71429 

1.96 

1.18322 

3.74166 

2.744 

1.11869 

2.41014 

5.19249 

1.5 

0.66667 

2.25 

1.22474 

3.87298 

3.375 

1.14471 

2.46621 

5.31329 

1.6 

0.62500 

2.56 

1.26491 

4.00000 

4.096 

1.16961 

2.51984 

5.42884 

1.7 

0.58824 

2.89 

1.30384 

4.12311 

4.913 

1.19348 

2.57128 

5.53966 

1.8 

0.55556 

3.24 

1.34164 

4.24264 

5.832 

1.21644 

2.62074 

5.64622 

1.9 

0.52632 

3.61 

1.37840 

4.35890 

6.859 

1.23856 

2.66840 

5.74890 

2.0 

0.50000 

4.00 

1.41421 

4.47214 

8.000 

1.25992 

2.71442 

5.84804 

2.1 

0.47619 

4.41 

1.44914 

4.58258 

9.261 

1.28058 

2.75892 

5.94392 

2.2 

0.45455 

4.84 

1.48324 

4.69042 

10.648 

1.30059 

2.80204 

6.03681 

2.3 

0.43478 

5.29 

1.51658 

4.79583 

12.167 

1.32001 

2.84387 

6.12693 

2.4 

0.41667 

5.76 

1.54919 

4.89898 

13.824 

1.33887 

2.88450 

6.21447 

2.5 

0.40000 

6.25 

1.58114 

5.00000 

15.625 

1.35721 

2.92402 

6.29961 

2.6 

0.38462 

6.76 

1.61245 

5.09902 

17.576 

1.37507 

2.96250 

6.38250 

2.7 

0.37037 

7.29 

1.64317 

5.19615 

19.683 

1.39248 

3.00000 

6.46330 

2.8 

0.35714 

7.84 

1.67332 

5.29150 

21.952 

1.40946 

3.03659 

6.54213 

2.9 

0.34483 

8.41 

1.70294 

5.38516 

24.389 

1.42604 

3.07232 

6.61911 

3.0 

0.33333 

9.00 

1.73205 

5.47723 

27.000 

1.44225 

3.10723 

6.69433 

3.1 

0.32258 

9.61 

1.76068 

5.56776 

29.791 

1.45810 

3.14138 

6.76790 

3.2 

0.31250 

10.24 

1.78885 

5.65685 

32.768 

1.47361 

3.17480 

6.83990 

3.3 

0.30303 

10.89 

1.81659 

5.74456 

35.937 

1.48881 

3.20753 

6.91042 

3.4 

0.29412 

11.56 

1.84391 

5.83095 

39.304 

1.50369 

3.23961 

6.97953 

3.5 

0.28571 

12.25 

1.87083 

5.91608 

42.875 

1.51829 

3.27107 

7.04730 

3.6 

0.27778 

12.96 

1.89737 

6.00000 

46.656 

1.53262 

3.30193 

7.11379 

3.7 

0.27027 

13.69 

1.92354 

6.08276 

50.653 

1.54668 

3.33222 

7.17905 

3.8 

0.26316 

14.44 

1.94936 

6.16441 

54.872 

1.56049 

3.36198 

7.24316 

3.9 

0.25641 

15.21 

1.97484 

6.24500 

59.319 

1.57406 

3.39121 

7.30614 

4.0 

0.25000 

16.00 

2.00000 

6.32456 

64.000 

1.58740 

3.41995 

7.36806 

4.1 

0.24390 

16.81 

2.02485 

6.40312 

68.921 

1.60052 

3.44822 

7.42896 

4.2 

0.23810 

17.64 

2.04939 

6.48074 

74.088 

1.61343 

3.47603 

7.48887 

4.3 

0.23256 

18.49 

2.07364 

6.55744 

79.507 

1.62613 

3.50340 

7.54784 

4.4 

0.22727 

19.36 

2.09762 

6.63325 

85.184 

1.63864 

3.53035 

7.60590 

4.5 

0.22222 

20.25 

2.12132 

6.70820 

91.125 

1.65096 

3.55689 

7.66309 

4.6 

0.21739 

21.16 

2.14476 

6.78233 

97.336 

1.66310 

3.58305 

7.71944 

4.7 

0.21277 

22.09 

2.16795 

6.85565 

103.823 

1.67507 

3.60883 

7.77498 

4.8 

0.20833 

23.04 

2.19089 

6.92820 

110.592 

1.68687 

3.63424 

7.82974 

4.9 

0.20408 

24.01 

2.21359 

7.00000 

117.649 

1.69850 

3.65931 

7.88374 

5.0 

0.20000 

25.00 

2.23607 

7.07107 

125.000 

1.70998 

3.68403 

7.93701 

5.1 

0.19608 

26.01 

2.25832 

7.14143 

132.651 

1.72130 

3.70843 

7.98957 

5.2 

0.19231 

27.04 

2.28035 

7.21110 

140.608 

1.73248 

3.73251 

8.04145 

5.3 

0.18868 

28.09 

2.30217 

7.28011 

148.877 

1.74351 

3.75629 

8.09267 

5.4 

0.18519 

29.16 

2.32379 

7.34847 

157.464 

1.75441 

3.77976 

8.14325 

5.5 

0.18182 

30 25 

2.34521 

7.41620 

166.375 

1.76517 

3.80295 

8.19321 

N 

l/N 

N 2 

Vn 

vTon 

N 3 

Vn 

v'Ton 

VlOON 
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Powers, Roots, Reciprocals 


N 

1/N 

N 2 

Vn 

\ZTon 

N 3 

v'N 

ION 


V^IOON 

5.5 

0.18182 

30.25 

2.34521 

7.41620 

166.375 

1.76517 

3.80295 

8.19321 

5.6 

0.17857 

31.36 

2.36643 

7.48331 

175.616 

1.77581 

3.82586 

8.24257 

5.7 

0.17544 

32.49 

2.38747 

7.54983 

185.193 

1.78632 

3.84850 

8.29134 

5.8 

0.17241 

33.64 

2.40832 

7.61577 

195.112 

1.79670 

3.87088 

8.33955 

5.9 

0.16949 

34.81 

2.42899 

7.68115 

205.379 

1.80697 

3.89300 

8.38721 

6.0 

0.16667 

36.00 

2.44949 

7.74597 

216.000 

1.81712 

3.91487 

8.43433 

6.1 

0.16393 

37.21 

2.46982 

7.81025 

226.981 

1.82716 

3.93650 

8.48093 

6.2 

0.16129 

38.44 

2.48998 

7.87401 

238.328 

1.83709 

3.95789 

8.52702 

6.5 

0.15873 

39.69 

2.50998 

7.93725 

250.047 

1.84691 

3.97906 

8.57262 

6.4 

0.15625 

40.96 

2.52982 

8.00000 

262.144 

1.85664 

4.00000 

8.61774 

6.5 

0.15385 

42.25 

2.54951 

8.06226 

274.625 

1.86626 

4.02073 

8.66239 

6.6 

0.15152 

43.56 

2.56905 

8.12404 

287.496 

1.87578 

4.04124 

8.70659 

6.7 

0.14925 

44.89 

2.58844 

8.18535 

300.763 

1.88520 

4.06155 

8.75034 

6.8 

0.14706 

46.24 

2.60768 

8.24621 

314.432 

1.89454 

4.08166 

8.79366 

6.9 

0.14493 

47.61 

2.62679 

8.30662 

528.509 

1.90378 

4.10157 

8.83656 

7.0 

0.14286 

49.00 

2.64575 

8.36660 

343.000 

1.91293 

4.12129 

8.87904 

7.1 

0.14085 

50.41 

2.66458 

8.42615 

357.911 

1.92200 

4.14082 

8.92112 

7.2 

0.13889 

51.84 

2.68328 

8.48528 

373.248 

1.93098 

4.16017 

8.96281 

7.3 

0.13699 

53.29 

2.70185 

8.54400 

389.017 

1 .93988 

4.17934 

9.00411 

7.4 

0.13514 

54.76 

2.72029 

8.60233 

405.224 

1.94870 

4.19834 

9.04504 

7.5 

0.13333 

56.25 

2.73861 

8.66025 

421.875 

1.95743 

4.21716 

9.08560 

7.6 

0.13158 

57.76 

2.75681 

8.71780 

438.976 

1.96610 

4.23582 

9.12581 

7.7 

0.12987 

59.29 

2.77489 

8.77496 

456.533 

1.97468 

4.25432 

9.16566 

7.8 

0.12821 

60.84 

2.79285 

8.83176 

474.552 

1.98319 

4.27266 

9.20516 

7.9 

0.12658 

62.41 

2.81069 

8.88819 

493.039 

1.99163 

4.29084 

9.24434 

8.0 

0.12500 

64.00 

2.82843 

8.94427 

512.000 

2.00000 

4.30887 

9.28318 

8.1 

0.12346 

65.61 

2.84605 

9.00000 

531.441 

2.00830 

4.32675 

9.32170 

8.2 

0.12195 

67.24 

2.86356 

9.05539 

551.368 

2.01653 

4.34448 

9.35990 

8.3 

0.12048 

68.89 

2.88097 

9.11043 

571.787 

2.02469 

4.36207 

9.39780 

8.4 

0.11905 

70.56 

2.89828 

9.16515 

592.704 

2.03279 

4.37952 

9.43539 

8.5 

0.11765 

72.25 

2.91548 

9.21954 

614.125 

2.04083 

4.39683 

9.47268 

8.6 

0.11628 

73.96 

2.93258 

9.27362 

636.056 

2.04880 

4.41400 

9.50969 

8.7 

0.11494 

75.69 

2.94958 

9.32738 

658.503 

2.05671 

4.43105 

9.54640 

8.8 

0.11364 

77.44 

2.96648 

9.38083 

681.472 

2.06456 

4.44796 

9.58284 

8.9 

0.11236 

79.21 

2.98329 

9.43398 

704.969 

2.07235 

4.46475 

9.61900 

9.0 

0.11111 

81.00 

3.00000 

9.48683 

729.000 

2.08008 

4.48140 

9.65489 

9.1 

0.10989 

82.81 

3.01662 

9.53939 

753.571 

2.08776 

4.49794 

9.69052 

9.2 

0.10870 

84.64 

3.03315 

9.59166 

778.688 

2.09538 

4.51436 

9.72589 

9.3 

0.10753 

86.49 

3.04959 

9.64365 

804.357 

2.10294 

4.53065 

9.76100 

9.4 

0.10638 

88.36 

3.06594 

9.69536 

830.584 

2.11045 

4.54684 

9.79586 

9.5 

0.10526 

90.25 

3.08221 

9.74679 

857.375 

2.11791 

4.56290 

9.83048 

9.6 

0.10417 

92.16 

3.09839 

9.79796 

884.736 

2.12532 

4.57886 

9.86485 

9.7 

0.10309 

94.09 

3.11448 

9.84886 

912.673 

2.13267 

4.59470 

9.89898 

9.8 

0.10204 

96.04 

3.13050 

9.89949 

941.192 

2.13997 

4.61044 

9.93288 

9.9 

0.10101 

98.01 

3.14643 

9.94987 

970.299 

2.14723 

4.62607 

9.96655 

10.0 

0.10000 

100.00 

3.16228 

10.00000 

1000.000 

2.15443 

4.64159 

10.00000 

N 

1/N 

N 2 

Vn 

VXON 

N 3 

vlT 

v'lON 

v'lOON 
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TABLE II 

100 — Five-Place Common Logarithms — 1 50 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

100 

00 000 

043 

087 

130 

173 

217 

260 

303 

346 

389 





101 

432 

475 

518 

561 

604 

647 

689 

732 

775 

817 





102 

860 

903 

945 

988 

*030 

*072 

*115 

*157 

*199 

*242 





103 

01 284 

326 

368 

410 

452 

494 

536 

578 

620 

662 


44 

43 

42 












1 

4.4 

4.3 

4.2 

104 

703 

745 

787 

828 

870 

912 

953 

995 

*036 

*078 

2 

8.8 

8.6 

8.4 

105 

02 119 

160 

202 

243 

284 

325 

366 

407 

449 

490 

3 

13.2 

12.9 

12.6 

106 

531 

572 

612 

653 

694 

735 

776 

816 

857 

898 

4 

5 

17.6 

22.0 

17.2 

21.5 

16.8 

21.0 

107 

938 

979 

*019 

*060 

*100 

*141 

*181 

*222 

*262 

*302 

6 

7 

26.4 

30.8 

25.8 

30.1 

25.2 

29.4 

108 

03 342 

383 

423 

463 

503 

543 

583 

623 

663 

703 

8 

35.2 

34.4 

33.6 

109 

743 

782 

822 

862 

902 

941 

981 

*021 

*060 

*100 

9 

39.6 

38.7 

37.8 

110 

04 139 

179 

218 

258 

297 

336 

376 

415 

454 

493 





111 

532 

571 

610 

650 

689 

727 

766 

805 

844 

883 





112 

922 

961 

999 

*038 

*077 

*115 

*154 

*192 

*231 

*269 





113 

05 308 

346 

385 

423 

461 

500 

538 

576 

614 

652 


41 

40 

39 












I 

4.1 

4.0 

3.9 

114 

690 

729 

767 

805 

843 

881 

918 

956 

994 

*032 

2 

Q 

8.2 
IQ 7 

8.0 

ion 

7.8 

115 

06 070 

108 

145 

183 

221 

258 

296 

333 

371 

408 

o 

4 

1Z.O 

16.4 

16 0 

11./ 
15 6 

116 

446 

483 

521 

558 

595 

633 

670 

707 

744 

781 

5 

20*5 

2oio 

19*5 












6 

24.6 

24.0 

23.4 

117 

819 

856 

893 

930 

967 

*004 

*041 

*078 

*115 

*151 

7 

28.7 

28.0 

27.3 

118 

07 188 

225 

262 

298 

335 

372 

408 

445 

482 

518 

8 

32.8 

32.0 

31.2 

119 

555 

591 

628 

664 

700 

737 

773 

809 

846 

882 

9 

36.9 

36.0 

35.1 

120 

918 

954 

990 

*027 

*063 

*099 

*135 

*171 

*207 

*243 





121 

08 279 

314 

350 

386 

422 

458 

493 

529 

565 

600 





122 

636 

672 

707 

743 

778 

814 

849 

884 

920 

955 


— rr* 


30 

123 

991 

*026 

*061 

*096 

*132 

*167 

*202 

*237 

*272 

*307 


38 

37 

1 

3.8 

3.7 

3.6 

124 

09 342 

377 

412 

447 

482 

517 

552 

587 

621 

656 

2 

3 

7.6 

11.4 

7.4 
11 1 

7.2 
10 8 

125 

691 

726 

760 

795 

830 

864 

899 

934 

96$ 

*003 

4 

15!2 

148 

144 

126 

10 037 

072 

106 

140 

175 

209 

243 

278 

312 

346 

5 

19.0 

18.5 

18.0 












0 

22.8 

22.2 

21.6 

127 

380 

415 

449 

483 

517 

551 

585 

619 

653 

687 

7 

26.6 

25.9 

25.2 

128 

721 

755 

789 

823 

857 

890 

924 

958 

992 

*025 

8 

o 

30.4 

29.6 

28.8 

129 

11 059 

093 

126 

160 

193 

227 

261 

294 

327 

361 


34.2 

33.3 

32.4 

130 

394 

428 

461 

494 

528 

561 

594 

628 

661 

694 





131 

727 

760 

793 

826 

860 

893 

926 

959 

992 

*024 





132 

12 057 

090 

123 

156 

189 

222 

254 

287 

320 

352 


35 

34 

33 

133 

385 

418 

450 

483 

516 

548 

581 

613 

646 

678 

i 

3.5 

3.4 

3.3 

134 

710 

743 

775 

808 

840 

872 

905 

937 

969 

*001 

2 

3 

7.0 

10.5 

6.8 

10.2 

6.6 

9.9 

135 

13 033 

066 

098 

130 

162 

194 

226 

258 

290 

322 

4 

14.0 

13.6 

13.2 

136 

354 

586 

418 

450 

481 

513 

545 

577 

609 

640 

5 

17.5 

17.0 

16.5 












6 

21.0 

20.4 

19.8 

137 

672 

704 

735 

767 

799 

830 

862 

893 

925 

956 

7 

24.5 

23.8 

23.1 

138 

988 

*019 

*051 

*082 

*114 

*145 

*176 

*208 

*239 

*270 

8 

9 

28.0 

31.5 

27.2 
30 6 

26.4 

9Q 7 

139 

14 301 

333 

364 

395 

426 

457 

489 

520 

551 

582 



140 

613 

644 

675 

706 

737 

768 

799 

829 

860 

891 





141 

922 

953 

983 

*014 

*045 

*076 

*106 

*137 

*168 

*198 





142 

15 229 

259 

290 

320 

351 

381 

412 

442 

473 

503 


32 

31 

30 

143 

534 

564 

594 

625 

655 

685 

715 

746 

776 

806 

1 

3.2 

3.1 

3.0 

144 

836 

866 

897 

927 

957 

987 

*017 

*047 

*077 

*107 

2 

3 

6.4 

9.6 

6.2 

9.3 

6.0 

9.0 

145 

16 137 

167 

197 

227 

256 

286 

316 

346 

376 

406 

4 

12.8 

12.4 

12.0 

146 

435 

465 

495 

524 

554 

584 

613 

643 

673 

702 

5 

16.0 

15.5 

15.0 












0 

19.2 

18.6 

18.0 

147 

732 

761 

791 

820 

850 

879 

909 

938 

967 

997 

7 

<2 

22.4 

21.7 

94 ft 

21.0 
94 n 

148 

17 026 

056 

085 

114 

143 

173 

202 

231 

260 

289 

o 

9 

^0.0 

28.8 

Z*±.o 

27.9 

27.0 

149 

319 

348 

377 

406 

435 

464 

493 

522 

551 

580 





150 

609 

638 

667 

696 

725 

754 

782 

811 

840 

869 





N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


100 — Five-Place Common Logarithms — 150 


449 


150 — Five-Place Common Logarithms — 200 


N 

0 

1 

o 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

150 

17 609 

638 

667 

696 

725 

754 

782 

811 

840 

869 





151 

898 

926 

955 

984 

*013 

*041 

*070 

*099 

*127 

*156 





152 

18 184 

213 

241 

270 

298 

327 

355 

384 

412 

441 





153 

469 

498 

526 

554 

583 

611 

639 

667 

696 

724 


29 

28 












1 

2.9 

2.8 

154 

752 

780 

808 

837 

865 

893 

921 

949 

977 

*005 

2 

5-8 

5-6 

155 

19 033 

061 

089 

117 

145 

173 

201 

229 

257 

285 

3 

8.7 

8-4 

156 

312 

340 

368 

396 

424 

451 

479 

507 

535 

562 

4 

5 

11.6 

14.5 

11.2 

14.0 

157 

590 

618 

645 

673 

700 

728 

756 

783 

811 

838 

6 

7 

17.4 

20.3 

16.8 

19.6 

158 

866 

893 

921 

948 

976 

*003 

*030 

*058 

*085 

*112 

8 

23.2 

22.4 

159 

20 140 

167 

194 

222 

249 

276 

303 

330 

358 

385 

9 

26.1 

252 

160 

412 

439 

466 

493 

520 

548 

575 

602 

629 

656 





161 

683 

710 

737 

763 

790 

817 

844 

871 

898 

925 





162 

952 

978 

*005 

*032 

*059 

*085 

*112 

*139 

*165 

*192 





163 

21 219 

245 

272 

299 

325 

352 

378 

405 

431 

458 


27 

26 












1 

2.7 

2.6 

164 

484 

511 

537 

564 

590 

617 

643 

669 

696 

722 

2 

5.4 

5.2 

165 

748 

775 

801 

827 

854 

880 

906 

932 

958 

985 

3 

A 

8. 1 

7.8 

166 

22 Oil 

037 

063 

089 

115 

141 

167 

194 

220 

246 

5 

10.8 

13.5 

10.4 

13.0 












6 

16.2 

15.6 

167 

272 

298 

324 

350 

376 

401 

427 

453 

479 

505 

7 

18.9 

18.2 

168 

531 

557 

583 

608 

634 

660 

686 

712 

737 

763 

8 

21.6 

20.8 

169 

789 

814 

840 

866 

891 

917 

943 

968 

994 

*019 

9 

24.3 

23.4 

170 

23 045 

070 

096 

121 

147 

172 

198 

223 

249 

274 





171 

300 

325 

350 

376 

401 

426 

452 

477 

502 

528 





172 

553 

578 

603 

629 

654 

679 

704 

729 

754 

779 





173 

805 

830 

855 

880 

905 

930 

955 

980 

*005 

*030 



25 













l 

2.5 

174 

24 055 

080 

105 

130 

155 

180 

204 

229 

254 

279 


2 

5.0 

175 

304 

329 

353 

378 

403 

428 

452 

477 

502 

527 


j. 

7.5 
10 0 

176 

551 

576 

601 

625 

650 

674 

699 

724 

748 

773 

J 

5 

12^5 












6 

15.0 

177 

797 

822 

846 

871 

895 

920 

944 

969 

993 

*018 


7 

17.5 

178 

25 042 

066 

091 

115 

139 

164 

188 

212 

237 

261 

8 

20.0 

179 

285 

310 

334 

358 

382 

406 

431 

455 

479 

503 

\ 

D 

22.5 

180 

527 

551 

575 

600 

624 

648 

672 

696 

720 

744 





181 

768 

792 

816 

840 

864 

888 

912 

935 

959 

983 





182 

26 007 

031 

055 

079 

102 

126 

150 

174 

198 

221 





183 

245 

269 

293 

316 

340 

364 

387 

411 

435 

458 



23 


1 

2.4 

2.3 

184 

482 

505 

529 

553 

576 

600 

623 

647 

670 

694 

2 

3 

4.8 

7 9 

4.6 
c o 

185 

717 

741 

764 

788 

811 

834 

858 

881 

905 

928 

4 

9.6 

9 2 

186 

951 

975 

998 

*021 

*045 

*068 

*091 

*114 

*138 

*161 

5 

12^0 

11.5 












6 

14.4 

13.8 

187 

27 184 

207 

231 

254 

277 

300 

323 

346 

370 

393 

7 

16.8 

16.1 

188 

416 

439 

462 

485 

508 

531 

554 

577 

600 

623 

8 

19.2 

1 8.4 

189 

646 

669 

692 

715 

738 

761 

784 

807 

830 

852 

9 

21.6 

20.7 

190 

875 

898 

921 

944 

967 

989 

*012 

*035 

*058 

*081 





191 

28 103 

126 

149 

171 

194 

217 

240 

262 

285 

307 





192 

330 

353 

375 

398 

421 

443 

466 

488 

511 

533 


oo 

O 1 

193 

556 

578 

601 

623 

646 

668 

691 

713 

735 

758 

T 

2.2 

** X 

2.1 

194 

780 

803 

825 

847 

870 

892 

914 

937 

959 

981 

2 

3 

4.4 
6 6 

4.2 

6.3 

195 

29 003 

026 

048 

070 

092 

115 

137 

159 

181 

203 

4 

8.8 

8.4 

196 

226 

248 

270 

292 

314 

336 

358 

380 

403 

425 

5 

11.0 

10.5 












6 

13.2 

12.6 

197 

447 

469 

491 

513 

535 

557 

579 

601 

623 

645 

7 

15.4 

14.7 

198 

667 

688 

710 

732 

754 

776 

798 

820 

842 

863 

8 

o 

17.6 

IQ Q 

16.8 
IQ n 

199 

885 

907 

929 

951 

973 

994 

*016 

*038 

*060 

*081 

o 


lo.V 

200 

30 103 

125 

146 

168 

190 

211 

233 

255 

276 

298 





N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


150 — Five-Place Common Logarithms — 200 

450 


200 — Five-Place Common Logarithms — 250 



451 


250 — Five-Place Common Logarithms — 300 



452 


300 — Five-Place Common Logarithms — 350 



453 


350— Five-Place Common Logarithms — 400 



454 


400 — Five-Place Common Logarithms — 450 


N 

o 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

400 

60 206 

217 

228 

239 

249 

260 

271 

282 

293 

304 



401 

314 

325 

336 

347 

358 

369 

379 

390 

401 

412 



402 

423 

433 

444 

455 

466 

477 

487 

498 

509 

520 



403 

531 

541 

552 

563 

574 

584 

595 

606 

617 

627 



404 

638 

649 

660 

670 

681 

692 

703 

713 

724 

735 



405 

746 

756 

767 

778 

788 

799 

810 

821 

831 

842 



406 

853 

863 

874 

885 

895 

906 

917 

927 

938 

949 



407 

959 

970 

981 

991 

*002 

*013 

*023 

*034 

*045 

*055 



408 

61 066 

077 

087 

098 

109 

119 

130 

140 

151 

162 



409 

172 

183 

194 

204 

215 

225 

236 

247 

257 

268 

1 

11 

1.1 

410 

278 

289 

300 

310 

321 

331 

342 

352 

363 

374 

2 

3 

2.2 
3 3 

411 

384 

395 

405 

416 

426 

437 

448 

458 

469 

479 

4 

4.4 

412 

490 

500 

511 

521 

532 

542 

553 

563 

574 

584 

5 

5.5 

413 

595 

606 

616 

627 

637 

648 

658 

669 

679 

690 

6 

6.6 












7 

7.7 

414 

700 

711 

721 

731 

742 

752 

763 

773 

784 

794 

8 

9 

8.8 
Q Q 

415 

805 

815 

826 

836 

847 

857 

868 

878 

888 

899 



416 

909 

920 

930 

941 

951 

962 

972 

982 

993 

*003 



417 

62 014 

024 

034 

045 

055 

066 

076 

086 

097 

107 



418 

118 

128 

138 

149 

159 

170 

180 

190 

201 

211 



419 

221 

232 

242 

252 

263 

273 

284 

294 

304 

315 



420 

325 

335 

346 

356 

366 

377 

387 

397 

408 

418 



421 

428 

439 

449 

459 

469 

480 

490 

500 

511 

521 



422 

531 

542 

552 

562 

572 

583 

593 

603 

613 

624 


1 A 

423 

634 

644 

655 

665 

675 

685 

696 

706 

716 

726 

1 

1U 

1.0 

424 

737 

747 

757 

767 

778 

788 

798 

808 

818 

829 

2 

3 

2.0 

3.0 

425 

839 

849 

859 

870 

880 

890 

900 

910 

921 

931 

4 

4.0 

426 

941 

951 

961 

972 

982 

992 

*002 

*012 

*022 

*033 

5 

5.0 












6 

6.0 

427 

63 043 

053 

063 

073 

083 

094 

104 

114 

124 

134 

7 

7.0 

428 

144 

155 

165 

175 

185 

195 

205 

215 

225 

236 

8 

Q 

8.0 
q n 

429 

246 

256 

266 

276 

286 

296 

306 

317 

327 

337 

if 


430 

347 

357 

367 

377 

387 

397 

407 

417 

428 

438 



431 

448 

458 

468 

478 

488 

498 

508 

518 

528 

538 



432 

548 

558 

568 

579 

589 

599 

609 

619 

629 

639 



433 

649 

659 

669 

679 

689 

699 

709 

719 

729 

739 



434 

749 

759 

769 

779 

789 

799 

809 

819 

829 

839 



435 

849 

859 

869 

879 

889 

899 

909 

919 

929 

939 



436 

949 

959 

969 

979 

988 

998 

*008 

*018 

*028 

*038 


9 

437 

64 048 

058 

068 

078 

088 

098 

108 

118 

128 

137 

1 

0.9 

438 

147 

157 

167 

177 

187 

197 

207 

217 

227 

237 

2 

3 

1.8 
2 7 

439 

246 

256 

266 

276 

286 

296 

306 

316 

326 

335 

4 

3^6 












5 

45 

440 

345 

355 

365 

375 

385 

395 

404 

414 

424 

434 

6 

5.4 

441 

444 

454 

464 

473 

483 

493 

503 

513 

523 

532 

7 

6.3 

442 

542 

552 

562 

572 

582 

591 

601 

611 

621 

631 

8 

7.2 

443 

640 

650 

660 

670 

680 

689 

699 

709 

719 

729 

9 

8.1 

444 

738 

748 

758 

768 

777 

787 

797 

807 

816 

826 



445 

836 

846 

856 

865 

875 

885 

895 

904 

914 

924 



446 

933 

943 

953 

963 

972 

982 

992 

*002 

*011 

*021 



447 

65 031 

040 

050 

060 

070 

079 

089 

099 

108 

118 



448 

128 

137 

147 

157 

167 

176 

186 

196 

205 

215 



449 

225 

234 

244 

254 

263 

273 

283 

292 

302 

312 



450 

321 

331 

341 

350 

360 

369 

379 

389 

398 

408 



N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


400 — Five-Place Common Logarithms — 450 

455 


450 — Five-Place Common Logarithms — 500 


N 

0 

1 

2 

3 

4 

5 

0 

7 

8 

9 

Prop. Parts 

450 

65 321 

331 

341 

350 

360 

369 

379 

389 

398 

408 



451 

418 

427 

437 

447 

456 

466 

475 

485 

495 

504 



452 

514 

523 

533 

543 

552 

562 

571 

581 

591 

600 



453 

610 

619 

629 

639 

648 

658 

667 

677 

686 

696 



454 

706 

715 

725 

734 

744 

753 

763 

772 

782 

792 



455 

801 

811 

820 

830 

839 

849 

858 

868 

877 

887 



456 

896 

906 

916 

925 

935 

944 

954 

963 

973 

982 



457 

992 

*001 

*011 

*020 

*030 

*039 

*049 

*058 

*068 

*077 



458 

66 087 

096 

106 

115 

124 

134 

143 

153 

162 

172 



459 

181 

191 

200 

210 

219 

229 

238 

247 

257 

266 


10 












1 

1.0 

400 

276 

285 

295 

304 

314 

323 

332 

342 

351 

361 

2 

Q 

2.0 
7 n 

461 

370 

380 

389 

398 

408 

417 

427 

436 

445 

455 

o 

4 

o.U 

4.0 

462 

464 

474 

483 

492 

502 

511 

521 

530 

539 

549 

5 

5.0 

463 

558 

567 

577 

586 

596 

605 

614 

624 

633 

642 

0 

6.0 












7 

7.0 

464 

652 

661 

671 

680 

689 

699 

708 

717 

727 

736 

8 

8.0 

465 

745 

755 

764 

773 

783 

792 

801 

811 

820 

829 

9 

9.0 

466 

839 

848 

857 

867 

876 

885 

894 

904 

913 

922 



467 

932 

941 

950 

960 

969 

978 

987 

997 

*006 

*015 



468 

67 025 

034 

043 

052 

062 

071 

080 

089 

099 

108 



469 

117 

127 

136 

145 

154 

164 

173 

182 

191 

201 



470 

210 

219 

228 

237 

247 

256 

265 

274 

284 

293 



471 

302 

311 

321 

330 

339 

348 

357 

367 

376 

385 



472 

394 

403 

413 

422 

431 

440 

449 

459 

468 

477 



473 

486 

495 

504 

514 

523 

532 

541 

550 

560 

569 



9 












1 

0.9 

474 

578 

587 

596 

605 

614 

624 

633 

642 

651 

660 

2 

3 

1.8 
2 7 

475 

669 

679 

688 

697 

706 

715 

724 

733 

742 

752 

4 

3.6 

476 

761 

770 

779 

788 

797 

806 

815 

825 

834 

843 

5 

4.5 












6 

5.4 

477 

852 

861 

870 

879 

888 

897 

906 

916 

925 

934 

7 

6.3 

478 

943 

952 

961 

970 

979 

988 

997 

*006 

*015 

*024 

8 

Q 

7.2 

Q 1 

479 

68 034 

043 

052 

061 

070 

079 

088 

097 

106 

115 

cf 

0.1 

480 

124 

133 

142 

151 

160 

169 

178 

187 

196 

205 



481 

215 

224 

233 

242 

251 

260 

269 

278 

287 

296 



482 

305 

314 

323 

332 

341 

350 

359 

368 

577 

386 



483 

395 

404 

413 

422 

431 

440 

449 

458 

467 

476 



484 

485 

494 

502 

511 

520 

529 

538 

547 

556 

565 



485 

574 

583 

592 

601 

610 

619 

628 

637 

646 

655 



486 

664 

673 

681 

690 

699 

708 

717 

726 

735 

744 


8 

487 

753 

762 

771 

780 

789 

797 

806 

815 

824 

833 

T 

0.8 
1 (Z 

488 

842 

851 

860 

869 

878 

886 

895 

904 

913 

922 

3 

L.O 

2 4 

489 

931 

940 

949 

958 

966 

975 

984 

993 

*002 

*011 

4 

3^2 












5 

4.0 

490 

69 020 

028 

037 

046 

055 

064 

073 

082 

090 

099 

0 

4.8 

491 

108 

117 

126 

135 

144 

152 

161 

170 

179 

188 

7 

5.6 

492 

197 

205 

214 

223 

232 

241 

249 

258 

267 

276 

8 

Q 

6.4 

7 7 

493 

285 

294 

302 

311 

320 

329 

338 

346 

355 

364 

<7 

/ . z 

494 

373 

381 

390 

399 

408 

417 

425 

434 

443 

452 



495 

461 

469 

478 

487 

496 

504 

513 

522 

531 

539 



496 

548 

557 

566 

574 

583 

592 

601 

609 

618 

627 



497 

636 

644 

653 

662 

671 

679 

688 

697 

705 

714 



498 

723 

732 

740 

749 

758 

767 

775 

784 

793 

801 



499 

810 

819 

827 

836 

845 

854 

862 

871 

880 

888 



500 

897 

906 

914 

923 

932 

940 

949 

958 

966 

975 



N 

0 

1 

o 

3 

4 

5 

0 

7 

8 

9 

Prop. Parts 


450 — Five-Place Common Logarithms — 500 

456 


500 — Five-Place Common Logarithms — 550 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

500 

69 897 

906 

914 

923 

932 

940 

949 

958 

966 

975 



501 

984 

992 

*001 

*010 

*018 

*027 

*036 

*044 

*053 

*062 



502 

70 070 

079 

088 

096 

105 

114 

122 

131 

140 

148 



503 

157 

165 

174 

183 

191 

200 

209 

217 

226 

234 



504 

243 

252 

260 

269 

278 

286 

295 

303 

312 

321 



505 

329 

338 

346 

355 

364 

372 

381 

389 

398 

406 



506 

415 

424 

432 

441 

449 

458 

467 

475 

484 

492 



507 

501 

509 

518 

526 

535 

544 

552 

561 

569 

578 



508 

586 

595 

603 

612 

621 

629 

638 

646 

655 

663 



9 

509 

672 

680 

689 

697 

706 

714 

723 

731 

740 

749 

1 

2 

0.9 

1.8 

510 

757 

766 

774 

783 

791 

800 

808 

817 

825 

834 

3 

4 

2.7 
3 6 

511 

842 

851 

859 

868 

876 

885 

893 

902 

910 

919 

5 

4.5 

512 

927 

935 

944 

952 

961 

969 

978 

986 

995 

*003 

6 

5.4 

513 

71 012 

020 

029 

037 

046 

054 

063 

071 

079 

088 

7 

6.3 












8 

7.2 

514 

096 

105 

113 

122 

130 

139 

147 

155 

164 

172 

0 

8.1 

515 

181 

189 

198 

206 

214 

223 

231 

240 

248 

257 



516 

265 

273 

282 

290 

299 

307 

315 

324 

332 

341 



517 

349 

357 

366 

374 

383 

391 

399 

408 

416 

425 



518 

433 

441 

450 

458 

466 

475 

483 

492 

500 

508 



519 

517 

525 

533 

542 

550 

559 

567 

575 

584 

592 



520 

600 

609 

617 

625 

634 

642 

650 

659 

667 

675 



521 

684 

692 

700 

709 

717 

725 

734 

742 

750 

759 



522 

767 

775 

784 

792 

800 

809 

817 

825 

834 

842 


8 

523 

850 

8 58 

867 

875 

883 

892 

900 

908 

917 

925 

1 

0.8 

524 

933 

941 

950 

958 

966 

975 

983 

991 

999 

*008 

2 

3 

1.6 

2.4 

525 

72 01 6 

024 

032 

041 

049 

057 

066 

074 

082 

090 

4 

3.2 

526 

099 

107 

115 

123 

132 

140 

148 

156 

165 

173 

5 

4.0 












6 

4.8 

527 

181 

189 

198 

206 

214 

222 

230 

239 

247 

255 

7 

Q 

5.6 

528 

263 

272 

280 

288 

296 

304 

313 

321 

329 

337 

O 

9 

0.4 

7.2 

529 

346 

354 

362 

370 

378 

387 

395 

403 

411 

419 



530 

428 

436 

444 

452 

460 

469 

477 

485 

493 

501 



531 

509 

518 

526 

534 

542 

550 

558 

567 

575 

583 



532 

591 

599 

607 

616 

624 

632 

640 

648 

656 

665 



533 

673 

681 

689 

697 

705 

713 

722 

730 

738 

746 



534 

754 

762 

770 

779 

787 

795 

803 

811 

819 

827 



535 

835 

843 

852 

860 

868 

876 

884 

892 

900 

908 



536 

916 

925 

933 

941 

949 

957 

965 

973 

981 

989 



537 

997 

*006 

*014 

*022 

*030 

*038 

*046 

*054 

*062 

*070 

r 

7 

0 7 

538 

73 078 

086 

094 

102 

111 

119 

127 

135 

143 

151 

2 

L 4 

539 

159 

167 

175 

183 

191 

199 

207 

215 

223 

231 

3 

2.1 












4 

2.8 

540 

239 

247 

255 

263 

272 

280 

288 

296 

304 

312 

5 

3.5 

541 

320 

328 

336 

344 

352 

360 

368 

376 

384 

392 

6 

j 

4.2 

A O 

542 

400 

408 

416 

424 

432 

440 

448 

456 

464 

472 

s 

5 6 

543 

480 

488 

496 

504 

512 

520 

528 

536 

544 

552 

9 

6.3 

544 

560 

568 

576 

584 

592 

600 

608 

616 

624 

632 



545 

640 

648 

656 

664 

672 

679 

687 

695 

703 

711 



546 

719 

727 

735 

743 

751 

759 

767 

775 

783 

791 



547 

799 

807 

815 

823 

830 

838 

846 

854 

862 

870 



548 

878 

886 

894 

902 

910 

918 

926 

933 

941 

949 



549 

957 

965 

973 

981 

989 

997 

*005 

*013 

*020 

*028 



550 

74 036 

044 

052 

060 

068 

076 

084 

092 

099 

107 



N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


500 — Five-Place Common Logarithms — 550 

457 


550 — Five-Place Common Logarithms — 600 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

550 

74 036 

044 

052 

060 

068 

076 

084 

092 

099 

107 



551 

115 

123 

131 

139 

147 

155 

162 

170 

178 

186 



552 

194 

202 

210 

218 

225 

233 

241 

249 

257 

265 



555 

273 

280 

288 

296 

304 

312 

320 

327 

335 

343 



554 

351 

359 

367 

374 

382 

390 

398 

406 

414 

421 



555 

429 

437 

445 

453 

461 

468 

476 

484 

492 

500 



556 

507 

515 

523 

531 

539 

547 

554 

562 

570 

578 



557 

586 

593 

601 

609 

617 

624 

632 

640 

648 

656 



558 

663 

671 

679 

687 

695 

702 

710 

718 

726 

733 



559 

741 

749 

757 

764 

772 

780 

788 

796 

803 

811 



560 

819 

827 

834 

842 

850 

858 

865 

873 

881 

889 



561 

896 

904 

912 

920 

927 

935 

943 

950 

958 

966 



562 

974 

981 

989 

997 

*005 

*012 

*020 

*028 

*035 

*043 



563 

75 051 

059 

066 

074 

082 

089 

097 

105 

113 

120 



564 

128 

136 

143 

151 

159 

166 

174 

182 

189 

197 


8 

1 

0.8 

565 

205 

213 

220 

228 

236 

243 

251 

259 

266 

274 

2 

1.6 

566 

282 

289 

297 

305 

312 

320 

328 

335 

343 

351 

3 

2.4 












4 

3.2 

567 

358 

366 

374 

381 

389 

397 

404 

412 

420 

427 

5 

6 
7 

4.0 
4.8 
5 6 

568 

435 

442 

450 

458 

465 

473 

481 

488 

496 

504 

569 

511 

519 

526 

534 

542 

549 

557 

565 

572 

580 

8 

6.4 

570 


595 

603 



626 


641 



9 

7.2 

587 

610 

618 

633 

648 

656 



571 

664 

671 

679 

686 

694 

702 

709 

717 

724 

732 



572 

740 

747 

755 

762 

770 

778 

785 

793 

800 

808 



573 

815 

823 

831 

838 

846 

853 

861 

868 

876 

884 



574 

891 

899 

906 

914 

921 

929 

937 

944 

952 

959 



575 

967 

974 

982 

989 

997 

*005 

*012 

*020 

*027 

*035 



576 

76 042 

050 

057 

065 

072 

080 

087 

095 

103 

110 



577 

118 

125 

133 

140 

148 

155 

163 

170 

178 

185 



578 

193 

200 

208 

215 

223 

230 

238 

245 

253 

260 



579 

268 

275 

283 

290 

298 

305 

313 

320 

328 

335 



580 

343 

350 

358 

365 

373 

380 

388 

395 

403 

410 



581 

418 

425 

433 

440 

448 

455 

462 

470 

477 

485 


7 

582 

492 

500 

507 

515 

522 

530 

537 

545 

552 

559 

T~ 

0.7 

583 

567 

574 

582 

589 

597 

604 

612 

619 

626 

634 

2 

1.4 












3 

2.1 

584 

641 

649 

656 

664 

671 

678 

686 

693 

701 

708 

4 

2.8 

585 

716 

723 

730 

738 

745 

753 

760 

768 

775 

782 

5 

6 
7 

3.5 

4.2 

4.9 

586 

790 

797 

805 

812 

819 

827 

834 

842 

849 

856 












8 

5.6 

587 

864 

871 

879 

886 

893 

901 

908 

916 

923 

930 

9 

6.3 

588 

938 

945 

953 

960 

967 

975 

982 

989 

997 

*004 



589 

77 012 

019 

026 

034 

041 

048 

056 

063 

070 

078 



590 

085 

093 

100 

107 

115 

122 

129 

137 

144 

151 



591 

159 

166 

173 

181 

188 

195 

203 

210 

217 

225 



592 

232 

240 

247 

254 

262 

269 

276 

283 

291 

298 



593 

305 

313 

320 

327 

335 

342 

349 

357 

364 

371 



594 

379 

386 

393 

401 

408 

415 

422 

430 

437 

444 



595 

452 

459 

466 

474 

481 

488 

495 

503 

510 

517 



596 

525 

532 

539 

546 

554 

561 

568 

576 

583 

590 



597 

597 

605 

612 

619 

627 

634 

641 

648 

656 

663 



598 

670 

677 

685 

692 

699 

706 

714 

721 

728 

735 



599 

743 

750 

757 

764 

772 

779 

786 

793 

801 

808 



600 

815 

822 

830 

837 

844 

851 

859 

866 

873 

880 



N 

0 

1 

o 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


550 — Five-Place Common Logarithms — 600 

458 


600 — Five-Place Common Logarithms — 650 



600 — Five-Place Common Logarithms — 650 

459 


650 — Five-Place Common Logarithms — 700 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

650 

81 291 

298 

305 

311 

318 

325 

331 

338 

345 

351 



651 

558 

565 

371 

378 

385 

391 

398 

405 

411 

418 



652 

425 

431 

438 

445 

451 

458 

465 

471 

478 

485 



655 

491 

498 

505 

511 

518 

525 

531 

538 

544 

551 



654 

558 

564 

571 

578 

584 

591 

598 

604 

611 

617 



655 

624 

631 

637 

644 

651 

657 

664 

671 

677 

684 



656 

690 

697 

704 

710 

717 

723 

730 

737 

743 

750 



657 

757 

763 

770 

776 

783 

790 

796 

803 

809 

816 



658 

823 

829 

836 

842 

849 

856 

862 

869 

875 

882 



659 

889 

895 

902 

908 

915 

921 

928 

935 

941 

948 



660 

954 

961 

968 

974 

981 

987 

994 

*000 

*007 

*014 



661 

82 020 

027 

033 

040 

046 

053 

060 

066 

073 

079 



662 

086 

092 

099 

105 

119 

119 

125 

132 

138 

145 



665 

151 

158 

164 

171 

178 

184 

191 

197 

204 

210 


7 












1 

0.7 

664 

217 

223 

230 

236 

243 

249 

256 

263 

269 

276 

2 

Q 

1.4 

O 1 

665 

282 

289 

295 

302 

308 

315 

321 

328 

334 

341 

o 

4 

Z. 1 
2 8 

666 

547 

354 

360 

367 

373 

380 

387 

393 

400 

406 

5 

3.5 












6 

4.2 

667 

413 

419 

426 

432 

439 

445 

452 

458 

465 

471 

7 

4.9 

668 

478 

484 

491 

497 

504 

510 

517 

523 

530 

536 

8 

5.6 

669 

543 

549 

556 

562 

569 

575 

582 

588 

595 

601 

9 

6.3 

670 

607 

614 

620 

627 

633 

640 

646 

653 

659 

666 



671 

672 

679 

685 

692 

698 

705 

711 

718 

724 

730 



672 

757 

743 

750 

756 

763 

769 

776 

782 

789 

795 



675 

802 

808 

814 

821 

827 

834 

840 

847 

853 

860 



674 

866 

872 

879 

885 

892 

898 

905 

911 

918 

924 



675 

930 

937 

943 

950 

956 

963 

969 

975 

982 

988 



676 

995 

*001 

*008 

*014 

*020 

*027 

*033 

*040 

*046 

*052 



677 

83 059 

065 

072 

078 

085 

091 

097 

104 

110 

117 



678 

123 

129 

136 

142 

149 

155 

161 

168 

174 

181 



679 

187 

193 

200 

206 

213 

219 

225 

232 

238 

245 



680 

251 

257 

264 

270 

276 

283 

289 

296 

302 

308 



681 

315 

321 

327 

334 

340 

347 

353 

359 

366 

372 



682 

378 

385 

391 

398 

404 

410 

417 

423 

429 

436 


o 

685 

442 

448 

455 

461 

467 

474 

480 

487 

493 

499 

r 

"06 

684 

506 

512 

518 

525 

531 

537 

544 

550 

556 

563 

2 

3 

1.2 

1.8 

685 

569 

575 

582 

588 

594 

601 

607 

613 

620 

626 

4 

2.4 

686 

632 

639 

645 

651 

658 

664 

670 

677 

683 

689 

5 

3.0 












6 

3.6 

687 

696 

702 

708 

715 

721 

727 

734 

740 

746 

753 

7 

Q 

4.2 

A ft 

688 

759 

765 

771 

778 

784 

790 

797 

803 

809 

816 

o 

9 

5.4 

6S9 

822 

828 

835 

841 

847 

853 

860 

866 

872 

879 



690 

885 

891 

897 

904 

910 

916 

923 

929 

935 

942 



691 

948 

954 

960 

967 

973 

979 

985 

992 

998 

*004 



692 

84 Oil 

017 

023 

029 

036 

042 

048 

055 

061 

067 



695 

073 

080 

086 

092 

098 

105 

111 

117 

123 

130 



694 

136 

142 

148 

155 

161 

167 

173 

180 

186 

192 



695 

198 

205 

211 

217 

223 

230 

236 

242 

248 

255 



696 

261 

267 

273 

280 

286 

292 

298 

305 

311 

517 



697 

323 

330 

336 

342 

348 

354 

361 

367 

373 

379 



698 

386 

392 

398 

404 

410 

417 

423 

429 

435 

442 



699 

448 

454 

460 

466 

473 

479 

485 

491 

497 

504 



700 

510 

516 

522 

528 

535 

541 

547 

553 

559 

566 



N 

0 

1 

o 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


650 — Five-Place Common Logarithms — 700 

460 


700 — Five-Place Common Logarithms — 750 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

700 

84 510 

516 

522 

528 

535 

541 

547 

553 

559 

566 



701 

572 

578 

584 

590 

597 

603 

609 

615 

621 

628 



702 

634 

640 

646 

652 

658 

665 

671 

677 

683 

689 



703 

696 

702 

708 

714 

720 

726 

733 

739 

745 

751 



704 

757 

763 

770 

776 

782 

788 

794 

800 

807 

813 



705 

819 

825 

831 

837 

844 

850 

856 

862 

868 

874 



706 

880 

887 

893 

899 

905 

911 

917 

924 

930 

936 



707 

942 

948 

954 

960 

967 

973 

979 

985 

991 

997 



708 

85 003 

009 

016 

022 

028 

034 

040 

046 

052 

058 


7 

709 

065 

071 

077 

083 

089 

095 

101 

107 

114 

120 

1 

0.7 












2 

1.4 

710 

126 

132 

138 

144 

150 

156 

163 

169 

175 

181 

3 

4 

2.1 

2.8 

711 

187 

193 

199 

205 

211 

217 

224 

230 

236 

242 

5 

3.5 

| 712 

248 

254 

260 

266 

272 

278 

285 

291 

297 

303 

6 

4.2 

713 

309 

315 

321 

327 

333 

339 

345 

352 

358 

364 

7 

4.9 












8 

5.6 

714 

370 

376 

382 

388 

394 

400 

406 

412 

418 

425 

9 

6.3 

715 

431 

437 

443 

449 

455 

461 

467 

473 

479 

485 



716 

491 

497 

503 

509 

516 

522 

528 

534 

540 

546 



717 

552 

558 

564 

570 

576 

582 

588 

594 

600 

606 



718 

612 

618 

625 

631 

637 

643 

649 

655 

661 

667 



719 

673 

679 

685 

691 

697 

703 

709 

715 

721 

727 



720 

733 

739 

745 

751 

757 

763 

769 

775 

781 

788 



721 

794 

800 

806 

812 

818 

824 

830 

836 

842 

848 



722 

854 

860 

866 

872 

878 

884 

890 

896 

902 

908 



723 

914 

920 

926 

932 

938 

944 

950 

956 

962 

968 



O 












X 

0.6 

724 

974 

980 

986 

992 

998 

*004 

*010 

*016 

*022 

*028 

2 

3 

1.2 
1 8 

725 

86 034 

040 

046 

052 

058 

064 

070 

076 

082 

088 

4 

2.4 

726 

094 

100 

106 

112 

118 

124 

130 

136 

141 

147 

5 

3.0 












6 

3.6 

727 

153 

159 

165 

171 

177 

183 

189 

195 

201 

207 

7 

4.2 

728 

213 

219 

225 

231 

237 

243 

249 

255 

261 

267 

8 

Q 

4.8 

c A 

729 

273 

279 

285 

291 

297 

303 

308 

314 

320 

326 


0-4 

730 

332 

338 

344 

350 

356 

362 

368 

374 

380 

386 



731 

392 

398 

404 

410 

415 

421 

427 

433 

439 

445 



732 

451 

457 

463 

469 

475 

481 

487 

493 

499 

504 



733 

510 

516 

522 

528 

534 

540 

546 

552 

558 

564 



734 

570 

576 

581 

587 

593 

599 

605 

611 

617 

623 



735 

629 

635 

641 

646 

652 

658 

664 

670 

676 

682 



736 

688 

694 

700 

705 

711 

717 

723 

729 

735 

741 



737 

747 

753 

759 

764 

770 

776 

782 

788 

794 

800 


5 

n c 

738 

806 

812 

817 

823 

829 

835 

841 

847 

853 

859 

X 

2 

u.o 
1 0 

739 

864 

870 

876 

882 

888 

894 

900 

906 

911 

917 

3 

1.5 












4 

2.0 

740 

923 

929 

935 

941 

947 

953 

958 

964 

970 

976 

5 

2.5 

741 

982 

988 

994 

999 

*005 

*011 

*017 

*023 

*029 

*035 

6 

3.0 

742 

87 040 

046 

052 

058 

064 

070 

075 

081 

087 

093 

7 

g 

3.5 

a 

743 

099 

105 

111 

116 

122 

128 

134 

140 

146 

151 

9 

4.5 

744 

157 

163 

169 

175 

181 

186 

192 

198 

204 

210 



745 

216 

221 

227 

233 

239 

245 

251 

256 

262 

268 



746 

274 

280 

286 

291 

297 

303 

309 

315 

320 

326 



747 

332 

338 

344 

349 

355 

361 

367 

373 

379 

384 



748 

390 

396 

402 

408 

413 

419 

425 

431 

437 

442 



749 

448 

454 

460 

466 

471 

477 

483 

489 

495 

500 



750 

506 

512 

518 

523 

529 

535 

541 

547 

552 

558 



N 

0 

1 

o 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


700 — Five-Place Common Logarithms — 750 

461 


750 — Five-Place Common Logarithms — 800 


N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

750 

87 506 

512 

518 

523 

529 

535 

541 

547 

552 

558 



751 

564 

570 

576 

581 

587 

593 

599 

604 

610 

616 



752 

622 

628 

633 

639 

645 

651 

656 

662 

668 

674 



753 

679 

685 

691 

697 

703 

708 

714 

720 

726 

731 



754 

737 

743 

749 

754 

760 

766 

772 

777 

783 

789 



755 

795 

800 

806 

812 

818 

823 

829 

835 

841 

846 



756 

852 

858 

864 

869 

875 

881 

887 

892 

898 

904 



757 

910 

915 

921 

927 

933 

938 

944 

950 

955 

961 



758 

967 

973 

978 

984 

990 

996 

*001 

*007 

*013 

*018 



759 

88 024 

030 

036 

041 

047 

053 

058 

064 

070 

076 



760 

081 

087 

093 

098 

104 

110 

116 

121 

127 

133 



761 

138 

144 

150 

156 

161 

167 

173 

178 

184 

190 



762 

195 

201 

207 

213 

218 

224 

230 

235 

241 

247 



763 

252 

258 

264 

270 

275 

281 

287 

292 

298 

304 


6 












1 

0.6 

764 

309 

315 

321 

326 

332 

338 

343 

349 

355 

360 

2 

o 

1.2 
1 n 

765 

366 

372 

377 

383 

389 

395 

400 

406 

412 

417 

o 

4 

1.0 
2 4 

766 

423 

429 

434 

440 

446 

451 

457 

463 

468 

474 

5 

3.0 












6 

3.6 

767 

480 

485 

491 

497 

502 

508 

513 

519 

525 

530 

7 

4.2 

768 

536 

542 

547 

553 

559 

564 

570 

576 

581 

587 

8 

4.8 

769 

593 

598 

604 

610 

615 

621 

627 

632 

638 

643 

9 

5.4 

770 

649 

655 

660 

666 

672 

677 

683 

689 

694 

700 



771 

705 

711 

717 

722 

728 

734 

739 

745 

750 

756 



772 

762 

767 

773 

779 

784 

790 

795 

801 

807 

812 



773 

818 

824 

829 

835 

840 

846 

852 

857 

863 

868 



774 

874 

880 

885 

891 

897 

902 

908 

913 

919 

925 



775 

930 

936 

941 

947 

953 

958 

964 

969 

975 

981 



776 

986 

992 

997 

*003 

*009 

*014 

*020 

*025 

*031 

*037 



777 

89 042 

048 

053 

059 

064 

070 

076 

081 

087 

092 



778 

098 

104 

109 

115 

120 

126 

131 

137 

143 

148 



779 

154 

159 

165 

170 

176 

182 

187 

193 

198 

204 



780 

209 

215 

221 

226 

232 

237 

243 

248 

254 

260 



781 

265 

271 

276 

282 

287 

293 

298 

304 

310 

315 


K 

782 

321 

326 

332 

337 

343 

348 

354 

360 

365 

371 

— 

o 

783 

376 

382 

387 

393 

398 

404 

409 

415 

421 

426 

1 

2 

0.5 

1.0 

784 

432 

437 

443 

448 

454 

459 

465 

470 

476 

481 

3 

4 

1.5 

2.0 

785 

487 

492 

498 

504 

509 

515 

520 

526 

531 

537 

5 

2.5 

786 

542 

548 

553 

559 

564 

570 

575 

581 

586 

592 

6 

3.0 












7 

3.5 

787 

597 

603 

609 

614 

620 

625 

631 

636 

642 

647 

8 

9 

4.0 

4.5 

788 

653 

658 

664 

669 

675 

680 

686 

691 

697 

702 



789 

708 

713 

719 

724 

730 

735 

741 

746 

752 

757 



790 

763 

768 

774 

779 

785 

790 

796 

801 

807 

812 



791 

818 

823 

829 

834 

840 

845 

851 

856 

862 

867 



792 

873 

878 

883 

889 

894 

900 

905 

911 

916 

922 



793 

927 

933 

938 

944 

949 

955 

960 

966 

971 

977 



794 

982 

988 

993 

998 

*004 

*009 

*015 

*020 

*026 

*031 



795 

90 037 

042 

048 

053 

059 

064 

069 

075 

080 

086 



796 

091 

097 

102 

108 

113 

119 

124 

129 

135 

140 



797 

146 

151 

157 

162 

168 

173 

179 

184 

189 

195 



798 

200 

206 

211 

217 

222 

227 

233 

238 

244 

249 



799 

255 

260 

266 

271 

276 

282 

287 

293 

298 

304 



800 

309 

314 

320 

325 

331 

336 

342 

347 

352 

358 



N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


750 — Five-Place Common Logarithms — 800 

462 


800 — Five-Place Common Logarithms — 850 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

800 

90 309 

314 

320 

325 

331 

336 

342 

347 

352 

358 



801 

363 

369 

374 

380 

385 

390 

396 

401 

407 

412 



802 

417 

423 

428 

434 

439 

445 

450 

455 

461 

466 



803 

472 

477 

482 

483 

493 

499 

504 

509 

515 

520 



804 

526 

531 

536 

542 

547 

553 

558 

563 

569 

574 



805 

580 

585 

590 

596 

601 

607 

612 

617 

623 

628 



806 

634 

639 

644 

650 

655 

660 

666 

671 

677 

682 



807 

687 

693 

698 

703 

709 

714 

720 

725 

730 

736 



808 

741 

747 

752 

757 

763 

768 

773 

779 

784 

789 



809 

795 

800 

806 

811 

816 

822 

827 

832 

838 

843 



810 

849 

854 

859 

865 

870 

875 

881 

886 

891 

897 



811 

902 

907 

913 

918 

924 

929 

934 

940 

945 

950 



812 

956 

961 

966 

972 

977 

982 

988 

993 

998 

*004 



813 

91 009 

014 

020 

025 

030 

036 

041 

046 

052 

057 


6 












1 

0.6 

814 

062 

068 

073 

078 

084 

089 

094 

100 

105 

110 

2 

1.2 

815 

116 

121 

126 

132 

137 

142 

148 

153 

158 

164 

3 

4 

1.8 
2 4 

816 

169 

174 

180 

185 

190 

196 

201 

206 

212 

217 

5 

5.0 












6 

3.6 

817 

222 

228 

233 

238 

243 

249 

254 

259 

265 

270 

7 

4.2 

818 

275 

281 

286 

291 

297 

302 

307 

312 

318 

323 

8 

4.8 

819 

328 

334 

339 

344 

350 

355 

360 

365 

371 

376 

9 

5.4 

820 

381 

387 

392 

397 

403 

408 

413 

418 

424 

429 



821 

434 

440 

445 

450 

455 

461 

466 

471 

477 

482 



822 

487 

492 

498 

503 

508 

514 

519 

524 

529 

535 



823 

540 

545 

551 

556 

561 

566 

572 

577 

582 

587 



824 

593 

598 

603 

609 

614 

619 

624 

630 

635 

640 



825 

645 

651 

656 

661 

666 

672 

677 

682 

687 

693 



826 

698 

703 

709 

714 

719 

724 

730 

735 

740 

745 



827 

751 

756 

761 

766 

772 

777 

782 

787 

793 

798 



828 

803 

808 

814 

819 

824 

829 

834 

840 

845 

850 



829 

855 

861 

866 

871 

876 

882 

887 

892 

897 

903 



830 

908 

913 

918 

924 

929 

934 

939 

944 

950 

955 



831 

960 

965 

971 

976 

981 

986 

991 

997 

*002 

*007 



832 

92 012 

018 

023 

028 

033 

038 

044 

049 

054 

059 



5 

833 

065 

070 

075 

080 

085 

091 

096 

101 

106 

111 

1 

2 

0.5 

1.0 

834 

117 

122 

127 

132 

137 

143 

148 

153 

158 

163 

3 

4 

1.5 
2 0 

835 

169 

174 

179 

184 

189 

195 

200 

205 

210 

215 

5 

2.5 

836 

221 

226 

231 

236 

241 

247 

252 

257 

262 

267 

6 

3.0 












7 

3.5 

837 

273 

278 

283 

288 

293 

298 

304 

309 

314 

319 

8 

4.0 

838 

324 

330 

335 

340 

345 

350 

355 

361 

366 

371 

9 

4:»5 

839 

376 

381 

387 

392 

397 

402 

407 

412 

418 

423 



840 

428 

433 

438 

443 

449 i 

454 

459 

464 

469 

474 



841 

480 

485 

490 

495 

500 

505 

511 

516 

521 

526 



842 

531 

536 

542 

547 

552 

557 

562 

567 

572 

578 



843 

583 

588 

593 

598 

603 

609 

614 

619 

624 

629 



844 

634 

639 

645 

650 

655 

660 

665 

670 

675 

681 



845 

686 

691 

696 

701 

706 

711 

716 

722 

727 

732 



846 

737 

742 

747 

752 

758 

763 

768 

773 

778 

783 



847 

788 

793 

799 

804 

809 

814 

819 

824 

829 

834 



848 

840 

845 

850 

855 

860 

865 

870 

875 

881 

886 



849 

891 

896 

901 

906 

911 

916 

921 

927 

932 

937 



850 

942 

947 

952 

957 

962 

967 

973 

978 

983 

988 



Nj 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


800 — Five-Place Common Logarithms — 850 


463 


850 — Five-Place Common Logarithms — 900 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

850 

92 942 

947 

952 

957 

962 

967 

973 

978 

983 

988 



851 

993 

998 

*003 

*008 

*013 

*018 

*024 

*029 

*034 

*039 



852 

93 044 

049 

054 

059 

064 

069 

075 

080 

085 

090 



853 

095 

100 

105 

110 

115 

120 

125 

131 

136 

141 



854 

146 

151 

156 

161 

166 

171 

176 

181 

186 

192 



855 

197 

202 

207 

212 

217 

222 

227 

232 

237 

242 



856 

247 

252 

258 

263 

268 

273 

278 

283 

288 

293 



857 

298 

303 

308 

313 

318 

323 

328 

334 

339 

344 



858 

349 

354 

359 

364 

369 

374 

379 

384 

389 

394 


6 

859 

399 

404 

409 

414 

420 

425 

430 

435 

440 

445 

1 

0.6 












2 

1.2 

860 

450 

455 

460 

465 

470 

475 

480 

485 

490 

495 

3 

4. 

1.8 

2.4 

861 

500 

505 

510 

515 

520 

526 

531 

536 

541 

546 

5 

3.0 

862 

551 

556 

561 

566 

571 

576 

581 

586 

591 

596 

6 

3.6 

863 

601 

606 

611 

616 

621 

626 

631 

636 

641 

646 

7 

4.2 












8 

4.8 

864 

651 

656 

661 

666 

671 

676 

682 

687 

692 

697 

0 

5.4 

865 

702 

707 

712 

717 

722 

727 

732 

737 

742 

747 



866 

752 

757 

762 

767 

772 

777 

782 

787 

792 

797 



867 

802 

807 

812 

817 

822 

827 

832 

837 

842 

847 



868 

852 

857 

862 

867 

872 

877 

882 

887 

892 

897 



869 

902 

907 

912 

917 

922 

927 

932 

937 

942 

947 



870 

952 

957 

962 

967 

972 

977 

982 

987 

992 

997 



871 

94 002 

007 

012 

017 

022 

027 

032 

037 

042 

047 



872 

052 

057 

062 

067 

072 

077 

082 

086 

091 

096 


5 

873 

101 

106 

111 

116 

121 

126 

131 

136 

141 

146 

r 

0.5 












2 

1.0 

874 

151 

156 

161 

166 

171 

176 

181 

186 

191 

196 

3 

1.5 

875 

201 

206 

211 

216 

221 

226 

231 

236 

240 

245 

4 

2.0 

876 

250 

255 

260 

265 

270 

275 

280 

285 

290 

295 

5 

6 

2.5 

3.0 

877 

300 

305 

310 

315 

320 

325 

330 

335 

340 

345 

7 

8 

3.5 

4.0 

878 

349 

354 

359 

364 

369 

374 

379 

384 

389 

394 

9 

4.5 

879 

399 

404 

409 

414 

419 

424 

429 

433 

438 

443 



880 

448 

453 

458 

463 

468 

473 

478 

483 

488 

493 



881 

498 

503 

507 

512 

517 

522 

527 

532 

537 

542 



882 

547 

552 

557 

562 

567 

571 

576 

581 

586 

591 



883 

596 

601 

606 

611 

616 

621 

626 

630 

635 

640 



884 

645 

650 

655 

660 

665 

670 

675 

680 

685 

689 



885 

694 

699 

704 

709 

714 

719 

724 

729 

734 

738 



886 

743 

748 

753 

758 

763 

768 

773 

778 

783 

787 


4 

887 

792 

797 

802 

807 

812 

817 

822 

827 

832 

836 

T 

0 

0.4 

A Q 

888 

841 

846 

851 

856 

861 

866 

871 

876 

880 

885 

* 

3 

U.O 
1 2 

889 

890 

895 

900 

905 

910 

915 

919 

924 

929 

934 

4 

L6 












5 

2.0 

890 

939 

944 

949 

954 

959 

963 

968 

973 

978 

983 

6 

2.4 

891 

988 

993 

998 

*002 

*007 

*012 

*017 

*022 

*027 

*032 

7 

2.8 

892 

95 036 

041 

046 

051 

056 

061 

066 

071 

075 

080 

8 

O 

3.2 

7 r 

893 

085 

090 

095 

100 

105 

109 

114 

119 

124 

129 


0.0 

894 

134 

139 

143 

148 

153 

158 

163 

168 

173 

177 



895 

182 

187 

192 

197 

202 

207 

211 

216 

221 

226 



896 

231 

236 

240 

245 

250 

255 

260 

265 

270 

274 



897 

279 

284 

289 

294 

299 

303 

308 

313 

318 

323 



898 

328 

332 

337 

342 

347 

352 

357 

361 

366 

371 



899 

376 

381 

386 

390 

395 

400 

405 

410 

415 

419 



900 

424 

429 

434 

439 

444 

448 

453 

458 

463 

468 



N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


850 — Five-Place Common Logarithms — 900 

464 


900 — Five-Place Common Logarithms — 950 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

900 

95 424 

429 

434 

439 

444 

448 

453 

458 

463 

468 



901 

472 

477 

482 

487 

492 

497 

501 

506 

511 

516 



902 

521 

525 

530 

535 

540 

545 

550 

554 

559 

564 



903 

569 

574 

578 

583 

588 

593 

598 

602 

607 

612 



904 

617 

622 

626 

631 

636 

641 

646 

650 

655 

660 



905 

665 

670 

674 

679 

684 

689 

694 

698 

703 

708 



906 

713 

718 

722 

727 

732 

737 

742 

746 

751 

756 



907 

761 

766 

770 

775 

780 

785 

789 

794 

799 

804 



908 

809 

813 

818 

823 

828 

832 

837 

842 

847 

852 



909 

856 

861 

866 

871 

875 

880 

885 

890 

895 

899 



910 

904 

909 

914 

918 

923 

928 

933 

938 

942 

947 



911 

952 

957 

961 

966 

971 

976 

980 

985 

990 

995 



912 

999 

*004 

*009 

*014 

*019 

*023 

*028 

*033 

*038 

*042 



913 

96 047 

052 

057 

061 

066 

071 

076 

080 

085 

090 


5 












1 

~05 

914 

095 

099 

104 

109 

114 

118 

123 

128 

133 

137 

2 

Q 

1.0 
1 c 

915 

142 

147 

152 

156 

161 

166 

171 

175 

180 

185 

O 

4 

1.0 
2 0 

916 

190 

194 

199 

204 

209 

213 

218 

223 

227 

232 

5 

2.5 












6 

3.0 

917 

237 

242 

246 

251 

256 

261 

265 

270 

275 

280 

7 

3.5 

918 

284 

289 

294 

298 

303 

308 

313 

317 

322 

327 

8 

4.0 

919 

332 

336 

341 

346 

350 

355 

360 

365 

369 

374 

9 

4.5 

920 

379 

384 

388 

393 

398 

402 

407 

412 

417 

421 



921 

426 

431 

435 

440 

445 

450 

454 

459 

464 

468 



922 

473 

478 

483 

487 

492 

497 

501 

506 

511 

515 



923 

520 

525 

530 

534 

539 

544 

548 

553 

558 

562 



924 

567 

572 

577 

581 

586 

591 

595 

600 

605 

609 



925 

614 

619 

624 

628 

633 

638 

642 

647 

652 

656 



926 

661 

666 

670 

675 

680 

685 

689 

694 

699 

703 



927 

708 

713 

717 

722 

727 

731 

736 

741 

745 

750 



928 

755 

759 

764 

769 

774 

778 

783 

788 

792 

797 



929 

802 

806 

811 

816 

820 

825 

830 

834 

839 

844 



930 

848 

853 

858 

862 

867 

872 

876 

881 

886 

890 



931 

895 

900 

904 

909 

914 

918 

923 

928 

932 

937 



932 

942 

946 

951 

956 

960 

965 

970 

974 

979 

984 


4 

933 

988 

993 

997 

*002 

*007 

*011 

*016 

*021 

*025 

*030 

T 

0.4 












2 

0.8 

934 

97 035 

039 

044 

049 

053 

058 

063 

067 

072 

077 

3 

A 

1.2 

1 c . 

935 

081 

086 

090 

095 

100 

104 

109 

114 

118 

123 

5 

1.0 
2 0 

936 

128 

132 

137 

142 

146 

151 

155 

160 

165 

169 

0 

2^4 












7 

2.8 

937 

174 

179 

183 

188 

192 

197 

202 

206 

211 

216 

8 

3.2 

938 

220 

225 

230 

234 

239 

243 

248 

253 

257 

262 

9 

3.6 

939 

267 

271 

276 

280 

285 

290 

294 

299 

304 

308 



940 

313 

317 

322 

327 

331 

336 

340 

345 

350 

354 



941 

359 

364 

368 

373 

377 

382 

387 

391 

396 

400 



942 

405 

410 

414 

419 

424 

428 

433 

437 

442 

447 



943 

451 

456 

460 

465 

470 

474 

479 

483 

488 

493 



944 

497 

502 

506 

511 

516 

520 

525 

529 

534 

539 



945 

543 

548 

552 

557 

562 

566 

571 

575 

580 

585 



946 

589 

594 

598 

603 

607 

612 

617 

621 

626 

630 



947 

635 

640 

644 

649 

653 

658 

663 

667 

672 

676 



948 

681 

685 

690 

695 

699 

704 

708 

713 

717 

722 



949 

727 

731 

736 

740 

745 

749 

754 

759 

763 

768 



950 

772 

777 

782 

786 

791 

795 

800 

804 

809 

813 



N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 


900 — Five-Place Common Logarithms — 950 

465 


950 — Five-Place Common Logarithms — 1000 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

950 

97 772 

777 

782 

786 

791 

795 

800 

804 

809 

813 



951 

818 

823 

827 

832 

836 

841 

845 

850 

855 

859 



952 

864 

868 

873 

877 

882 

886 

891 

896 

900 

905 



953 

909 

914 

918 

923 

928 

932 

937 

941 

946 

950 



954 

955 

959 

964 

968 

973 

978 

982 

987 

991 

996 



955 

98 000 

005 

009 

014 

019 

023 

028 

032 

037 

041 



956 

046 

050 

055 

059 

064 

068 

073 

078 

082 

087 



957 

091 

096 

100 

105 

109 

114 

118 

123 

127 

132 



958 

137 

141 

146 

150 

155 

159 

164 

168 

173 

177 



959 

182 

186 

191 

195 

200 

204 

209 

214 

218 

223 



900 

227 

232 

236 

241 

245 

250 

254 

259 

263 

268 



961 

272 

277 

281 

286 

290 

295 

299 

304 

308 

313 



962 

318 

322 

327 

331 

336 

340 

345 

349 

354 

358 



963 

363 

367 

372 

376 

381 

385 

390 

394 

399 

403 


5 












1 

0.5 

964 

408 

412 

417 

421 

426 

430 

435 

439 

444 

448 

2 

1.0 

965 

453 

457 

462 

466 

471 

475 

480 

484 

489 

493 

3 

1.5 

966 

498 

502 

507 

511 

516 

520 

525 

529 

534 

538 

4 

5 

2.0 

2.5 

967 

543 

547 

552 

556 

561 

565 

570 

574 

579 

583 

6 

7 

3.0 

3.5 

968 

588 

592 

597 

601 

605 

610 

614 

619 

623 

628 

8 

4.0 

969 

632 

637 

641 

646 

650 

655 

659 

664 

668 

673 

9 

4.5 

970 

677 

682 

686 

691 

695 

700 

704 

709 

713 

717 



971 

722 

726 

731 

735 

740 

744 

749 

753 

758 

762 



972 

767 

771 

776 

780 

784 

789 

793 

798 

802 

807 



973 

811 

816 

820 

825 

829 

834 

838 

843 

847 

851 



974 

856 

860 

865 

869 

874 

878 

883 

887 

892 

896 



975 

900 

905 

909 

914 

918 

923 

927 

932 

936 

941 



976 

945 

949 

954 

958 

963 

967 

972 

976 

981 

985 



977 

989 

994 

998 

*003 

*007 

*012 

*016 

*021 

*025 

*029 



978 

99 034 

038 

043 

047 

052 

056 

061 

065 

069 

074 



979 

078 

083 

087 

092 

096 

100 

105 

109 

114 

118 



980 

123 

127 

131 

136 

140 

145 

149 

154 

158 

162 



981 

167 

171 

176 

180 

185 

189 

193 

198 

202 

207 



982 

211 

216 

220 

224 

229 

233 

238 

242 

247 

251 


4 

983 

255 

260 

264 

269 

273 

277 

282 

286 

291 

295 

F 

0.4 












2 

0.8 

984 

300 

304 

308 

3 13 

317 

322 

326 

330 

335 

339 

3 

1.2 

985 

344 

348 

352 

357 

361 

366 

370 

374 

379 

383 

4 

1.6 

986 

388 

392 

396 

401 

405 

410 

414 

419 

423 

427 

5 

G 

2.0 

2.4 

987 

432 

436 

441 

445 

449 

454 

458 

463 

467 

471 

7 

8 

2.8 

3.2 

988 

476 

480 

484 

489 

493 

498 

502 

506 

511 

515 

9 

3 6 

989 

520 

524 

528 

533 

j 537 

542 

546 

550 

555 

559 



990 

564 

568 

572 

577 

581 

585 

590 

594 

599 

603 



991 

607 

612 

616 

621 

625 

629 

634 

638 

642 

647 



992 

651 

656 

660 

664 

669 

673 

677 

682 

686 

691 



993 

695 

699 

704 

708 

712 

717 

721 

726 

730 

734 



994 

739 

743 

747 

752 

756 

760 

765 

769 

774 

778 



995 

782 

787 

791 

795 

800 

804 

808 

813 

817 

822 



996 

826 

830 

835 

839 

843 

848 

852 

856 

861 

865 



997 

870 

874 

878 

883 

887 

891 

896 

900 

904 

909 



998 

913 

917 

922 

926 

930 

935 

939 

944 

948 

952 



999 

957 

961 

965 

970 

974 

978 

983 

987 

991 

996 



lOOO 

00 000 

004 

009 

013 

017 

022 

026 

030 

035 

039 



N 

0 

1 

*> 

3 

4 

5 

6 

7 

8 

9 

Prop. 

Parts 


950 — Five-Place Common Logarithms — 1000 
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TABLE III 

Natural Logarithms 


rr 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1.0 

0.0 000 

100 

198 

296 

392 

488 

583 

677 

770 

862 

1.1 

0.0 953 

*044 

*133 

*222 

*310 

*398 

*484 

*570 

*655 

*740 

1.2 

0.1 823 

906 

989 

*070 

*151 

*231 

*311 

*390 

*469 

*546 

1.3 

0.2 624 

700 

776 

852 

927 

*001 

*075 

*148 

*221 

*293 

1.4 

0.3 365 

436 

507 

577 

646 

716 

784 

853 

920 

988 

1.5 

0.4 055 

121 

187 

253 

318 

383 

447 

511 

574 

637 

1.6 

0.4 700 

762 

824 

886 

947 

*008 

*068 

*128 

*188 

*247 

1.7 

0.5 306 

365 

423 

481 

539 

596 

653 

710 

766 

822 

1.8 

0.5 878 

933 

988 

*043 

*098 

*152 

*206 

*259 

*313 

*366 

1.9 

0.6 419 

471 

523 

575 

627 

678 

729 

780 

831 

881 

2.0 

0.6 931 

981 

*031 

*080 

*129 

*178 

*227 

*275 

*324 

*372 

2.1 

0.7 419 

467 

514 

561 

608 

655 

701 

747 

793 

839 

2.2 

0.7 885 

930 

975 

*020 

*065 

*109 

*154 

*198 

*242 

*286 

2.3 

0.8 329 

372 

416 

459 

502 

544 

587 

629 

671 

713 

2.4 

0.8 755 

796 

838 

879 

920 

961 

*002 

*042 

*083 

*123 

2.5 

0.9 163 

203 

243 

282 

322 

361 

400 

439 

478 

517 

2.6 

555 

594 

632 

670 

708 

746 

783 

821 

858 

895 

2.7 

0.9 933 

969 

*006 

*043 

*080 

*116 

*152 

*188 

*225 

*260 

2.8 

1.0 296 

332 

367 

403 

438 

473 

508 

543 

578 

613 

2.9 

647 

682 

716 

750 

784 

818 

852 

886 

919 

953 

3.0 

1.0 986 

*019 

*053 

*086 

*119 

*151 

*184 

*217 

*249 

*282 

3.1 

1.1 314 

346 

378 

410 

442 

474 

506 

537 

569 

600 

3.2 

632 

663 

694 

725 

756 

787 

817 

848 

878 

909 

3.3 

1.1 939 

969 

*000 

*030 

*060 

*090 

*119 

*149 

*179 

*208 

3.4 

1.2 238 

267 

296 

326 

355 

384 

413 

442 

470 

499 

3.5 

528 

556 

585 

613 

641 

669 

698 

726 

754 

782 

3.6 

1.2 809 

837 

865 

892 

920 

947 

975 

*002 

*029 

*056 

3.7 

1.3 083 

110 

137 

164 

191 

218 

244 

271 

297 

324 

3.8 

350 

376 

403 

429 

455 

481 

507 

533 

558 

584 

3.9 

610 

635 

661 

686 

712 

737 

762 

788 

813 

838 

4.0 

1.3 863 

888 

913 

938 

962 

987 

*012 

*036 

*061 

*085 

4.1 

1.4 110 

134 

159 

183 

207 

231 

255 

279 

303 

327 

4.2 

351 

375 

398 

422 

446 

469 

493 

516 

540 

563 

4.3 

586 

609 

633 

656 

679 

702 

725 

748 

770 

793 

: 4.4 

1.4 816 

839 

861 

884 

907 

929 

951 

974 

996 

*019 

. 4.5 

1.5 041 

063 

085 

107 

129 

151 

173 

195 

217 

239 

4.6 

261 

282 

304 

326 

347 

369 

390 

412 

433 

454 

4.7 

476 

497 

518 

539 

560 

581 

602 

623 

644 

665 

4.8 

686 

707 

728 

748 

769 

790 

810 

831 

851 

872 

4.9 

1.5 892 

913 

933 

953 

974 

994 

*014 

*034 

*054 

*074 

5.0 

1.6 094 

114 

134 

154 

174 

194 

214 

233 

253 

273 

5.1 

292 

312 

332 

351 

371 

390 

409 

429 

448 

467 

5.2 

487 

506 

525 

544 

563 

582 

601 

620 

639 

658 

5.3 

677 

696 

715 

734 

752 

771 

790 

808 

827 

845 

5.4 

1.6 864 

882 

901 

919 

938 

956 

974 

993 

*011 

*029 

5.5 

1.7 047 

066 

084 

102 

120 

138 

156 

174 

192 

210 

5.6 

228 

246 

263 

281 

299 

317 

334 

352 

370 

387 

5.7 

405 

422 

440 

457 

475 

492 

509 

527 

544 

561 

5.8 

579 

596 

613 

630 

647 

664 

681 

699 

716 

733 

5.9 

750 

766 

783 

800 

817 

834 

851 

867 

884 

901 

6.0 

1.7 918 

934 

951 

967 

984 

*001 

*017 

*034 

*050 

*066 

N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 


Natural Logarithms 
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Natural Logarithms 


N 

O 

1 

o 

3 

4 

5 

6 

7 

8 

9 

6.0 

1.7 91S 

934 

951 

967 

984 

*001 

*017 

*034 

*050 

*066 

6.1 

1.8 083 

099 

116 

132 

148 

165 

181 

197 

213 

229 

6.2 

245 

262 

278 

294 

310 

526 

342 

358 

374 

390 

6.3 

405 

421 

437 

453 

469 

485 

500 

516 

532 

547 

6.4 

563 

579 

594 

610 

625 

641 

656 

672 

687 

703 

6.5 

718 

733 

749 

764 

779 

795 

810 

825 

840 

856 

6.6 

1.8 871 

886 

901 

916 

931 

946 

961 

976 

991 

*006 

6.7 

1.9 021 

036 

051 

066 

081 

095 

110 

125 

140 

155 

6.8 

169 

184 

199 

213 

228 

242 

257 

272 

286 

301 

6.9 

315 

330 

344 

359 

373 

387 

402 

416 

430 

445 

7.0 

459 

473 

488 

502 

516 

530 

544 

559 

573 

587 

7.1 

601 

615 

629 

643 

657 

671 

685 

699 

713 

727 

7.2 

741 

755 

769 

782 

796 

810 

824 

838 

851 

865 

7.3 

1.9 879 

892 

906 

920 

933 

947 

961 

974 

988 

*001 

7.4 

2.0 015 

028 

042 

055 

069 

082 

096 

109 

122 

136 

7.5 

149 

162 

176 

189 

202 

215 

229 

242 

255 

268 

7.6 

281 

295 

308 

321 

334 

347 

360 

373 

386 

399 

7.7 

412 

425 

438 

451 

464 

477 

490 

503 

516 

528 

7.8 

541 

554 

567 

580 

592 

605 

618 

631 

643 

656 

7.9 

669 

681 

694 

707 

719 

732 

744 

757 

769 

782 

8.0 

794 

807 

819 

832 

844 

857 

869 

882 

894 

906 

8.1 

2.0 919 

931 

943 

956 

968 

980 

992 

*005 

*017 

*029 

8.2 

2.1 041 

054 

066 

078 

090 

102 

114 

126 

138 

150 

8.3 

163 

175 

187 

199 

211 

223 

235 

247 

258 

270 

8.4 

282 

294 

306 

318 

330 

342 

353 

365 

377 

389 

8.5 

401 

412 

424 

436 

448 

459 

471 

483 

494 

506 

8.6 

518 

529 

541 

552 

564 

576 

587 

599 

610 

622 

8.7 

633 

645 

656 

668 

679 

691 

702 

713 

725 

736 

8.8 

748 

759 

770 

782 

793 

804 

815 

827 

838 

849 

8.9 

861 

872 

883 

894 

905 

917 

928 

939 

950 

961 

9.0 

2.1 972 

983 

994 

*006 

*017 

*028 

*039 

*050 

*061 

*072 

9.1 

2.2 083 

094 

105 

116 

127 

138 

148 

159 

170 

181 

9.2 

192 

203 

214 

225 

235 

246 

257 

268 

279 

289 

9.3 

300 

311 

322 

332 

343 

354 

364 

375 

386 

396 

9.4 

407 

418 

428 

439 

450 

460 

471 

481 

492 

502 

9.5 

513 

523 

534 

544 

555 

565 

576 

586 

597 

607 

9.6 

618 

628 

638 

649 

659 

670 

6S0 

690 

701 

711 

9.7 

721 

732 

742 

752 

762 

773 

783 

793 

803 

814 

9.8 

824 

834 

844 

854 

865 

875 

885 

895 

905 

915 

9.9 

2.2 925 

935 

946 

956 

966 

976 

9S6 

996 

*006 

*016 

10.0 

2.3 026 

036 

046 

056 

066 

076 

086 

096 

106 

115 

N 

O 

1 

2 

3 

4 

5 

6 

7 

8 

9 


Natural Logarithms 


To find In P when P is above or below"the range of this table, write P in the form A T • 10 m , 
where N lies within the range of the table and m is a positive or negative integer; then use 

In P = In (iV • 10 m ) = In .V + m In 10. 

In 10 = 2.3026 2 In 10 = 4.6052 3 In 10 = 6.9078 

4 In 10 = 9.2103 5 In 10 = 11.5129 6 In 10 = 13.8155 
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ANSWERS TO ODD-NUMBERED PROBLEMS 





(Some answers have intentionally been omitted.) 






Exercises 

2, Page 9 



1. 

< 


3. < 


6. > 

7. 

< 

9. 

16 


11. 27 


13. -5 

16. 

-27 





17. 

-4 






Exercises 3, 

Pages 11-12 



1. 

34 


3. -72 

5. - 

-102 7. - 

1 

2 


11. 

(a) 

c — 

56 cents 


13. (a) d = 275 mi 




(6) 

c — 

Sn cents 


(b) d = bv mi 




(c) 

c = 

kn cents 


(c) d = tv mi 



16. 

(a) 

V = 

■ 135 in. 3 


17. (a) A = $9.75 




(b) 

V = 

abc in. 3 


(b) A = (0.25x 

+ 0 

.50 y + 

19. 

(a) 

V = 

11 cents 


21. (a) / = * 






ax 4- bv 4- cz 


t t 




(b) 

V = 

cents 

»)/ = - + - 





x + y + z 


x y 







23. (a) w 

= 6.4 oz 







(b) w 

= 0.01X1/ oz 






Exercises 4, 

Pages 1 4-1 5 



1. 

(a) 

7x - 

-2y + 2 


3. (a) —9 x — y — 

122 



(6) 

3x - 

- iy + 10 


(i b ) —5x + 5 y +6z 


6. 

(a) 

—2 u — 4v — w + 1 


7. x - y + 132 + 

9 



(6) 

8a - 

- Qv - Zw + 13 





9. 

9x + 4y 



11. — lOr - 2s 



13. 

2(2 ■ 

— 6e 

- 12/ 


16. 6 — (2x — y -h • 

32 ) 


17. 

18 

- c- 

-u — 4v — 7 w) 


19. —a — (4b — 3c 

+ 6(2) 





Exercises 

5, Page 1 7 



1. 

25 


3. -64 


6. i 

7. 

1 6 
8T 

9. 

i 

” 3^ 

11. -243 


13. -3000 

16. 

— 96 

17. 

</ 9 


19. u 


21. b 6 

23. 

xy 

26. 

-27rV 5 27. 32x 10 


29. —21 x 3 y 8 

31. 

18 d 5 e 8 

33. 

-128aW 36. -15 


37. -10 

39. 

3 5 
7 2 

41. 

Undefined 43. 11 






9 . -m 


Exercises 6, Pages 22-23 

1 . x 3 + x 2 - 19x + 21 3 . 2 3 + z 2 - 14z - 24 

6 . 2a 4 — a 3 — 14a 2 + 19a — 6 7 . 4x 2 + y 2 + 92 2 + 4 xy — 12 xz - QyZ' 

469 


470 Answers to Odd-numbered Problems 


9. 2x 4 + 7 x 3 y - 17x 2 y 2 -f 2xy 3 + 6 y A 
11 . c 2 + 4 d 2 +e 2 +f 2 - 4cd + 2ce - 2 cf - 4 de + 4 df - 2 ej 


13. 


5 y z 

lSx 3 


15. - 


2d 2 
5 e 2 f 


17. 


4xV 
3 y 8 


19. 


— 125x 3 
8 i/ 6 z 15 


21 . — — — 

y x 

27. x 2 - 2x - 3 
31. y 2 — 2y + 1 4* 
36. 3 k 2 - k + 5 


_ c 2 d ~ 
23. - + 4 + - 
d~ c~ 


z 3 7 2 

25. 1 

2 2 ^ 2 ^ 2 3 


2* + 1 


29. 8a 3 4“ 4 ci^b 4- 2ab~ 4- b 3 
33. m + 2 

37. x 2 + xy + y 2 - 2 xz + 4* 2 4- 2 j /2 


Exercises 7, Pages 23-24 


1. (a) 2x 3 4- 6x 2 4- 10x 4- 7 
(b) 6x 3 - 12x 2 - 12x 4- 7 
5. (a) 14a6 - be — 56ca 
(6) 32a6 + 215c - 14ca 
9. 1 4- 125fc 6 

13. 24 u A 4- 2 u 3 w — 3 hu 2 vr 4- 4 uw 3 


3. (a) 2x 4- 17 y + lOz - 12 
(b) Sx - 21 t/ - 42 4- 12 
7. x 9 - 8 ?/ 9 

11. 32s 4 4- 12s 3 - 66s 2 4* 3s 4- 14 

t> 4 


16. -20c 
19. y 2 4~ 2?/ 4~ 2 
23. x 2 - x 4- 1 


4 

27. 1 4- 7 

y - i 

13 

31. 2c + - 4- 


17/2 
2c - 3 


17. 1 - 2b 

21. 5a 2 4- 2a — 1 

26. 3a 2 6 4 + oab 2 - 6 

29. 3v 4- 6 4 ~~z 

v — 2 

33. (8x 4-112/4- 62) cents 


m n 

36. - + - 

a b 


7. 4 
16. 5 
23. 3.4 


37. n(r — h) mi 

Exercises 8, Page 29 

9. -2.8 11. 33 13. 16 

17. 1 19. 4 21. f 

25. 3 27. - 0% 29. 1 


Exercises 9, Pages 33-34 


1. 06 ft 2 

6. 338.24 ft 2 , 412.38 ft 3 
9. 1024? r cm 3 , 320 tt cm 2 

.3. - 1 ; 

7 T)‘~ 


17. 

21 . 


A — 7rr 2 

F 


3. 23 0Jr ft 2 , 10.6 r ft 
7. 3247 T ft 3 , IOStt ft 2 
11. 972t r in. 3 , 321 tt in. 2 


19. I - dn 4- d, 


l — a + d 

d 


l — a 
n — 1 


23. 


P 2 1 2 P 2^2 
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n _ a — u 

20. s — rs, 

s 

1. 57, 133 
5. 8 in. by 10 in. 

9. 847 

13. $60, $108 
17. A: 96 lb, B: 112 lb 

21. 16 lb of 35%, 

4 lb of 65% 

25. 375 mph, 450 mph 
29. 7 *)5 T 5 T o’clock 

1. v 2 + 14t> + 48 
6 . 12a 2 6 2 + 7ab - 10 
9. 9a 2 - 30a + 25 
13. 64 - 96 2 c 2 
17. 6a; 2 - 50 xh + 56 A 2 
21. a; 2 + 4y 2 -f- 4 - ixy - 4a; + 8 y 


27. 


fv 


fu 


v - / « -/ M+W 

Exercises 10, Pages 37-39 

3. 13 in. 

7 P“ 

11. A: $30, B: $15, C: $34 
16. $18,000 at 2j% 

$7,000 at 3% 

19. 45 lb at 70 
55 lb at 90 1 
23. 25.2 parts approx. 


■ 35 


26. r 2 + 4s 2 + l 2 + 1 — 4rs + 2 rt + 2 r 

27. 2a 2 — a. (6 + c) -3(6 + c) 2 

29. 2016 31. 7209 


27. 17 yd 

31. 4 days 

Exercises 11, Pages 42-43 

3. 6x 2 + x ■ 

7. 64c 4 - 49 

11. m 6 - 15m 4 + 75 m 2 - 
16. 81« 4 - 36uV + 4r 8 
19. a 2 + Sab + 166 2 - 25 
23. 16wj 4 - 52mj 2 A + 22 A 2 
- 4s< — 4s + 2< 


125 


33. 7225 


36. 18,225 


Exercises 1 2, Pages 44-45 


1 . 5 y 3 (x 2 + 6 y 2 ) 

6. 5a6 2 (3 — 4a6 — 5a 4 6 6 ) 

9. (4cd 3 + 9e 4 ) (4cd 3 - 9e 4 ) 

13. (4c 2 + m)(6 - r 2 ) 

17. ( x 2 + 4 y 2 ) {x + 2y) ( x - 2 y) 

21 . (x + y + l)(x + y - 1 ) 

26. (5x — 4?/)(s +3 h — k) 

29. (s - t + 5c - d)(s - t - 5c + d) 

33. 1280 36. 4800 


3. 2c(7d +3e +/) 

7. (5x +3t/ 2 )(5x — 3j/ 2 ) 

11 . (x + 6 y)(x — 4) 

16. 2A 3 (2AA + 3)(2hk — 3) 

19. (r+2s + 5)(r + 2s - 5> 
23. (6 - 2)(x 2 — 3x + 1) 

27. 5(x 3 - 3y) (7x - 3 y) 


31. 7x 6 (2x 2 
37. -1431 


3) 5 (5x 2 - 3) 


Exercises 1 3, Page 47 


1. (x +6)(x + 2) 

5. (3 w + 2)(ie — 1) 


3. (4 - t) (6 +<) 
7. (3 - y ) 2 
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9. 

(t> — 6) (c — 3) 

11. 

(3 - 

-x)(l +2x) 

13. 

(z + 3) 2 (* -3) 2 

15. 

(3x 

- 4 y) 2 

17. 

3(y + 4a) (y - 2a) 

19. 

(5c 

- 2)(4v - 3) 

21. 

(6 m — a) (m — 12a) 

23. 

(S5x + 3a) (35x — 4a) 

25. 

(a - 5 + 5) (a - 5 - 2) 

27. 

(C - 

- 2m + 2) (c — 2m — 1) 


Exercises 1 4, Page 

48 

1. 

(y + 3)(t/ 2 - 3y + 9) 

3. 

(b* 

- 5c 5 ) (5 8 + 55 4 c 5 + 25c 10 ) 

5. 

(2 2 + 22 + 2)( Z 2 - 22 + 2) 

7. 

(d 4 

+ xy)(d 8 - d A xy + ri/ 2 ) 

9. 

(a 2 - 3a + 3) (a 2 + 3a + 3) 

11. 

(2x 

- y)(4x 2 + 2 xy + y 2 - 1) 

13. 

(2i> + 1)(2» - l)(v + 2)(v - 2) 

15. 

(x- 

- 3 y 2 ) (x 2 + 3xy 2 + 9y 4 + x + 3y 2 ) 

17. 

[(c -d) - (a — 2i>)][(c — d) 2 + (c 

— d) (a - 

- 25) + (a - 25 ) 2 ] 

19. 

[2 (a + 5)“ + 2(a + 5) + l][2(a + 5) 

i 2 - 

2 (a 

+ 5) + 1] 


1. 

6 . 

9. 

13. 

17. 

21 . 

25. 

27. 

29. 

33. 

37. 

41. 

45. 

49. 


1 . 

7. 

13. 

19. 

25. 

31. 


Exercises 1 5, Pages 49-50 


3(5 + y) (5 -y) 
r 4 (r - 4)(r + 3) 

(5 m — 4) 2 
(4v - 7) (3c + 4) 

(a +3 5)(a - 35 - 1) 

(e 2 + e + 4)(c 2 - c + 4) 
(2x + 3) (2x - 3) (3x 2 + 5) 


3.2(5 +3)(5 2 -35+9) 

7. (7 + x)(3 -x) 

11. (7 + 6a5 2 ) (7 - 6a5 2 ) 

15. (d 4 - c 5 )(d 8 + d 4 c 5 + c 10 ) 
19. (8 + c + 3d)(8 - c - 3d) 
23. (a 2 +6) (a - 5) 


(a5 + c 2 )(a 2 5 2 — abc 2 + c 4 )(a5 — c 2 )(a 2 5 2 + abc 2 + c 4 ) 


( m + 2 )(m - 2) 2 

(4m + p + 2/) (4m + p - y) 

(1 — h)( 1 + /? + /i 2 ) (4 + 3s) (4 — 
2/(% + 1) (32/ — 5) (y + 2) 

(v + 4)(c -3)(c + 3)(c - 2) 

(s + t +r - 3)(s + / - r + 3) 


31. 

(b 

- 

4)3 


36. 

(2 

+ 

5r)(2 ■ 

— 5r + w) 

39. 

(x 

+ 

2) 4 


43. 

(x 

+ 

1 ) (2x 2 

+ 3x - 3) 

47. 

(it 

+ 

4) (2/i 

— 2/ — 3) 



Exercises 16, Pages 54-55 



y =3 

3. 

e = 4 or e = — 3 

5. 

v = 0 or c = 1 

46 2 c 

9. 

SrV 

11. 

3u s v 

~T 

"5^ 

4c — 6 m 

c 3 d 3 

15. 

13 u 2 w z z 2 
22vxy z 

17. 

3Z 2 

4 

2c + 3 

21. 

45+5 

23. 

(* +3)(x - 4) 

3c - 5 

“ 55 + 6 

(2x + l)(x - 1) 

z 

27. 

2 e/r 

29. 

-1 

z - 3 

3/fc s (3e + 7) 


1 


Answers to Odd-numbered Problems 473 


l. 


5. 


9. 


13. 


17. 


21 . 


9c + 7a + 126 
252a6c 

2 m 2 - 25 m + 75 
40 m (m — 3) 
a 6 


Exercises 1 7 , Pages 59-60 

0 105 ? / 4 + 125 x 2 y - 4x 

O • o — * 


900x 3 2/ 6 


25. - 


a 2 + 6 2 
b + 1 
2(6+4) 

1 

2a - 1 

x — 7 

(2x - 7) (3z + 2) 
(a + 6) 2 


7. 

11 . 


1 


1 — x 

4x — 9 


16. - 
19. - 
23. 


(2x - 5)(x - 2) 
7c + 34 


c(c + 5) 
3a + 6c 
20ac 
3y +5 


b 2 (b + 1 )(b- 1) 


12(i/ 2 + y + 1) 

27. 0 


3&3 
1- 7a 2 


Exercises 1 8, Pages 62-64 

0 3x 2 y 


7. 


13. 


w + 4 

uT+1 

v 2 + 1 
2v " 


9. 


3 

m + 5 
m — 4 

».3 


5. 


11 . 


2v + 3 

3^+1 

a 2 + 26 2 


15. 


IT 


9(2/ -3) 


ab 

17. t + r — s 


10 4x + 6 y 



1 + 2c 
21. 

2 3. 7 r 4 

5xy 



2 

2 -y 

25. - 



27. 1 — x 


X 








Exercises 19, Pages 67-68 


1. 7 

3. 

1 

5. 7 

7 10 
1 * 3 

9. -8 

11. 

2 

13. -9 

15. * 



3 

6 

_ abr 

17. -6 

19. 


21. - — 

23. 



2 

13 

as + 6s 

„ de 



ai + rs — s 


7 

27. 

ra 

n + s - rs, 

r 

„„ 

29. 

z 2 - z, 




Exercises 20, Pages 70-71 


1. 65, 72 



3. 27, 90 

5. 101b 

7. 9 at 818; 36 at 824 


9. 100 mi 

11. $900 

13. 97 



15. +: 6 days; B: 12 days; 

17. 11, 22, and 1 




C: 6da}^s 
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19. 12 min 
25. 42% approx. 


21. 58 days 
27. 17| hr, 24f hr 


23. gold: 3 if oz 
silver: 13f oz 


Exercises 21, Pages 74-77 

1. 14)3 in. approx. 5. 240 kw approx. 

7. 5.3 ft approx.; 130 hp approx. 


Exercises 22, Page 79 

5. (-1,3); (1, -3); (9,3) 
9. No 11. 0; 0 

Exercises 23, Pages 84-85 

11. -4, 1 
17. -4, -2, 2 


3. 15 (linear units) 2 
7. 10 linear units 


9. 0, 6 
15. -3,0,3 
21. 1.6 
27. 6 and 6 
33. 2 in. by 2 in. 


23. -8, 1 
29. 7 in. by 7 in. 

35. 300 units per week 


13. -2.5, 3.5 
19. 0.6, 3.4 
25. -3.4, -0.7, 0.6 
31. 20,000 yd 2 


Exercises 24, Pages 88-89 


C 2 

1. A = — 

4tt 

5. d 2 = 3e 2 
9. -28; 42; -ff 
13. k~ 3 ak -I - 2 0; 2 a 2 ; 

a 2 (l -3 c + 2c 2 ) 


17. 


C“ 

2 u h 


2 u 2 (u + h ) 2 
21. u A + 2u 2 + 4 

25. h(x, y) = h(~x,y) = h(x, -y) 
= h(-x, -y) 


3. V = 7T h(h + 5) 2 

bl 

7 ^ = 3 
11. — ?-;0; -19; 

15 ^ + 35 . z -{-lx . 2-75 

5i/ — 40 ? 5z — 8x r 10 + 85 


19. 


9 - 2x 


-2bcx 2 


23. 

(2c + bx)(2c — bsc) 

29. 6u 2 + 6tr 


1. (3, 2) 

7. No solution 
13. (-0.75, -1.25) 


Exercises 25, Pages 92-93 

3. (-2,5) 5. (5,0) 

9. (1.5, 0.25) 11. (3, 6) 
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1- (7, -3) 

7- (4, i ) 

13. (-1,5) 
19. (-a, -6) 
23. (2, 4) 


Exercises 26, Pages 97-98 

3. (6, -8) 5. (3, 5) 

9. (10, 4) 11. (4, -2) 

15. (8, 20) 17. (c -2 d,c+ 3d) 

2 ^ / C1&2 — C2&i flic? — a2cA 

— ^2^1 Qlb2 — ®25l/ 

25. (i i) 27. (5, 1) 


Exercises 27, Page 100 

(Each solution is given in the alphabetical order of the unknowns. ) 


1. 

7. 

11. 


(3, -1, 
/c - b 


- 2 ) 


3. (9, 12, 8) 


a a + 6+ c a — b 


\ 2c 
(-2, 2, 1, -3) 


2 b 


2a 

13. (2, 1, 


-2,3) 


5. (h I, i) 

9. (i 1, - 
15* (■§■> -g-i if ~ t) 


Exercises 28, Pages 1 02-1 05 


3 

T6* 


6. $18,000 at 2%; 

$12,000 at 2\% 

9. a = £, 6 = 32 
13. 360 mph, 60 mph 
17. 30 mi, 40 min 

21. $10.40; 16 quarters, 64 dimes 

25. larger pipe: 90 hr 

smaller pipe: 180 hr 


3. Longs Peak: 14,255 ft 
Pikes Peak: 14,110 ft 
7. skis: $22 

bindings: $3.50 
11. 14 ft 

15. 30 mph, 450 mph 
19. lj gal of water; 

4^ gal of 40% solution 
23. A: 40 days; B: 120 days; 
C: 60 days 

27 . a — — -g-, b — pp, c — — 5 


Exercises 29, Pages 1 09-1 1 0 

3. Irrational: V3, V^li, tt, 2 + V5 

Rational: 1.7, 3.27, 0.33, ^16, ^64, 0.0011 

„ „ K 7 V / 3 Vl5 

5. 2v 3; — ; 9; -y- ; no 


1. 1.304 
9. 0.933 
17. 3.756 
25. 39.791 
33. 5.650 


Exercises 30, Page 112 


3. 4.259 
11. 0.251 
19. 0.772 
27. 0.262 
35. 10.708 


5. 22.136 
13. 0.057 
21. 5.540 
29. 76.631 
37. 0.472 


7. 36.056 
15. 1.613 
23. 13.006 
31. 0.134 
39. 1.390 


CO|H* 
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1 

7 

13 

19 

25 

31 

37, 

43, 

47, 


Exercises 31 , Pages 1 1 6-1 1 7 
3. 11» 

9. “Vb* 

15. Z~\/~—7x 
21. C25 
27. 0.000216 
33. 14u» 

39. w m ~+^ z - km 

27x- - 27x*V 4 + 9 'j*V 4 - y- 

2 a H b^- 

x + y 


5 « 

(-S6u 5 ) w 

16 

i 

3 2 

i5z*y* 


53. 7/ 6 


49. 

3 

d 9s 

55. — 


59. 

63. 


9a^ + 6a^ + 46^ 61. 125 


625 




51 


V(6:z) 3 

6 V / a6 2 

4 

0.00000081 

e 23 / 17 

+ 2 a*V* + b ** 

8 a 5 — 5 s 
lie 1 '* 


6 a*&* 

57. 3* w - 2y>* 


65. -8 

Exercises 32, Pages 120-122 


uV 

3 ‘^ 

5. 2x 5 l / 4 

? O '-*') 2 

4 

25r 1 ' 1 / 10 

9 ‘ ^ 


rf 18 

13. — 6 

c 26 

W 3 

15 ■ Zv'-W* 

»•-$ 

19. a ~ 8 - 5 ~ 8 

21. c~ 3 - t /~ 6 

?/ 4 - : 
23. 

25. 6 / 1 5 + 7h 

27. t /» 

29. b 

1 — V 

31. 

2v - 1 

33. xy~ 

35 . 

y - 4 

e 2 * + l 

37. 

e v 

39. i 

41. -1 

«. - A 

45. 1 

47. 5 

49. b» 

5i. 

53. 0 

55. \ 

57. 3t> 

59. 9 

61. S 

63. 9 



7 V 2 

- 2 </s 


Exercises 33, Pages 126-127 

3. 3^3 


9. 


V2 

20 


Z\f 2 

6a*b*Vm 
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13. —ba 2 b z y/ 5 a 2 b 
19. \x - 3|V3 

25. V / 1S9 
31. V x 2 y z 
37. 1^55 


43. 


— a\/ 4a 3 6 4 c 4 
26V 


49. r \/ 25 r 2 s 2 


15. 3a6 3 vV 
21. | y 2 - 5y\VSy 

27. \/Q afc 3 


33 


V: 


'w - 2w 


u + 2 io 


39. X -^V^ 
4z 4 

e 3 / 4 ^ + 2/ 

45. — — 

6+2/ 

61. c 2 d z \/ cd 


i7. xyv^ 

23. V54 

29. *15 

\ rt 

36. ?V6 


— 42rs 2 

41. 

7r 

47. d 2 Vecd 

53. ^3125 


1. 5V3 
7. UW-/V7 

13. t’V / 12 

19. 7» 2 V / 2v + 6vW3v 


Exercises 34, Page 129 

3 . - 7 V 5 

9. 19 z 3 V~5z 


!5.^V3^ 

21. 0 


5. 13^3 

u.^2 

12 

17. 2b\ / 5tf 


23. 4 V<? - f 


1. 30 
7. 2V / 2 

13. 17 - <tVl5 

19. 18 +21a/2 

„„ 19 + 7V3 

25. - 




37. - 


5V2 + 4V5 


Exercises 35, Pages 131-132 
3. 3 

9. 14r 5 s 3 £ 3 


5. i 


11. 24 V5 - 40 V2 + 40 


15. 40 + 2x - 8 V 24 + Zx 17. -13 


21. 9 + 2V35 
3\/5 


27. 

33. 

39. 


20 

a^27 


5 + 2V42 


41. 


45. 


4V5 - 5V6 + 3V30 - 12 


Vr + 4 — Vr 


47. 


13 


1 


51. 7.162 


6 - V35 
53. 0.924 


23. 0 
29. ^243 

35. ^56 - V^3 


43. - 
49. 


2c 2 + d 2 + 2c V dr + c 2 


d 2 


1 


y/x + y + y/x 

55. 3.098 
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Exercises 36, Page 1 34 


1. 9 

3. 8 

6. No root 

7. 6 

9- -4 

11 . y 

13. 7c 

16. 12 

17. 4c 


Exercises 37, Pages 1 35-1 36 


1. C = 2 y/71 


S.A- 3 ' 75 .. 

2 


6.4 = ft 2 

3 


l.h = aV 7, F = 

4V7 , 

9. 24V3 in. 2 


11. 49, 16 


V6 

13. A = — « , V 

12 e 

». i4(V2 " +i > (l 

5 



1. 

7, 

13 . 

19 . 


1. 

7. 

13 . 

19 . 


17 +i 
-3-22 i 

i 

1 +i 

86 3 c 21 
a 4 
32 

V3 - V7 


5 

¥ 


Exercises 38, Pages 1 38-1 39 

3. -IS + *6^2 5. 5V3 + *9V5 

9.1+41* 11 . 28 + iVTi 

16. 3 + 14* 17. 22* 

21. 8 + i 23. -4 + *5V3 

Exercises 39, Page 1 39 

3. 1 5. 8192 

9. Vr - Vs 11. V6 + V2 

/- / 7 - 4vV 2 -2 V / ^ + v'& 2 

16. 2(3 + V 3) V 3 - V3 17. — 

8a -f b 


21 . 


23. 12 


1 

5 

9 . 

13 . 


7 y 2 + 2?/ + 11 
z 2 + 8 kz -f (5A; 
4x 2 + lx - 17 
± 2 \/ 3 a 


Exercises 40, Page 141 

= 0 3. 6t> 2 + 4t> + 39 = 0 

- 3) = 0 7. 6w 2 - 23u + 30 = 0 

= 0 11 . ±Vs 


16. ±V6 


17. 13 


3 


Exercises 41, Page 143 


Answers to Odd-numbered Problems 479 


9. -2 6, 26 + 1 

11. 2 + 3cd, 2-3 cd 

13. —4a, 2a 


17. 0, dt8i 

19. -26, 26, 26 

_ c — 2d 2d — c 

“• « • 3 

23. 2d, 2d + 1 



1. 6, -4 

Q 1 5 

y. ^ 


Exercises 42, Pages 1 44-1 45 

3. 3±V2 5. -3, | 

11. -5±V6 13. 1, l 


7. - f, 2 

_ 2±iVll 


1. -10,6 

7 — A 

* * I) 7 

-4 d= iV3 


13. 


19. -V3 ±2 


26. 


1 ± Vl - 8n 
4 y 


Exercises 43, Pages 146-147 


3- 4,2 
9. 3 ±V5 
3 ± iV47 


16. 

21 . 


14 

— 2\/ 5 ± iV 5 


27. 3 d= V9 - 5t> -7 2 


31. 


-3y =fc Vl3?/ 2 + 16 3z ± Vl3r - 16 


6. -1±V3 
2±7i 


11 . 


17. 


4 ± Vll 


23. 


-b ± V6 2 - ( 


29. 


— Vo zb V vl + 2gs 


Exercises 44, Page 1 48 

1. (2* + 7)(* - 4) 3. (52 - 4) (22 - 3) 

6. (4 + 7w) (2 - u>) 

11. (4r + 1 - V6)(4r + 1 + V6) 13. (3x + 4y)(2x - 3y) 

15. (56c - d) (26c - 3d) 17. [3x + 6 - 1][(6 + 3)x - 2] 

Exercises 45, Page 1 52 


1. (6, -9) 

7. (2,4) 

13. —4 and 4 


3. (-2,2) 
9. 9 and 9 
16. 5 in. 


5. (2, 16) 

11. 31,250 yd 2 
17. 45 yd by 135 yd 
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I. 

7. 

II. 
15. 
19. 


1. 

9. 

17. 

26, 


Exercises 46, Page 154 

Real, unequal, irrational 3. Real, equal, rational 


Imaginary 

Imaginary 


1G; 40 

ab _ a 2_ b 2.^_ 

a + b 

x 2 - 2x - 35 = 0 
x 2 -f 4x — 14 = 0 
x 2 + 6x + 29 = 0 


7. Real, unequal, rational 

Exercises 47, Page 157 

9. 3 h; -16ft 


O 7 . 8 

5> 5 


5. -6; -ia 




13. x 2 + 13x + 3G = 0 
17. x 2 - 10* + 89 = 0 


8 

s 

1. 19 _ 9 

K — 2'> 1)1 ~ ~2 

5 

4 


Exercises 48, Pages 158-159 

3. -7, 2 

11. k = — m = 2 


19. 14 
27. 2 


5. 

13. 10 
21. 12 
29. 4 


7. -1,1 
16. -20 
23. 42 


5. rb 

9. 

15. 


-4, 2 dr z2\/3 
j l±ix/% — 1 =t iy/s 


Exercises 49, Pages 161-162 

1 ± iV 3 


3- ~b 


"5- T 


-1,7 


21. a, b (a b 9^ 0) 


11 . 2 , 8 

17. 8 

c 


23. 


10 


13. -2, 4 
19. -2, |- 

2k 


c — d y c — d 

Exercises 50, Pages 163-164 


25. 


h ' 2 k 


1. ±2, ±3 

i V5 

3 . dr o , dr ~ — 

5 

6. ±2> drl, dr 

7. -27, 64 

9. -3 

11. -4, 1 

13. - |,3 

M- 

Oi 

1 

pi 

1 

1 

00 

17. -1, 1, 2, 4 

19. -2, -l.if 

21. 11 + 4V7, 1, 9 



Exercises 51, Pages 167- 

-168 

1. fori 

3. Base: 28 in. 
altitude: 18 in. 

6. (4 + 4\/2) 

7. (8 - 4\/2) ft 

9. 12 in. by 24 in. 

11. G ft 
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13. 5 in., 2 in. 
19. 480 mph 
25. 25 days 


1 -3-_ 

A ' 16 

7. 106; 212; 318 

iq _ A X 
16 . 3 j 9 


15. 2\ in. or 4§ in. 

21. 32 

27. 493 ft approx. 

Exercises 52, Page 171 

3 3 1 5 

9. 128; 256; 320; 576 


17. 17.2 min, 6 min 
23. 36 min, 45 min 
29. 50 ft, 58 ft 


5. f 

11- tt 


Exercises 53, Pages 176-177 

7. (a) ±5\/l5; (6) ±42; (c) ±(e - /)Ve 2 + «/ + Z 2 ; (d) ±10(c + d)Vc - d 


9. 12 and 20 units, respectively 
15. (a) 5 : 8; (6) 9 : 11 


11. 4f ft 

19. (a) 1 :2; (b) 5 :6 


Exercises 54, Pages 182-184 

1. 405 3. 2916 

9. 11.4 times approx. 11. 64.81b 

15. 40 dynes; 17. 42 mi 

1440 dynes 

21. 5250 ft 3 23. 5.25 : 1 

27. 300 lb 29. 5.23 ohms approx. 


7 * rt 

13. 25 
19. 16; 1 

25. 13| ft-c 
31. 3.75 ohms 


33. 


v 2 + 25,000 
500y 


dollars/mi 


1 . 868 . 
9. 47.9 


Exercises 55, Page 187 

3. 8.04 5. 260.1 

11. 242.6 13. 23.12 

Exercises 56, Pages 190-191 


7. 1.653 
15. 4.197 


1. 6 X 10 5 

3. 5.671 X 10 7 

5. 7.293 X 10 3 

7. 6.4 X 10 4 

9. 2.43 X 10' 1 

11. 5.92 X 10“ 2 

13. 3.648 X 10“' 

16. 4.08 X 10“ 2 

17. 1.60 X 10 1 

19. 2.8 X 10 2 

21. 2.28 

23. 2.2 X 10 

26. 8.67 X l(T l 

27. 1.3 X 10 3 

29. 3.0 X 10 4 

31. 3.0 X 10- 1 

33. 4.00 X 10 

35. 1.76 

37. 1.S0 X 10* 

39. 372 mm 2 

41. 64.8 in. 2 

43. 51.2 in. 

45. 7.194 ft 


47. 3.4 X 10 2 mph; by not 

more than 18 sec 



Exercises 57, Page 194 


1. log 2 32 = 5 

3. log49 7 = 0.5 

6. log io 10,000 
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7. log343 7 = ^ 

13. 7 1 2 * - 49 

19. IO 230103 = 200 

25. 4 

31. 81 

37. 100,000 

43. 5 

49. 27 


1. 1.38021 
9. 3.23754 


1 . 0 

9. -1 


1. 9 -10 

7. 8 -10 


1. 1.87204 
7. 9.10823 -10 

13. 8.82847 -10 

19. 4471 
25. 0.09553 
31. 10.03 


1. 2.67352 

7. 8.56063 -10 

13. 5.79135 -10 

19. 0.55502 

26. 0.000S9174 

31. 1.6606 


9. log io 2 = 0.30103 
16. 3~ 4 * * = ¥ * T 
21. IO 0 * 69897 = 5 

27. 4 
33. 125 

39 * ala 
46. 3 


3. 3.26411 
9. 5.21537 
15. 5.92007 
21. 0.6768 
27. 364.8 


11. loga M — 4 

17. 16 0,75 = 8 

23. 3 

29. 5 

36. 27 

41. 625 

47. 121 


7. -0.26761 
15. -0.15918 


7. 3 
15. 8 


5. 8 -10 

11 . 6 -10 


5. 8.64058 -10 

11. 7.93480 -10 

17. 2.760 
23. 0.002049 
29. 0.0008710 


61 * A' 

Exercises 58, Pages 198-199 

3. 1.87506 6. 0.85733 

11. 0.34062 13. 0.28578 

Exercises 59, Page 201 

3. 4 5. -1 

11. 1 13. -5 

Exercises 60, Page 203 

3. 8 -10 

9. 9 -10 

Exercises 61, Page 205 


Exercises 62, Page 208 


3. 3.90538 
9. 2.99491 
15. 6.01271 
21. 136.13 
27. 0.038705 


5. 9.09948 -10 

11. 1.03910 
17. 45.203 
23. 0.0070037 
29. 3347.2 


1. 71.852 
7. 1.1626 
13. 9.8432 


Exercises 63, Page 21 2 


3. -1343.3 
9. -0.0045724 
16. 28.383 


5. -11.451 
11. 3.9437 
17. 1.5142 X 10~ 7 
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19. 39.931 

21. 0.0023204 

23. 23,894 

26. 0.36361 

27. 0.20339 

29. 5.2929 

31. 0.77256 

33. 1.9053 

35. 0.090886 

37. 3.5993 

39. -0.21922 

41. -0.31721 

43. 0.99078 

46. 166.5 

47. 2928 

49. 0.55165 




Exercises 64/ Pages 21 5-21 6 

1. 29.332 

3. 26.627 

5. 1.9818 

7. 2.7037 

9. 6.0749 

11. 0.24179 

13. 6.3053 

16. 75.292 

17. 5.21 lb 

19. 2.23 lb 

21. 597 hp 

23. 15.7 ft 3 


Exercises 65, Pages 220-221 

1. 3.3468 

3. 2.7318 

5. -2.0612 

7. 2.2894 

9. 0.9067 

11. 4.677 

13. 125.8 

16. 0.7272 

17. 0.2150 

19. 2.8074 

21. 3.9419 

23. 0.1150 

25. 2.0794 

27. -12.380 

29. 1.778 

31. 5.06 X 10~ 3 coulomb 

33. 4.87 approx. 



Exercises 66, Page 223 


1. 1.7712 

3. 1.1002 

5. 0.48416 

7. 0.94674 

9. 5.4378 

11. 0.29624 

13. 1.822 

16. 20.80 

17. 0.24713 

19. 34.33 

21. (3.1746,0.9127) 

23. 14 


26. \/cA 


27. §ln(r/ ±Vy 2 — 1) 


L E 
29 ' R ln E - Jr 


Exercises 67, Pages 226-227 

1. x 4 + 12x 3 + 54x 2 + 108x + 81 
3. a 8 - 8a 6 b + 24a 4 6 2 - 32a 2 ft 3 + 16ft 4 

6. 16d 12 - 96<2 9 c 5 + 216d 6 c 10 - 216d 3 c 15 + 81c 20 

7. a -8 — 4 a~ e b~ 2 + 6a -4 6 — 4 — 4o~ 2 6 -6 + b~ 8 
9. x 10 + 5 x s y + 10 x 6 y 2 + 10x 4 ?/ 3 + 5x 2 ?/ 4 + y b 

11. 16ft 4 + ^ft 3 ft + fft 2 ft 2 + u 8 T ftft 3 + -^k* 

13. M 12 - 12u 10 + 60m 8 - 160m 6 + 240 m 4 - 192m 2 + 64 
" 12 4a 6 _ 4ft 2 ft 4 

lr- 


15 - 6? - ij + 6 - 7? + 


17. 128 - 448 f + 672/ 4 - 560/ 6 + 280/ 8 - 84/ 10 + 14/ 12 - f h 


e 6 2\/5 e 5 m 25e 4 m 2 100 \/ he z m 

19. 1 1 

729 81 27 27 


3 125e 2 ??i 4 /- - _ - 

4 1- 50 V 5em 5 + 125m 6 


81 


27 


27 


3 
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or 21,9^4 

21. 12Sa l4 6 21 - 224a n 6 l8 c + 16Sa 8 6 15 c 2 - 70a 5 6 12 c 3 d 

21&V 76 3 c 6 c 7 

8a + 32a 4 ~ 728a 7 

23. u 8 - 4u 7 + 10» 6 - 16a 5 + 19m 4 - 16m 3 + 10m 2 - 4m + 1 
26. 1.1262 27. 1.3048 29. 0.S8584 


1 . 


9. 


109, S24?/ 7 

308r' s 

243 


3. 702m 15 !; 28 
1001 


Exercises 68, Page 230 

3003.rV 


5. 


!/ 6 c 8 


11 . 


34,092 y 


8 


13. 2,027,520 


7. 41,184 
15. 56; 7920; ^ 


Exercises 69, Pages 232-233 


1.1-6* + 24x 2 - SO* 3 + • • • 

"H 1 — f 2 + ft 22 “ hr% z * + * * ’) 



9. 1.020 11. 0.9S49 13. 11.09 

15. 2.080 17. 2.012 19. 0.1001 


Exercises 71, Pages 243-245 

1. (a) 5; (b) -13; ( d ) 7c 2 ; (/) a 2 + 36 2 ; ( g ) -4e - 5/ 

3. -5|; -37 5. -3Sr> 2 + 95z; -6Sy 2 + 161s 

108a - 126 

7. 9. 21; 1092 11. 100; -68 

5c 

13. 19; -12 or 2; 13§ 16. -2; -18 17. A; 2 - m 2 

19. 271 21. 06 23. 19, 31, 43, 55, 67 

26. -8 - 20\/3, -6 - 16 V 3, -4 - 12\/3, -2 - 8v 7 3 

27. 45; 14,040 29. 5f, 6f, l\ 31. $50.50 

33. 21 days 36. S71,700 37. $7010 

41. 66; 286 

Exercises 72, Pages 248-249 

1. (a) 3; (b) |; (c)-i; (d) -A; (e) |; ( / ) f; (g ) § 

o 

3. 4S6; 4374; 6560 6. - 7. 135; 3 

729ir 

9. -3; -768 11. 1024; 819^ 13. 2; 7 

15. A. i t 17. ±1 19. 2 V3, 6, 6V3 or 

-2V3, 6, -6V3 
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21. 7V2, 14, 14V2, 28, 28 V2 or -7V2, 14, 
23 . 402,000 approx. 25. $2000, $3125 

i V3 , 

29. -5,1,7 or 7, 1 , -5 31. J in.; — — in. 2 
> 64 


-14 Vi, 28, — 2SV2 
4096 

27 ■ TiiiH ;3 - 95sapprox - 

33. 1024tt in. 2 


Exercises 73 , Page 252 


1 £ 

9 

d. 2 

6. 20| 

7- 1 

Q 6 7 

y * 99 

11- w 

13. ^ 

15 _3J-_ 

io. 11X 

17. 56 ft 


Exercises 74, Pages 256-257 


(The underlined digits in these answers are uncertain because of the limitations of 
computation with five-place logarithms.) 


1. $3549; $3548.01 
5. $17,965; $17,965.17 
9. $401.85; $401.85 

13. $16,512; $16,513.23 
17. 6.6% approx. 


3. $12,740; $12,715.98 
7. $19,902; $19,901.90 
11. $28,464; $28,465.49 and 
$34,180; $34,200.31 
15. $57,420; $57,427.87 
19. $715.60; $715.59 


1. 171b 
7. 10 units 


Exercises 75, Pages 262-263 

3. 25 lb 5. 605 mph approx. 

9. 25 units 11. 2\/26 units 


Exercises 76, Pages 264-265 

1.6 + 87; 10 3. 12 + 5 i; 13 6. -7 + 77; 7 Vi 7.2+ 87; 2Vl7 

9. -6 - 67; 6V2 11. 24 + 7 i; 25 13. 5; 5 16. 9 i; 9 


Exercises 77, Page 269 


1 . 2 
7. 2 i 


3. -2 
9. 1 + 2 i 


13. -8 - i8V3; 16 

8 + 6\/3 8V3 - 6 

17. ; + ; 


16. 47; 4 
i; 5 


21 . 


8 . 8 


23. 1; 1 


5. -i 

11. — 169^; 169 


4\/7 4\/2 . , 

19 --r +— 

25. 1 + 2 i 


Exercises 78, Pages 271-272 

1. x = 3, y = — 2 3. u = f, v = — J 5. u = 2, v = 3 

7. c = — J, d = — $ 9. x = 3, y = —5 and/or u - — 1, v = 2 
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Exercises 79, Page 275 

3. 18 (cos 90° + i sin 90°) 

7. 2\ / 5(cos 330° + i sin 330°) 

11 . 2 \/5(cos 60° + i sin 60°) 

16. 6V5(cos 116°34' + i sin 116°34') 


1. S(cos 1S0° + i sin 180°) 

6. 6 (cos 315° + i sin 315°) 

9. 20 (cos 300° + i sin 300°) 

13. 5 (cos 323°8' + i sin 323°8') 

17. \/269(cos 217°34' + i sin 217°34') 

19. 10[cos (45° + k • 360°) + i sin (45° + k ■ 360°)] 

21. 23[cos (180° + k ■ 360°) + i sin (180° + k ■ 360°)] 

23. 16[cos (150° + k ■ 360°) + i sin (150° + k • 360°)] 

26. 8[cos (210° + k • 360°) + i sin (210° + k ■ 360°)] 

27. 10V5[cos (63°26' + k ■ 360°) + i sin (63°26' + k ■ 360°)] 


29. -9\/2+i9\/2 
33. -5 - hi 
37. -11 - illV3 
41. -8.60 - 12.3i 


31. 41i 

36. 5 - i5V3 
39. -6.13 + 5.14i 


1 . 4V3 + 4 i 
7. 3 - iSVz 

13. 0 - 32i 

19. -16\/3 + 16i 


Exercises 80, Pages 278-279 


3. -14 +0i 

9. -8 + isVl 

is 1 . 

2 2 


5. 2V3 + 2 i 
11. 243 + 0i 

17. 0 -f i 


Exercises 81 , Page 282 

1. 6 (cos 40° + i sin 40°), 6(cos 220° + i sin 220°) 

3. 3 (cos 24° + i sin 24°), 3 (cos 144° + i sin 144°), 3 (cos 264° + i sin 264°) 

6. 3 (cos 16° + i sin 16°), 3(cos 106° + i sin 106°), 3(cos 196° + i sin 196°), 

3 (cos 286° + i sin 286°) 

7. cos 30° + i sin 30°, cos 102° + i sin 102°, cos 174° + i sin 174°, 
cos 246° + i sin 246°, cos 31S° + i sin 318° 

9. V2(cos 30° + i sin 30°), "\/2(cos 210° + i sin 210°) 

11. 2 (cos 80° + i sin S0°), 2(cos 200° + i sin 200°), 2(cos 320° + i sin 320° 

13. V2 (cos 75° + i sin 75°), V2!(cos 165° + i sin 165°), V2(cos 255° + i sin 255°), 
V2(cos 345° + i sin 345°) 

16. 2 (cos 0° + i sin 0°), 2 (cos 72° + i sin 72°), 2 (cos 144° + i sin 144°), 

2 (cos 216° + i sin 216°), 2 (cos 2SS° + i sin 2SS°) 

17. 6 (cos 135° + i sin 135°) = -3\/2 + iZ\/ 2, 

6 (cos 315° + i sin 315°) = 3V2 - izVz 
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19. 3 (cos 0° + i sin 0°) = 3 + Oi 

3 3 a/3 

3 (cos 120° + i sin 120°) = — - 4 — i 

2 2 

3 3 

3 (cos 240° + i sin 240°) = — — i 

z z 


21. 6(cos 60° + i sin 60°) = 3 + t'3\/3 
6 (cos 180° + i sin 180°) = — 6 + Oi 
6 (cos 300° + i sin 300°) = 3 - i3V3 


23. 4 (cos 30° + i sin 30°) = 2 V3 + 2 i 
4 (cos 150° + i sin 150°) = -2 a/ 3 + 2i 
4 (cos 270° + i sin 270°) = 0 - 4i 

3V^2 3\^2 

26. 3 (cos 45° + i sin 45°) = — — + — — i 

z z 

3^/2 3\/2 

3 (cos 135° + i sin 135°) — + — — 1 

z z 

3V2 3\/2 


3 (cos 225° + i sin 225°) = — 


3 (cos 315° + i sin 315°) = 


2 2 
3V2 3V2 


27. 2 (cos 0° + i sin 0°) = 2 + Oi 

2 (cos 60° + i sin 60°) = 1 + iy / 3 

2 (cos 120° + i sin 120°) 1+ iVl 

2 (cos 180° + i sin 180°) = -2 + Oi _ 

2 (cos 240° + i sin 240°) = -1 - iV3 
2 (cos 300° + i sin 300°) = 1 - iV3 

29. cos 0° + i sin 0° = 1 + Oi 

cos 72° + i sin 72° = 0.309 + 0.951i 
cos 144° + i sin 144° = -0.809 + 0.588i 
cos 216° + i sin 216° = -0.809 - 0.588i 
cos 288° + i sin 288° = 0.309 - 0.951i 


Exercises 83, Page 294 


1. x < 5 
7. 2 < y < 4 


3. y > -3 
9. -9SsS2 


6. 1 > -1 
11. v < -4, v > f 


3 — Vl7 3 + Vl7 -3-Vl3 -3 + Vl3 

13. m < , m > 16. < w < 


17 . All real values of y 

21. —4 <y<0, 0<y<% 
26. f < k < f 


19 


2 - 2\/2 2 + 2 V 2 


S 2 S 


3 “ " 3 

23. k < — V- 
27. All real values of k 
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Exercises 85, Pages 300-301 


1. 

y 

< - 

■7, y > 5 


3. 


7 
■ 2 

< X < 3 

5. 

u 

< - 

-t, u 6 4 


7. 

7 

- 

V65 7 + \/65 

2 2 




- 1 - Vici ^ - 1 

+ V 261 





9. 

w 

< 

, W = 

10 

10 

11. 

y 

< 

-7, 2 < y < 5 

13. 


2 < 

m < -§, m > 4 


15. 


-7 

< x < 3 

17. 


7 ^ 

r ^ -1, 3 ^ r ^ 8 


19. 

y 

< 

-7, -7 < y < 2, 2 < y < 4 

21. 

z 

< - 

12 


23. 


5 

V 

V 

25. 

y 

< 2 



27. 


■6 

< m < —2, m > 2 

29. 


1 < 

v < i, v > 2 


31. 

y 

< 

-9, y > -7 

33. 

X 

> - 

6 


35. 

2 

< 

x < 6 

37. 

X 

< - 

5, 1 < x < 4 


39. 

y 

< 

-7, -3 < y < 8 

41. 

y 

< - 

4, 2 / > 3 


43. 


■a/g < y < \/g 


Exercises 86, Pages 302-303 

1. m < — 12, m > 12 3. m < 3, m > 6 

5. m < — 6 , m > 6 ; m — ± 6 ; —6 < m < 6 
7. 0 < k < 3; k = 0, 3; k < 0, k > 3 
9. m > |; in = f ; m < 0, 0 < m < f 
11. —3 < m < 4; m = —3, 4; m < —3, m > 4 
13. m < —12, m > 4; m = — 12, 0, 4; — 12 < m < 0, 0 < m < 4 
15. (a) k < -2,k> 6 ; ( 6 ) A; = -2, 6 ; (c) -2 < k < 6 
17. (a) — J < k < i; (b) k = (c) —A; < A > -J 


Exercises 87, Pages 307-308 

1. n = 4, a 0 = 7, ai = —5, ao = 0, a 3 = 15, a 4 = —2; 
x 4 - fx 3 + - 4 /x - f = 0 

3. n = 7, ao = V3, ai = 0, ao = —4, a 3 = 0 , = 0, as = 0 , a 6 = 2 \/3, 07 = 

4V3 , 7v / 3 

2/ 5 + 2 ^ - ' 


-7; 


^7- 


= 0 


6 . v 2 + 3i) + 1 ; 0 
9. z 2 - 62 + 68 ; -384 
13. z 3 + (4 + V2)z 2 + (4V2 - 7 )z 
16. i 3 +3a 2 x - 4o 3 ; -2o 4 
19. 3x 2 + x - 2; 0 


7. x 2 + 6x + 5; 15 
11. 3x 3 + 12x 2 + 7x + 15; 52 
7V2; 0 

17. 2d 2 + (3 + 2 i)v + 3 i; 0 
21. 3z 2 - z - 4; 10 


Exercises 88, Page 31 1 

7. -501; —23 1 


11 . 


2 ± iV 11 


5. 64; -86 


9. -5 ± 3 £ 


5 
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Exercises 89, Pages 31 5-31 6 

1. x 4 - 5x 3 - 7x 2 + 41x - 30 = 0 3. x 5 + 2x 4 - 13x 3 + 4x 2 - 30x = 0 

5. x 4 + 2x 3 - 8x 2 - 24x - 16 = 0 7. x 6 + 6x 4 - 32 = 0 


9. A = 7, B = -4 

11. A = 2, B = 1, C = 1, D = 3 

-i±iVi 

13. 

15. -3 ± 1 V 2 

2 

Exercises 90, Page 319 

1. -1,2,3 

3. 3, -3 ± 2 i 5. |, -4 ± iVi 

x 3±V5 
7- 4 , 2 

9. -2, 4, 2 ± V5 11. -f, ±i 

13 3 , — 1 ± i V3 
1 6 ' 2 » g 

15. --I, 1, ± V3 


Exercises 91 , Pages 322-323 


1. x 1 * 3 + x 2 - 7x + 65 = 0 

3. x 4 - 2x 3 + 14x 2 - 8x + 40 = 0 


5. x 3 - (2 + V 6)x 2 + (5 + 2V%)x - 5V6 = 0 
7. x 3 - 9x 2 + 19x + 5 = 0 
9. x 4 - 6x 3 - 3x 2 + 60x - 70 = 0 
11 . x 4 - 6x 3 + llx 2 - 2x - 10 = 0 


13. 3 - 2 i, 


-i ± Vio 


15. 3 + V<3, 


5 ± 


3V3 


17. (a) x 2 - (VS + 3i)x + izVb = 0 
( 6 ) x 3 - V 5x 2 + 9x - 9V5 = 0 
(c) x 4 4- 4x 2 — 45 = 0 


Exercises 92, Page 325 


1. x 2 + 5x - 150 = 0 

5. u 4 + u 3 — 2u — 24 = 0 

9. 7w 3 - tv 2 - 2w + 2 = 0 

13. x 3 + 71x 2 + 45x + 68 = 0 


3. e 3 + 128« - 448 = 0 
7. y e + 4 y 5 + y 4 + 2y 3 + 17 = 0 
11. 4« 3 + 70m 2 - 13,000 = 0 
15. 5i 4 - 3i 3 + 7i + 6 = 0 


+ 

- 

i 

0 

1 

2 


Exercises 93, Pages 328-329 


+ 

- 

i 

1 

2 

0 

1 

0 

2 


+ 

- 

i 

3 

1 

0 

1 

1 

2 


1 . 


3. 


5. 
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+ 

- 

i 

1 

1 

2 


+ 

- 

i 

1 

6 

2 

1 

4 

4 

1 

2 

6 

1 

0 

8 


+ 

- 

i 

2 

2 

2 

2 

0 

4 

0 

2 

4 

0 

0 

6 


+ 

- 

i 

1 

1 

2k -2 


+ 

- 

i 

3 

2 

2 

3 

0 

4 

1 

2 

4 

1 

0 

6 


Exercises 94, Page 331 


l. 1 < n < 2 3. -4 < n < -3 

5. -1 < n < 0, 0 < ro < 1, 2 < r 3 < 3 
7. -5 < ri < -4, —1 < r 2 < 0, 9 < r 3 < 10 
9. -5 < n < -4, 5 < r 2 < 6 


Exercises 95, Pages 334-335 


1. 2.16 
7. -3.424 

13. -1.7S4, 2.389, 5.395 
17. 0.445, 2.877 

21. 3.268 in. approx. 


3. 3.46 5. 0.19 

9. -4.082 11. 6.043 

15. 0.397, 3.357, -0.627 ± 2.52K 
19. 1.8S3 ft by 3.SS3 ft by 
5.883 ft approx. 


Exercises 96, Page 338 


1. y\ + 10r/i + 16 = 0 3. *? + 9z? + 37*i + 46 = 0 

6. 2z\ + 402? + 2992? -f 9902 1 + 1216 = 0 

7. v\ - 4r? + 6r? - 3n - 2 = 0 9. 4s? + 0.6s? - 0.72si + 19.S3S = 0 

11. x\ + 6xi — 1=0 13. j? + 6a*? 4- 27a*i + 15 = 0 


Exercises 97, Page 344 


1. 2.074 

5. 5.063, -0.532 ± 1.049i 


3. -0.375 
7. -4.427, 1.849 


Answers to Odd-numbered Problems 491 


Exercises 98, Pages 345-346 


3. i 3 - 8x 2 + 25x - 26 = 0 


7. x 4 - 9x 3 + 25a; 2 - 21x + 4 = 0 
11. b = 80; ±4, 5 
16. a = 26; 1 - 3V3, 1, 1 + 3V3 


1. x 3 - 2x 1 2 - 29x + 30 = 0 
6. x 4 - 4x 3 - 7x 2 + 34x - 24 = 0 
9. x 4 — 6x 3 + 12x 2 — 6x — 5 = 0 
13. a = 16, 6 = 4; 2 ± V6, 2 ± Vi 

n -~l 

Exercises 99, Pages 351-352 

1 . 4 / 2 - -Vi, «V^ - u 2 44, a> 2 4 / 2 - a>4 / 4 

3. - (44 + 2'V / 2), - (a>44 + w 2 2'V / 2), - ( W 2 4i + a>24 / 2) 

6 . 4 / 3 - 49, bV^ - « 2 45, w 2 41 - w4 / 9 

9. -2 + 425 - 45, -2 + »4 / 25 - « 2 4 / 5, -2 + w 2 4 / 25 - «45 

11. 2 cos 20°, 2 cos 140°, 2 cos 260° 13. k > -3 

15. All values of A; 


Exercises 100, Page 354 


1. 3.411, -2.227, -1.185 

5. 0.759, -6.064, -3.695 

9. 4.224, -3.384, -0.840 


3. 4.596, -5.638, 1.042 
7. 2.532, -0.879, 1.347 
11. 4.233, -2.656, 1.423 


Exercises 101, Page 356 

1 . 1 ± 45, -1 ± iVE 3. 5 ± 247, ±i45 6. 1 ± i45, -2 ± 45 

7. -2 ± 4l0, -1 ± f 9. 2 ± 45, 4 ± 245 11. -3 ± i, 1 ± i45 

Exercises 103, Pages 364-365 


(Each solution is given in the alphabetical order of the unknowns.) 


1. (1, 3), (2, 12) 

6. (2, 4), (4, 2) 

9- (J4, i ), (1, f ) 

13. -^A), (2,5) 

17- (1, i), (f, -H) 


3. (-4, -7), (f, -1#) 
7 - (-1, -6), (3, 5) 

11. (-3, 1), (-3, 1) 

16. (1, -1), (-6, -2) 



Exercises 1 04, Pages 367-368 

(Each solution is given in the alphabetical order of the unknowns.) 
1. (-5, ±3), (5, ±3) 3. (-2, ±3), (2, ±3) 

6. (-3, ±4), (3, ±4) 7. (— 3i, ±5), (3i, ±5) 


492 Answers to Odd-numbered Problems 


9 . (-$, ±|f), (f, ±10 11 . (-3V2, ±V2), (3\/2, ±V2) 

/ ab ab \ / ab ab \ 

' \ Va 2 - 6 2 ’ ± Va 2 - 6V ’ \Va 2 - 6 2 ’ ± Va 2 - &V ’ ° ^ & 


Exercises 105, Pages 371-372 

(Each solution is given in the alphabetical order of the unknowns.) 

1. (-7, -1), (7, 1),_( — 1, -7), (1,7) 

3. (1, Vs), (1, — V 3), (4,0), (4,0) 

6 . (- 6 , 2 ), (- 6 , - 2 ), ( 2 , 6 ), ( 2 , - 6 ) 

7 . (-4,6), (2, -12), (3, -8) 

9. (-6,3), (-4, -2), (2, -1), (3,|) 

11 . (-1,2), (1, -2), (-3, -7), (4,7) 

13. (-■¥> -f), (i,f) 

16 . (-2, -5), (2,5), (-f, -4), Of, 4) 

17 . (-2,6), (2, -6), (-1, 1), (1, -1) 

19 . (1, -3), (3, 1 ), (-2 + i2\/2, 4 + iV 2), (-2 - i2V2, 4 - iV£) 
21 . (-3, -3), (3,3), (-1, -5), (1,5) 

23 . (-6,4), (6, -4), (0, -2), (0,2) 

26 . (-6, -8), (8, 6) 27 . (4, 9), (9, 4) 

29 . (f, 1) 31 . (16, 243), (81, 32) 


Exercises 106, Pages 374-375 

(Each solution is given in the alphabetical order of the unknowns.) 
1. (-2, -1), (2, 1), (-1, -3), (1,3) 

3. ( — V2, — 2 V2), (V2, 2\/2), (-2V3, - V3), (2\/3, V3) 
6. (-1, -4), (1, 4), (-4i, -20, (4 i, 2 i) 


7. (-2, -1), (2, 1), (- V3, - > (V3, 

9. (-2 -V7, -2 + V 7), (-2 + V7, -2 - V 7), ( 2 , 3), (3, 2 ) 
iVlO 2 iVl0\ / 2 iVlO 2 i VlO\ 
/ \ 3 ~ 3 ’ ~ 3 + 3/ 


**■(- 


2 

3 + 3 


2 

' ~ 3 “ 


(-2, 5), (5, -2) 


Exercises 107, Pages 375-376 

- 1 + Vi 3 - Vi 

1. 9, 6 or —6, “9 3. > 

2 2 

6. (12 - 4a/ 3) in. by (12 + 4 Vi) in. 7. 240 mph 

9. 150 ft by 180 ft 11 . 6 in. bj’ 6 in. by 3 in. or 

4|£ in. by 4^ in. by in. 


13 . 300 mph, 400 mph 
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Exercises 108, Pages 380-381 

1. 22 3. 9 5. 19 7. 6 ab + cd 

(Each solution is given in the alphabetical order of the unknowns.) 

9. (3, -2) 11. (6, 

( ac -\-bd ad — bc\ 
a 2 + b 2 J a 2 + 6 2 / 

23. (f, 7) 


- 8 ) 


13. (t, i) 


15. (10, 2) 


19. (b f) 21. (f, -*) 


Exercises 109, Pages 385-386 
3. -24 5. 77 


7. b - 6 3 


1. 4 

9. 2x — 3?/ — 13 

(Each solution is given in the alphabetical order of the unknowns.) 

11. (6, -3, 4) 13. (3, -2, -4) 15. (-&*,$) 17. (1, 0, -5) 


19 c 


c 2 4 - a 2 — b 2 b 2 4- c 2 — a 2 a 2 -f 6 2 


2ac 


46c 


2ab 


21. (-3,4, -2) 


1. 5040; 362,880 


11 . 


2 3-3 

2 4-3 

1 -2 4 


Exercises 110, Pages 390-391 


3. (a) +; (6) -; (c) -; 
(d) -; (e) 4-; (f) - 


Exercises 111, Pages 396-397 


1. 0 3. -201 

9. abed 11. 1 — ar — bs — ct 


5. -328 

13. x + Qy — z — 9 


7. -36 
15. -48 


Exercises 112, Pages 400-401 

(Each solution is given in the alphabetical order of the unknowns.) 


1. (-2, -1,2,3) 3. (-4, 3, 6, 7) 5. (1, i f, i) 


7 . (-1, -2, 4, 3, 6) 


Exercises 113, Page 405 

(Each solution is given in the alphabetical order of the unknowns.) 


1. (11 k, 6 k, 7k) 3. (-14fc, 17fc, 19fc) 

7. (40fc, 9 k, —26 k) 9. (0, 0, 0) only 

13. 2; (ok, —6 k, 2k) and -J; (5k, -3k, 5k) 

17. Xo solution 19. ( — ;, f) 


5. (7k, k, 5k) 

11. -3; (4 k, -30 k, 33 k) 
15. (3, -5) 

21. (2 - k, 4 k - 2, k) 


(2k - 1 ,\ 

23. [ — - — , -3k +2 ,k) 
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Exercises 114, Pages 407-408 


1. 

2520 

3. 80 

6. 

1320 

7. 

720 

9. 1000 

11. 

24 



Exercises 115, Pages 411 

-412 


1. 

11 

3. 9 

6. 

11,SS0 

7. 

1680; 20,160 

9. 3,628,800 

11. 

360 

13. 

64 

16. 480 

17. 

69,300 

19. 

302,400 

21. (3!)[(S!)(7!)(4!)j 

23. 

3,386,880 



Exercises 116, Pages 41 5-41 6 


1. 

(a) 20,475; (6) 10,660 

3. 120 

5. 

3003 

7. 

2002 

9. 30,888 

11. 

6624 

13. 

58,212 

16. 8568; 2380 

17. 

255 

19. 

57 

n(n — 3) 

21. 20; 

2 

23. 

210 

25. 

511 

27. 113,400 





Exercises 117, Pages 421-422 


1. 

i 

3- i 

6. 

2 0 
ITT 

7. 

l 

¥ 

9. f 

11. 

6 2 5 

TT8 8~s* 

13. 

3 9 9 7 

rooo 

is- in 

17. 

2 8 6 

20.82T 

19. 

60.83. 1 

TTTT » TT 3 > 

21 . ^ 

23. 

0.219; 0.7S 

26. 

0.638; 0.995 





Exercises 118, Pages 430-431 


x-Z x-1 

3 2 

5. 5 + +• 


9. 


(z - 2) 2 z 


3 x + 2 
2 

+ - 


-5 3 

13. -f ■ 

2v + 1 3t> + 2 

3 6 

17. r + 


21 . 


y — i y + 4 */ + l 

6 


+ 


(w — 5) 2 w — 5 u> + 3 


- + 


1 


-3 4 

3. 1 

v -{- S v -f- 6 

2 9 

7- — + ~ 

w~ w — 7 


11 . 


16. 


2t - 3 t + 4 

-5 31 

+ 


26 


19. 


— 1 x — 2 x— 3 
-12 3 

7 ^ + + 


{z — 3 ) 2 z — 3 2+2 


1 


1 


23 ‘ ? + l + \x - 2) 2 x - 2 


(v - 3)- v - 3 (t; + l) 2 f + 1 


25 . 
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Exercises 119, Pages 433-434 


2 _ 2x 
' x x 2 + 3 


5. 

9. 

13. 

17. 

21 . 


2 3u — 7 

1 H 1 — z — — - 

u u 1 + 7 


\x 


+ ; 


2x 2 + x + 4 2x 
-2 2 


y + 1 y - 1 2 T +2 

— v -1- 1 Sv 3 


- ® + 1 
-llx 


e> 2 + ^ + 1 
2x - 3 


(x 2 + x + 7) 2 x 2 + x + 7 


3. 


7. 


4y - 2 5 

2/ 2 + 2^+5 + 2/-2 
4 8w + 4 

2w — 1 Aio 2 + 1 


11 . 

15. 


19. 


— iL. + j _ — 

r + 2 r — 1 r 2 + 3r + 1 

x — 2 2x + 3 
x 2 + 1 x 2 + 9 
5 2m + 3 

(m — 2) 2 + m 2 + 5 


23 ‘ 


s 2 + 4 


+ 


3 

2 


s - 2 


Exercises 1 20, Pages 444-445 

1. 74, 132 3. 73, 224 

5. y = x 3 + 2x — 10 7. y = 3x 3 — 6x + 7 

9. y = x 4 — 5x + 7 11. i/ = Jx 4 - |x 3 + 13 

13. 6n(n + 2); n(n + 1) (2n + 7) 15. n(n + 3); \n(n + l)(rc + 5) 

21. \n(n + 1 )(n + 2)(n + 3) 23. 1.57321 

25. 1.22392 (1.22393 is correct to five decimal places) 

27. 1.56798 



A 

Abscissa, 78 

Abso’ute inequality, 284 
Absolute value, of a complex number, 
263; of a signed number, 109 
Addition, of algebraic expressions, rule 
for, 13; associative law of, 2; commuta- 
tive law of, 2; of complex numbers, 
264; distributive law of multiplication 
with respect to, 2; of fractions, 58; of 
radicals, 127; subtraction, the inverse 
of, 2; of vectors, 2@0 
Algebra, fundamental theorem of, 312 
Algebraic expression, 10; term of an, 12; 
value of an, 10 

Algebraic expressions, evaluation of, 10; 

rule for addition of, 13 
Amplitude of a complex number, 272 
Angle, of a complex number, 263; of the 
product of two complex numbers, 267 ; 
of the quotient of two complex num- 
bers, 277 

Antilogarithm, 204 

Approximate numbers, 185; rule for addi- 
tion and subtraction of, 186; rule for 
multiplication or division of, 189 
Approximations, successive, method of, 
331 

Argument of a complex number, 272 
Arithmetic, fundamental laws of, 1 
Arithmetic means, 243 
Arithmetic progression, 240; common 
difference of an, 240; elements of an, 
241; general term of an, 241; higher- 
order, 436; sum of an, 242 
Associative law, of addition, 2; of multi- 
plication, 2 

Average rate of motion, 36 
Axes, coordinate, 72, 77 

B 

Base of logarithms, 193; change of, 217 
Base of natural logarithms, 216 
Binomial, cube of a, 41; square of a, 40 
Biromial coefficients, 228; and combina- 
tions, 414 


Binomial formula, 225; general term of 
the, 228; proof of the, 238 
Binomial series, 231 
Binomial theorem, 225 
Binomials, 18; product of two, with a 
common term, 40; product of two, 
with like terms, 41 
Bound on roots of an equation, 330 

C 

Cajori, Florian, 348 
Cardan, 348, 354 
Cardan’s formulas, 348 
Change of base of a logarithm, 217 
Characteristic of a logarithm, 201 
Check for the solution of an equation, 
27 

Circle, equation of a, 358 
Coefficient, numerical, 12 
Coefficients, binomial, 228; and roots of 
an equation, relation between, 345; 
undetermined, method of, 315 
Cologarithm, 213 

Cologarithms, computation with, 214 
Combination, 412 

Combinations, and the binomial coeffi- 
cients, 414; fundamental principle of, 
406; number of, 412; total number of, 
414 

Common difference of an arithmetic pro- 
gression, 240 
Common factor, 43 

Common logarithms, 199; use of tables 
of, 203 

Common ratio of a geometric progression, 
246 

Commutative law, of addition, 2; of mul- 
tiplication, 2 

Completing the square, 48, 143 
Complex fraction, 61 
Complex number, 137, 258; absolute 
value of a, 263; angle of a, 263; ampli- 
tude of a, 272; argument of a, 272; 
complete polar form of a, 273; imagi- 
nary part of a, 137, 258; modulus of a, 
263, 272; polar form of a, 273; real 
part of a, 137, 258 
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Complex numbers, addition and subtrac- 
tion of, 264; graphical, 264; conjugate, 
137, 268; general properties of, 270; 
graphical representation of, 263; mul- 
tiplication of, 265; in polar form, 276; 
roots of, 279 

Components of a vector, 260 
Compound-discount factor, 255 
Compound-interest formula, 253 
Computations, with cologarithms, 214; 

with logarithms, 208 
Conditional equation, 25 
Conditional inequality, 284 
Conic section, 358 

Conjugate complex numbers, 137, 268 
Conjugate imaginary roots, 320 
Conkwright, N. B., 357 ( References ) 
Constant of proportionality, 178 
Constants, 86 
Coordinate axes, 72, 77 
Coordinates, 78 
Cross products, 41, 42 
Cube of a binomial, 41 
Cube roots, use of tables of, 111 
Cubes, sum or difference of two, 47 
Cubic equation, 304, 346; Cardan’s for- 
mulas for the solution of, 348; trigono- 
metric solution for three real roots of a, 
352 

D 

Decimal, repeating, 251 
Defective equations, 66 
Degree, of an expression, 57; of a mono- 
mial, 57; of a rational integral equa- 
tion, 304 
del Ferro, 348 
De Moivre’s theorem, 277 
Denominator, lowest common, 57; ra- 
tionalizing the, 130 
Dependent equations, 92 
Dependent variable, 86 
Depressed equation, 318 
Descartes’s rule of signs, 327 
Determinant, 378; element of a, 378; ex- 
pansion of a, by minors, 384, 393; 
minor of a, 384, 391; of the nth order, 
387; principal diagonal of a, 397 ( Prob- 
lem 17); second-order, 383; third-order, 
383 

Determinants, properties of, 388; solu- 
tion of a system of linear equations by, 
399 

Dickson, L. E., 357 (References) 
Difference, common, of an arithmetic 
progression, 240; finite, notation for, 


436; tabular, 206; of two cubes, 47; of 
two squares, 44 
Digits, significant, 187 
Diminishing the roots of an equation, 335 
Direct variation, 178 
Discriminant of a quadratic equation, 152 
Dissimilar radicals, 127 
Distributive law of multiplication with 
respect to addition, 2 
Division, the inverse of multiplication, 5; 
law of exponents in, 19; of multino- 
mials, 21; synthetic, 306; by zero ex- 
cluded, 6 

Double root of an equation, 313 

E 

Element of a determinant, 378; minor of 
an, 384, 391 

Elements, of an arithmetic progression, 
241; of a geometric progression, 246 
Ellipse, equation of an, 359 
Empirical probability, 417 
Equation, 25; bound on roots of an, 330; 
check for solution of an, 27; condition 
for no negative roots, 319; condition 
for no positive roots, 318; conditional, 
25; conjugate imaginary roots of an, 
320; cubic, 304, 346; degree of a ra- 
tional integral, 304; depressed, 318; 
diminishing or increasing the roots of 
an, 335; exponential, 222; integral 
roots of an, 317; linear, 80; literal, 28; 
location of the roots of an, 329; loga- 
rithmic, 222; members of an, 26; 
multiple roots of an, 313; multiplica- 
tion of the roots of an, by a constant, 
323; number of roots of an, 313; opera- 
tions on an, 26, 65; pure quadratic, 
140; quadratic, 140; quartic, 304, 354; 
rational integral, 304; rational roots 
of an, 316; root of an, 26; roots and 
coefficients of an, relation between, 
345; sides of an, 26; solving an, 26; 
symmetric, 373 

Equations, defective, 66; dependent, 92; 
equivalent, 65; general method for 
systems involving quadratic, 368; 
homogeneous quadratic, 372; incon- 
sistent, 91, 399; involving radicals, 
132; of quadratic type, 162; redundant, 
66 

Equivalent equations, 65 
Equivalent fractions, 56 
Evaluation of algebraic expressions, 10 
Expansion of a determinant, by minors, 
384, 393 
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Exponent, zero as an, 114 
Exponential equation, 222 
Exponents, law of, in division, 19; law of, 
in multiplication, 15; laws of, 113; 
negative, 117; positive, integral, 15, 
113; rational, 114 
Extraneous roots, 66 
Extremes of a proportion, 171 

F 

Factor, 43; common, 43; multiple or re- 
peated, 427; simple, 424 
Factor theorem, 310 
Factored polynomial, graph of a, 294 
Factorial k (£!), 228 
Factoring, 43; by grouping, 44; of multi- 
nomials as difference of two squares, 
48; by solving quadratic equations, 
147; of the sum or difference of two 
cubes, 47; summary of, 49; of tri- 
nomials, 45 

Ferrari’ s solution of the quartic equa- 
tion, 354 

Finite difference notation, 436 
Formula, 30; binomial, 225; compound- 
interest, 253; general term of the bino- 
mial, 228; quadratic, 145; simple- 
interest, 253 

Formulas from geometry, 30 
Fourth proportional, 171 
Fraction, 6; algebraic, 51; complex, 61; 
in its lowest terms, 51; partial, 423; 
proper, 423; rational, 423; simple, 51 
Fractional exponents, 114 
Fractions, decomposition into partial, 
423; equivalent, 56; reduction of, 52; 
rule for addition and subtraction of, 
58; rule for division of, 54; rule for 
multiplication of, 53 
Frequency, relative, 417 
Fulcrum, 37 

Function, 85; zeros of a, 310 
Functional notation, 86 
Fundamental laws of arithmetic, 1 
Fundamental principle of permutations 
and combinations, 406 
Fundamental theorem of algebra, 312 

G 

General numbers, 1 
Geometric means, 247 
Geometric progression, 246; common 
ratio of a, 246; elements of a, 246; 
general term of a, 246; sum of a, 247 
Geometric series, infinite, 250; sum of an 
infinite, 250 


Geometry, formulas from, 30 
Graeffe’s method, 357 ( Reference ) 

Graph, 73; of a factored polynomial, 
294 

Graphical solution, of an inequality, 297; 

of a system of linear equations, 90 
Greater than, symbol for, 9 

H 

Harmonic means, 245 ( Problem 29) 
Harmonic progression, 245 ( Problem. 29) 
Higher-order arithmetic progression, 
436; general term of a, 438; sum of a, 
441 

Homogeneous linear equation, 403 
Homogeneous quadratic equations, 372 
Horner’s method, 338 
Hyperbola, equation of a, 360 

I 

Identical radicals, 127 
Identity, 25 

Imaginary number, 136 
Imaginary roots, 151, 320 
Imaginary unit, 136 
Inconsistent equations, 91, 399 
Independent events, probability of, 419 
Independent variable, 86 
Index of a radical, 109 
Induction, mathematical, 233 
Inequalities, 283; algebraic solution of, 
290; graphical solution of, 297; opera- 
tions with, 284 

Inequality, absolute, 284; conditional, 
284; linear, 290; method of proof of 
an unconditional, 286; sense of an, 283; 
solution of an, 289; unconditional, 284 
Infinite geometric series, 250; sum of an, 
250 

Integral rational equation, 304 
Integral rational expression, 43; degree 
of a, 57 

Integral roots of an equation, 317 
Interest formula, compound, 253; simple, 
253 

Interpolation, 205, 442 
Inverse variation, 179 
Inversion, 386 
Irrational number, 106 
Irrational roots, Horner’s method for 
finding, 338; method of successive ap- 
proximations for finding, 331 
Is not equal to, symbol for, 9 

J 

Joint variation, 180 
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L 

Law, associative, of addition, 2; associa- 
tive, of multiplication, 2; commuta- 
tive, of addition, 2; commutative, of 
multiplication, 2; distributive, of 
multiplication with respect to addit ion, 
2; of exponents in division, 19; of ex- 
ponents in multiplication, 15; of the 
lever, 37 

Laws, of exponents, 113; fundamental, 
of arithmetic, 1 

Least common denominator (LCD), 57 

Least common multiple, 57 

Less than, symbol for, 9 

Lever, law of the, 37 

Like terms, 13 

Linear equation, SO 

Linear equations, homogeneous, 403; 
with number of equations different 
from number of unknowns, 401; solu- 
tion of a system of, 90, by addition or 
subtraction, 94, by comparison, 94, by 
determinants, 398, by graphs, 90, by 
substitution, 95 
Linear inequality, 290 
Literal equation, 28 
Literal numbers, 1 

Logarithm, 193; change of base of a, 217; 
characteristic of a, 201; mantissa of a, 
201; of a power, 197; of a product, 
196; of a quotient, 196 
Logarithmic equation, 222 
Logarithms, common, 199; computations 
with, 208; natural, 216; properties of, 
195; use of tables of common, 203, of 
natural, 217 

Lowest common denominator (LCD), 57; 

rule for finding the, 58 
Lowest common multiple, 57 

M 

Mantissa of a logarithm, 201 
Mathematical induction, 233 
Mathematical probability, 417 
Maximum value of a quadratic function, 
151 

Mean proportional, 172 
Means, arithmetic, 243; geometric, 247; 
harmonic, 245 ( Problem 29); in a pro- 
portion, 171 

Members of an equation, 26 
Minimum value of a quadratic function, 
151 

Minor of an clement of a determinant, 
384, 391 


Minors, expansion of a determinant by, 
384, 393 

Mixed expression, 59 
Modulus, of a complex number, 263, 272; 
of the product of two complex num- 
bers, 267; of the quotient of two com- 
plex numbers, 276 
Monomial, degree of a, 57 
Monomials, 16 
Mortality table, 418 
Motion, average rate of, 36 
Multinomial, degree of a, 57; square of 
a, 40 

Multinomials, 18; division of, 21; factor- 
ing of, as the difference of two squares, 
48; multiplication of, 18 
Multiple, lowest common, 57 
Multiple factor of a polynomial, 427 
Multiple roots of an equation, 313 
Multiplication, associative law of, 2; 
commutative law of, 2; distributive 
law of, with respect to addition, 2; di- 
vision, the inverse of, 5; of fractions, 
rule for, 53; general rule of signs for, 
5; law of exponents in, 15; of multi- 
nomials, 18; of roots of an equation by 
a constant, 323; of signed numbers, 5; 
by zero, 5 

Multiplicity of a factor of a polynomial, 
427 

Mutually exclusive events, probability 
of, 420 


Natural logarithms, 216; use of tables of, 
217 

Negative exponents, 117 

Negative number, 3 

Number, complex, 137, 258; imaginary, 
136; irrational, 106; negative, 3; nth 
root of a, 106; positive, 2; pure im- 
aginary, 137, 258; rational, 6, 106; 
rounding off of a, 110 

Number scale, 8 

Number system, properties of the, 10S, 
141; real, 108 

Numbers, conjugate complex, 137, 26S; 
general or literal, 1 

Numerical coefficient, 12 

Numerical value of a signed number, 109 

O 

Order properties of the signed numbers, 
9 

Order, symbols of, 9; of a radical, 109 

Orcii ate, 78 
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Origin, 77 

P 

Parabola, 148; axis of a, 149; equation of 
a, 148, 359; vertex of a, 149 
Parallelogram law for addition of vectors, 
260 

Parentheses, removal of, 4 
Partial fraction, 423 

Partial fractions, decomposition into, 423 
Pascal’s triargle, 228 
Permutation, 408 

Permutatior s, fundamental principle of, 
406; number of, 409; of things some of 
which are alike, 410 
Plotting, 78 

Polar form of a complex number, 273; 
complete, 273 

Polynomial, graph of a factored, 294; 

variation in sign of a, 325; in x, 293, 304 
Positive number, 2 
Power, logarithm of a, 197 
Present value, 255 
Prime expression, 43 
Principal diagonal of a determinant, 397 
(. Problem 17) 

Principal nth root, 109 
Probability, empirical, 417; of independ- 
ent events, 419; mathematical, 417; 
of mutually exclusive events, 420 
Product, logarithm of a, 196; of the roots 
of an equation, 345; of a quadratic 
equation, 155; of the sum and differ- 
ence of two numbers, 40; of two bi- 
nomials with a common term, 40, with 
like terms, 41 

Products, summary of special, 40 
Progression, arithmetic, 240; geometric, 
246; harmonic, 245 {Problem 29); 
higher-order arithmetic, 436 
Proper fraction, 423 

Proportion, 171; by addition, 173; by 
addition and subtraction, 173; ex- 
tremes in a, 171; means in a, 171; by 
subtraction, 173 

Proportional, fourth, 171; mean, 172; 
third, 172 

Proportional parts, interpolation by, 206 
Proportionality, constant of, 178 
Pure imaginary number, 137, 258 
Pythagorean theorem, 175 

Q 

Quadrants, 78 

Quadratic equation, 140; character of 
the roots of a, 152; discriminant of a, 


152; product of the roots of a, 155; 
pure, 140; solution of a, by completing 
the square, 143, by factoring, 142, by 
formula, 145; standard form of a, 140; 
sum of the roots of a, 154 
Quadratic equations, general method for 
systems involving, 368; homogeneous, 
372 

Quadratic formula, 145 
Quadratic function, graph of the, 148; 
maximum or minimum value of the, 
151 

Quadratic type equations, 162 
Quartic equation, 304, 354; Ferrari’s 
solution of the, 354 
Quotient, 51 ; logarithm of a, 196 

R 

Radical, 109; index of a, 109; order oi a, 
109; rationalizing factor of a, 130; 
rationalizing numerator or denomi- 
nator of a, 125; standard form of a, 126 
Radical sign, 109 

Radicals, addition and subtraction of, 
127; dissimilar, 127; equations involv- 
ing, 132; identical, 127; multiplication 
and division of, 129; rules of, 123; 
similar, 127 
Radicand, 109 
Rate of motion, average, 36 
Ratio, common, of a geometric progres- 
sion, 246; of two numbers, 169 
Rational exponents, 116 
Rational fraction, 423 
Rational integral equation, 304 
Rational integral expression, 43; degree 
of a, 57 

Rational number, 6, 106 
Rational roots of an equation, 316 
Rationalizing factor of a radical, 130 
Rationalizing the numerator or denomi- 
nator of a radical, 125 
Real number system, 108; properties of 
the, 108 

Rectangular coordinates, 77 
Redundant equations, 66 
Relative frequency, 417 
Remainder theorem, 309 
Repeating decimal, 251 
Removal of parentheses, 4 
Resultant of vectors, 260 
Root, of an equation, 26; nth, of a 
number, 106; principal nth, 109 
Roots, bound for the, of an equation, 
330; character of, of a quadratic equa- 
tion, 152; of complex numbers, 279; 
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diminishing the, of an equation, 335; 
extraneous, 66; imaginary, 151, 320; 
irrational, method for approximating, 
331, 338; multiplying the, by a con- 
stant, 323; number of, of an equation, 
313; of a quadratic equation, 145; 
rational, of an equation, 316; use of 
tables of, 111 

Rounding off of a number, 110 
Rule of signs, Descartes’s, 327 

S 

Scientific notation, 189 
Sense of an inequality, 283 
Sequence, 240; terms of a, 240 
Series, binomial, 231; infinite geometric, 
250; sum of an infinite geometric, 250 
Sides of an equation, 26 
Sign, radical, 109; variation in, 325 
Signed number, absolute or numerical 
value of, 109 

Signed numbers, order properties of, 9; 

rule for multiplication of, 5 
Significant digits, 187 
Signs, Descartes’s rule of, 327; for multi- 
plication, general rule of, 5 
Similar figures, 173 
Similar radicals, 127 
Simple factor of a polynomial, 424 
Simple-interest formula, 253 
Solution, of an equation, check for the, 
27; of an inequality, 289; of a system 
of linear equations, 90 
Solving an equation, 26 
Square, completing the, 48, 143 
Square, of a binomial, 40; of a multi- 
nomial, 40 

Square roots, use of tables of, 111 
Squares, difference of two, 44 
Standard form of a radical, 126 
Standard notation, 188, 200 
Subtraction, the inverse of addition, 2 
Successive approximations, method of, 
331 

Sum and difference of two numbers, 
product of the, 40 

Sum, of an arithmetic progression, 242; 
of a geometric progression, 247; of an 
infinite geometric progression, 250; of 
the roots, of an equation, 345, of a 
quadratic equation, 154; of two cubes, 
47 

Summary, of factoring, 49; of special 
products, 40 
Symbols of order, 9 
Symmetric equations, 373 


Synthetic division, 306 

T 

Tabular difference, 206 
Tartaglia, 348 

Term, of an algebraic expression, 12; 
general, of an arithmetic progression, 
241; general, of a geometric progres- 
sion, 246 

Terms, like and unlike, 13; of a sequence, 
240 

Theorem, binomial, 225; De Moivre’s, 
277; factor, 310; fundamental, of 
algebra, 312; remainder, 309 
Third proportional, 172 
Total number of combinations, 414 
Trinomials, 18; factoring of, 45 
Triple root of an equation, 313 
Trivial solution, 403 

U 

Unconditional inequality, 284; method of 
proof of an, 286 

Undetermined coefficients, method of, 315 
Unit, imaginary, 136 
Unlike terms, 13 

V 

Value, absolute, of a complex number, 
263; absolute or numerical, of a signed 
number, 109; of an algebraic expres- 
sion, 10; maximum or minimum, of a 
quadratic function, 151 
Variable, 86; dependent, 86; independ- 
ent, 86 

Variation, 177; direct, 178; inverse, 179; 

joint, 180; in sign, 325 
Vector, 259; components of a, 260 
Vector addition, 260 
Vector quantity, 259 

Vectors, parallelogram law for addition 
of, 260; resultant of, 260 

X 

X axis, 77 
X coordinate, 78 

Y 

Y axis, 77 

Y coordinate, 78 

Z 

Zero, definition of, 3; division by, ex- 
cluded, 6; as an exponent, 114; multi- 
plication by, 5 
Zeros of a function, 310 














